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1-6eaiMm Pazgen 1 Section 1

Maremaruka MartemaTuka Mathematics
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Singularly perturbed linear oscillator with piecewise-constant argument

Akhmet M.U., Middle-east technical university, Ankara, Turkey,
+90 (312) 210-2970, E-mail: marat@metu.edu.tr
Dauylbayev M.K., al-Farabi Kazakh national university, Almaty, Kazakhstan,
+7-777-232-37-69, E-mail: dmk57@Qmail.ru

Mirzakulova A.E., al-Farabi Kazakh national university, Almaty, Kazakhstan,

+7-707-859-13-90, E-mail: aziza.mirzakulova@mail.ru
Atakhan N., Kazakh state women’s pedogogical university, Almaty, Kazakhstan,

+7-701-106-30-50, E-mail: atakhan-nilupar@mail.ru

The Cauchy problem for singularly perturbed linear differential equation the second order with
piecewise-constant argument is considered in the article. The definition of singularly perturbed
linear harmonic oscillator with piecewise-constant argument is given in the paper. The system of
fundamental solutions of homogeneous singularly perturbed differential equation with piecewise-
constant argument are constructed according to the nonhomogeneous singularly perturbed differ-
ential equation with piecewise-constant argument. With the help of the system of fundamental
solutions, the initial functions are constructed and their asymptotic representation are obtained.
By using the reduction method, the analytical formula of the solution of singularly perturbed the
initial value problem with piecewise-constant argument is obtained. In addition, the unperturbed
Cauchy problem is constructed according to the singularly perturbed Cauchy problem. The so-
lution of the unperturbed Cauchy problem is obtained. When the small parameter tends to the
zero, the solution of singularly perturbed the Cauchy problem with piecewise-constant argument
approaches the solution of the unperturbed Cauchy problem with piecewise-constant argument.
The theorem on the passage to the limit is proved.

Key words: piecewise-constant argument of generalized type, small parameter, singular pertur-
bation.
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4 Akhmet M.U. et al.

B cratbe paccmarpuBaercs 3amada  Komwm  [jg  CHHIYISPHO BO3MYIIEHHOIO —JIMHEHHOIO
uddepeHuaIbHOr0 ypaBHEHHsT BTOPOrO IOPsJKa C KYCOYHO-IIOCTOSHHBIM apryMeHToM. B
CTaTbhe JIAHO OIIPEeJIeJIEHNe CUHTYJISIPHO BO3MYIIIEHHOI'O JIMHEHHOIO T'apMOHUYECKOI'0 OCITULISATOPA
C KYCOYHO-TIOCTOSTHHBIM aprymeHToM. llocrpoena cucrema GdyHIAMEHTAJIBHBIX — PEIIEHUN
OJIHOPOJIHOTO ~ CHHIYJISPHO BO3MYIIEHHOTO JIuddEPeHINAIbHOIO YPABHEHUS C  KYCOYHO-
MMOCTOSTHHBIM  apryMeHTOM. C MOMOIIBIO CHCTEMBI (DYHIAMEHTAJIBHBIX DEIIeHni, HadaIbHbIE
GYHKIINM T[IOCTPOEHBI W MX ACHMITOTHYECKUX IIPEJICTaBJIEHUil IoIy4deHbl. llcmonb3yst meTon
PEAYKINHU, TOIyUYeHa aHAJUTUYECKas (POpPMysa PeIeHnus] CUHTYISPHO BO3MYIINEHHONW HaYaJIbHOM
3aJla9i C KYCOYHO-TIOCTOSIHHBIM aprymMeHTOM. Kpome Toro, HeBo3MmyIeHHAs 3ajada Kormm
IIOCTPOEHa B COOTBETCTBUHU C CHHTYJISIPHO BO3MyIeHHO#N 3asmaunm Komm. Ilomydeno perenmne
meso3mytnennoit 3amaun  Komm. Korma wmaneiii mapamerp crpemurcs K HYJIIO, JIOKA3aHA
CXOJIMMOCTb ~DeIeHUs] CHUHTYJISAPHO BO3MYINEHHON 3amadn Komm ¢ KyCOYHO-TIOCTOSHHBIM
apryMeHTOM K PeIeHUI0 HEBO3MYIIEeHHOU 3aja4un Komm ¢ KyCOYHO-IIOCTOSHHBIM apryMEHTOM.
JlokazaHa TeopeMa O IPEeIeIbHOM IIEPEXO]IE.

KitroueBble cJji0Ba: KyCOYHO-IIOCTOSIHHBIN aprymMeHT OOODIIEHHOTO THIla, MAJIBI IapamMerp,
CHUHTYJIADHOE BO3MYIIICHHE.

Kypak-TypakKTbl apryMeHTTi CHUHTYJISPJIbl ayBITKBIFAH CHISBIKTBI OCIUJLISTOP
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Maxkamama Kypak-TYpPaKTbl apryMEHTTI €KIiHIN PeTTi CHHTYIAPIbl  ayBITKBIFAH CHI3LIKTHI
muddepennmanaplk  Tegmey  ymin  Komm  ecebi  KapacteipbuiraH. ZKyMmbIcTa  Kypak-
TYPAKTBl apryMEHTTI CHHTYJISIPJbl aybITKBIFAH CBHI3BIKTHI TapMOHUKAJIBIK, —OCIHJISTOPIBIH,
aHBIKTAMAChl KeaTipiami. Kypak-TypakTbl apryMeHTTI CHHIYJSDPJIbI  aybITKBIFAH —OipTeKTi
emec mudEPEHITHANIBIK TEHIEYre COWKec OIPTEKTI KYpaK-TYPAKThl apryMEHTTi CHHIYJISPJIBI
aybITKbIFaH arnddepeHma bk, TeHICYIiH iprei memnriMaep Kyieci Kypbuiabl. [premi menrimMaep
KyiteciHig keMerimeH 6acTankbl MYHKIUAIAPHI KYPBUIBII, OJIapbIH ACUMITOTUKAJIBIK, CUIIATTAPBI
aJbiHFaH. PeyKius TOCITIH KOJIIAHBIN, KOWBLIFAH KYPaK-TYPaKThl apryMEHTTI CHHTYJISIPJIBI
ayBbITKbIFAH OacTanKkbl eceOiHIH MENnMiHIH aHAJIUTUKAJIBIK, (QOopMyIackl aJyblHIbl. COHBIMEH
KOCa, CHUHIYJISpPJbl aybiTKbiFaH Komu ecebine coifikec aybITkbiMaraH Komm ecebi KypbLIIbL.
Aypbitkpivaran Komm ecebinin menrimi aabigabl. Kimi mapaMerp HeJre yMTBUIFAHIA, Kypak-
TYPAKTbHI apTYMEHTTi CHHTY/ISIPJIbI Y BITKBIFaH Kormm ecebiHin 1mrenrimi Kypak-TypakThl apryMeHTTi
aybITKbIMaran Kot ecebinif tmrenriMine yMTBIIATHIHBL KopceTinmi. IIlekTik Kerry Teopemacs
JIQJICJIACH 1.

Tvyiiin ce3aep: KaJmbLTaHFAH TYPJErl KYPAaK-TYPAKTHI apryMeHT, Killli mapaMeTp, CHHTYJISPJIbI
ayBITKY.

1 Introduction and review of literature

Singularly perturbed equations are often used as mathematical models describing processes in
physics, chemical kinetics and mathematical biology and they often arise during investigation
of applied problems of technology and engineering (Damiano, 1996: 333-372), (Gondal, 1988:
1080-1085), (Hek, 2010: 347-386), (Kokotovic, 1984: 501-550), (Owen, 2001: 655-684). The
first who emphasis application significance of singular problems and the necessity of their
appearance as mathematical models was Prandtl. He attracted attention to them, when he
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Singularly perturbed linear oscillator ... 5

developed the theory of the boundary layer in hydrodynamics in 1904. Several scientists such
as S. Haykin, L. I. Gutenmakher, I. S. Gradstein, K. Friedrichs, W. Wazow, Levinson and
others were interested in singularly perturbed equations. Systematic investigation of singu-
larly perturbed equation by many mathematicians began after the proof by A. N. Tikhonov
fundamental and well-known limit theorems for nonlinear systems of ordinary differential
equations in (Tikhonov, 1952: 575-586). Note that other mathematical school of singularly
perturbed equations in Kazakhstan and abroad investigate only boundary value problems,
which does not have an initial jump. In works (Dauylbaev, 2017: 214-225), (Dauylbaev, 2016:
147-154), (Dauylbaev, 2015: 747-761), the initial and boundary value problems were consid-
ered that are equivalent to the Cauchy problem with the initial jump for differential and
integro-differential equations in the stable case.

Systematic study of theoretical and practical problems involving piecewise constant argu-
ments was initiated in the early 80’s. Since then, differential equations with piecewise constant
arguments have attracted great attention from the researches in mathematics, biology, engi-
neering and other fields. A mathematical model including piecewise constant argument was
first considered by Busenberg and Cooke (Busenberg, 1982: 179-187) in 1982. They con-
structed a first-order linear equation to investigate vertically transmitted diseases. Following
this work, using the method of reduction to discrete equations, many authors have analyzed
various types of differential equations with piecewise constant argument.

In (Akhmet, 2005: 11-20), (Akhmet,2011), (Akhmet, 2007: 367-383), (Akhmet, 2007: 646-
663), (Akhmet, 2015: 2483-2495), (Akhmet, 2012: 337-352) M. Akhmet first proposed to
investigate differential equations with piecewise constant argument of generalized type. Cur-
rently, these equations are widely used and the foundations of the theory are constructed.
There are many works that are written in the framework of the theory created by M. Akhmet.
Theoretically, this concerns theorems on the existence of bounded solutions, periodic, almost
periodic solutions, exponential dichotomies, integral surfaces, differential equations of math-
ematical physics, and many others.

The movement of the weights on the spring, the pendulum, the charge in the electrical
circuit and also the evolution of many systems in physics, chemistry, biology and other
sciences in time under certain assumptions can be described by the same differential equations
that in the theory of oscillations serves as the basic model. This model is called a linear
harmonic oscillator.

The equation for the free oscillations of singularly perturbed linear harmonic oscillator
with piecewise-constant argument has the form

ey (t) + 1y (t) + ky(B(t)) = 0,

where y(t) is a variable describing the state of the system (weight shift, capacitor charge, etc.),
[ is a parameter characterizing the energy loss (friction in the mechanical system, resistance
in the circuit), k is a natural frequency of oscillation, t is a time.

2 Material and methods
2.1 Consider the following Cauchy problem for singularly perturbed differential equation

Becrauk KasHY. Cepusi maremarnka, Mexanuka, nadopmaruka Ne 1(97)2018



6 Akhmet M.U. et al.

with piecewise-constant argument
ey (t) + 1y’ (t) + ky(B(1)) = F(t) (1)

y(07 8) = Yo, y/(()? 5) = Y1, (2>
where € > 0 is a small parameter, [, k, 39,y are known constants. The piecewise-constant
argument is determined with the function 8(t) = 6;, if t € [0;,0;41), i =1,p, 0 < ) < by <

<0, <T.
The following conditions are hold:
(C1)F(t) is a continuously differentiable function in the segment 0 <t < T.
(C2) >0, 0<t<T.
If t € [0,6,), then the Cauchy problem (1),(2) has a form:

ey’ (t) + 1y (t) = F(t) — kyo, (3)

y(0,¢) = w0, ¥'(0,8) = 1. (4)

The system of fundamental solutions of the homogeneous equation according to the equa-
tion (3) is determined the following type:

yi(t,e) =1+ 0(e), yalt,e) =e I(1+0(e)). (5)

Definition. Let the functions K;(t,s,¢), i =1,2, 0 <s <t <#6; be a solution for the
following problem

Kz(]) (57 S, E) = 52‘71,]’7 .] = 07 17 (7>

the functions K;(t, s,e), i = 1,2 are called the initial functions and can be represented as

Wz(t7 S, 8)

Ki(t,s,e) = m

i=1,2, (8)

where §;_;; is the Kronecker symbol, W (s, ) is the Wronskian of the fundamental set of
solutions (s, €),y2(s,€), Wi(t,s,e) are the second order determinant obtained from the
Wronskian W (s, ) by replacing the i—th row with the system of fundamental solutions (5).

By the formula (5),(8), we obtain the asymptotic representation of the initial
K;(t,s,e), i=1,2 functions as ¢ — 0 :

Ki(t,s,e) =14 0(e), Ks(t,s,e)=

~| (n

(1 et O(e)) . 9)

The solution of the Cauchy problem (3),(4) is as follows:

t
k kyo . 1
y(t,e) =1yo + = (R 4y (1 —e—ét) _ oy -/ (1 _e—é@—S)) F(s)ds.  (10)
I\ LT
0

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne 1(97)2018
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We get the unperturbed problem according to the Cauchy problem (3),(4) ase =0:

1y (t) + kyo = F(t), 5(0) = yo. (11)
The solution of unperturbed initial problem is as follows:

t

() = o — Wiy 5 / F(s)ds. (12)
0
Thus, if ¢ € [6;,6:1), i = T,p, then the Cauchy problem (1),(2) has a form:
ey”(t) + 1y (t) = F(t) — ky(6:), (13)
y(0i,e) = y(0:), v'(0i,€) = y'(0:)- (14)

The system of fundamental solutions of the homogeneous equation according to the equa-
tion (13) is determined the following type:

yi1(t,e) =14+ 0(e), yalt,e) =e —£(t=02) (14 0(e)). (15)

By the formula (8),(15), we obtain the asymptotic representation of the initial
K;(t,s,e), i=1,2 functions as € — 0 :

Kilt,s,€) = 1+ 0(e), Ka(t,s,0) = = (1= e £79 +0(e)). (16)
Let us try to define the solution of the Cauchy problem (1),(2) in the interval t €

[0;,0:11), ¢ = 1,p, we make the change of variable s = t — 6;, t = 0, = s = 0, we
obtain

g Tl = F(t) —ky(6:), y(0.e) =y(0:), y'(0.e) =y'(8:). (17)

The problem (17) is similar to (3),(4), the solution of the problem (17) is as follows
S € [0, 01):

y(s,e) :y(ez-){ (kyge") +y'(9i)) <l—e_£s>—ky§9i)s+% / (1_e—£<t—p>) F(p)dp. (18)

As a result, the solution of the problem (13),(14) is as follows:

y(t,e) = y(6:) + % (% + y’(@i)) <1 — e—é@—ei)) _

Becrauk KasHY. Cepusi maremarnka, Mexannka, nadopmaruka Ne 1(97)2018



8 Akhmet M.U. et al.

1
—l—% (1 — e_é(e”l_ei)) y'(6;) + 7 / (1 — €_£(9”1_8)> F(s)ds, (20)
0;
0it1
Y (Oir1,6) = — (1 — el 01)) y(0) + e~ =00/ (0,) + — / e~ 0= F(s)ds
0;

We get the unperturbed problem according to the Cauchy problem (13),(14) as e =0 :
[(t) + ky(0:) = F(t), Yleg, = 7(0:)- (21)

The solution of the unperturbed initial problem (21) is as follows:

7() = 5(6:) — @t + % / F(s)ds. (22)

Theorem. If the conditions (C1),(C2) are true, then the Cauchy problem (1),(2) has a
unique solution on the interval ¢ € [6;,60;11), i = 0,p and expressed by the formula (19),
such that the following limiting equalities hold:

hmy(ta 5) = y<t)7 02 <t< 9i+1a
e—0

lim y/(ta 6) = y/(t)a Qz S < 0i+1-
e—0

Proof. Consider first the interval ¢ € [0,6;). With the help of the solution (10) of sin-
gularly perturbed initial problem (3),(4) and the solution (12) of the unperturbed problem
(11), when € — 0, as a result

t

k 1
hH(l) y(t,e) = yo — L / F(s)ds
e—

I ] y(t), 0§t<61,

0

limy'(t,e) = _ Ko =7(t), 0<t<b.
e—0 l

Continue in this way to prove the limiting equalities of the Theorem in the interval
t € [0;,0;41), i =1,p. Theorem is proved.

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne 1(97)2018



Singularly perturbed linear oscillator ... 9

2.2 Example. Consider the following initial value problem:

ey’ (t) +y'(t) — y(t]) = 0, (23)
y(0,e) =1, y'(0,e) = 3, (24)

where [-] denotes the greatest integer function.
If t € [0, 1), then the Cauchy problem (23),(24) has a form:

ey'(t) +y/(t) =1, y(0,e) =1, ¥ (0,¢) =3. (25)

The solution of the initial value problem (25) is as follows:
y(t,e) =1+ 2 (1 - e—ﬁ) +t, te(0,1).

Let us try to define the solution of the Cauchy problem (23),(24) in the interval t €
[n,n + 1), we make the change of variable s =t —n, t =n = s = 0, we obtain the solution
of the Cauchy problem (23),(24)

t—n

y(t,e) = <1 —€ (1 - e_t_?n> +t— n) y(n)+e¢ (1 - e‘T> y'(n), t€n,n+1). (26)

y(n)

For determining vector y(n) :< ,

y'(n)
y(n+1) = A(e)y(n), (27)

) , we obtain system of difference equation:

where

Ale) = 2—8(1—6_%> 8(1—€_é> . (28)

(1 — e’%> e’é

Vector y(n) has a form

y(n) = A™(e)y(0), (29)

where

A6 = TEIETE, 70 = (3), (30)

Ja(e) = ()\156) 3 (25)) is a matrix Jordan, 7T'(¢) is a transforming matrix.
2

We construct the characteristic equation respectively system (27):
)\2—(6_%4—2—8(1—6_%)))\4—26_%—8(1—6_%>:0. (31)
Roots of the characteristic equation (31) is defined by the formula

Becrauk KasHY. Cepusi maremarnka, Mexannka, nadopmaruka Ne 1(97)2018



10 Akhmet M.U. et al.

ei+2_€(1_6;)i\/(e;+2_5<1_ei>)2—4(2ei—g<1—ei>>'

/\172(5) = 9

(32)

Eigenvectors according to the found eigenvalues is determined by linear algebraic system

(2—6(1—6_%> —)\1,2)514-6(1—6_%)52:0

(1 - 67%) &+ <67% - )\1,2> &2 =0. (33)

The solution of linear algebraic system (33) is as follows

oo (tme ) wy (et ea e (1-et)) (ot e (1-e))
2 (et —1)

By the found eigenvectors according to eigenvalues are defined the elements of matrix

i(e) =

&a(e).

(34)

(35)

toape (et oy (et rame (1m0 t)) (ot 2 (1- )
2 (et — 1) ’

To1(e) =1, Ty(e)=1.

The elements of the inverse matrix T!(g) are as follow:

T12(€) =

: (36)

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne 1(97)2018



Singularly perturbed linear oscillator ... 11

Jale) = (X?ég) &28)) | (37)

Considering the formulas (30),(32),(35)-(37), we obtain the limiting equalities for the
elements of the matrix A"(¢) :

: n __on : n _ . n _ on—1 . n _
ll_ﬂ% ayy(e) =2, ll_{% agy(e) =0, ll_% ag(e) = 2", }:1_12% ag(e) = 0. (38)

The solution of the initial value problem (23),(24) on the interval [n,n + 1) is as follows:

y(t,e) = Alt,e) - A"(e) - y(0), (39)

where

Alt,c) = 1—¢ (E — etatn2>—i— t—n € (1 —tej_sn> | (40)

1—e" =

and A"(e), y(0) are expressed by the formula (30).
Consider unperturbed initial value problem:

{ ?’(t)O)ZZ@(ED? (41)

y(

If t € [0,1), then the problem (41) has a form

70 -1
{ %(0) _1. (42)

The solution of unperturbed problem (42) is as follows
y(t)=t+1. (43)

As shown in the above, the solution of the unperturbed problem (41) in the interval
t € [n,n + 1) is defined by the formula

y(t) = (t =n+1)y(n). (44)
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The unknown value g(n) is determined by the following difference equation:

y(n+1) =2y(n). (45)

By solving the equation (45), we obtain 7(n) = 2".
The results can be seen to perform the following limiting equalities:

lin%y(t,e) =t+1=75yt), 0<t<l,
E—

limy/(t,e)=1=7(t), 0<t<1,

limy(t,e) =2"(t—n+1)=75y(t), n<t<n+l,

3 Conclusion

The Cauchy problem for a singularly perturbed linear differential equation with piecewise-
constant is considered in the article. A solution of a singularly perturbed Cauchy problem
is obtained using the reduction method. A solution of the unperturbed problem is obtained.
The theorem on the passage to the limit is proved.
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The Cauchy problem for singularly perturbed higher-order integro-differential
equations
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The article is devoted to research the Cauchy problem for singularly perturbed higher-order linear
integro-differential equation with a small parameter at the highest derivatives, provided that the
roots of additional characteristic equation have negative signs. The aim of this paper is to bring
asymptotic estimation of the solution of a singularly perturbed Cauchy problem and the asymptotic
convergence of the solution of a singularly perturbed initial value problem to the solution of
an unperturbed initial value problem. In this paper the fundamental system of solutions, initial
functions of a singularly perturbed homogeneous differential equation are constructed and their
asymptotic estimates are obtained. By using the initial functions, we obtain an explicit analytical
formula of the solution. The theorem about asymptotic estimate of a solution of the initial value
problem is proved. The unperturbed Cauchy problem is constructed. We find the solution of the
unperturbed Cauchy problem. An estimate difference of the solution of a singularly perturbed
and unperturbed initial value problems. The asymptotic convergence of solution of a singularly
perturbed initial value problem to the solution of the unperturbed initial value problem is proved.
Key words: singular perturbation, small parameter, the initial functions, asymptotics, passage
to the limit.

Bagaun Komu fj1s1 CUHTYJISIPHO BO3MYINEHHBIX MHTErpo-AnuddepeHInaIbHbIX YPaBHEHUH
BBICIIIETO ITOPSIKA
Mupsaxysnosa A.E., Kazaxckuil HalmoHaJIbHBINA yHUBEpcUTET UMeHN ajib-Papabu, r. AjMarsl,
Pecnybnuka Kazaxcran, +7-707-859-13-90, E-mail: aziza.mirzakulova@mail.ru
Haywsinbaes M.K., Kazaxckuii HanmoHa/IbHbIH yHUBEpCcUuTeT nMenn ajib-Papabu, r. AnmMarsl,
Pecny6iuka Kasaxcran, +7-777-232-37-69, E-mail: dmk57@mail.ru
Axmer M.V., CpejiHe-BOCTOYHBIN TeXHUYECKHIT yHUBepcuTeT, I. Aukapa, Typius,
-+90 (312) 210-2970, E-mail: marat@metu.edu.tr
JxernucbaeBa A.K., Kazaxckuil HarmoHaILHBIH yHUBEpCHTET MMeHN aib-Dapabu, 1. Aamars

B pabore paccMaTpuBaeTcs CHHTYJIDHO BO3MYINEHHas 3aJa4da Komu i JUHEIHOr0 WHTEerpo-
auddepeHIMaIbHOr0  YPaBHEHNsT BBICHIErNO IIOPsJIKA C MaJblM HapaMeTpOM MPH CTapIINX
IPOU3BOJAHBIX IIPU YCJOBUH, YTO KOPHH JOIOJHUTEIBHOTO XapPaKTEPUCTHUYCCKOTO yPaBHCHUA
WMEIOT OTpHUIaTe/IbHbIe 3Haku. PaboTa IMOCBLAIEHA MOJYYEHUIO ACUMITOTHIECKHX OIEHOK
peIlleHnsT CUHTYJISIPHO BO3MYIIeHHOH 3ajadn Komm u acuMmToTHYecKas CXOANMOCTD PEIIeHUS
CUHI'YJIIPHO BO3MYIIIEHHOU HAYaJbHOU 3aJa4d K PEIICHUIO BBIPOXKJACHHON HAYaJIbHOU 3aJad4u.
B crarbe mocrpoena dyHIaMeHTaJIbHAA CUCTEMAa PeIIeHUil, HaYaJbHble (PYHKINNA CUHIYJISPHO
BO3MYIIEHHOT'O OJIHOPOHOTO i DepeHINaIbLHOI0 yPABHEHUSI, [TOJIYUIEHbBl UX ACUMITOTHYECKUE
oreaku. C TOMOIBIO HAYAJIBHBIX (DYHKIMH TIOJy9YeHA siBHASI aHAJUTHIECKasi (DOPMYJIa PEeIeHmit
3aJIaHHOM HavdaJbHOW 3agadn. C TOMOIIBI0 AHAJIUTUYIECKONW (OPMYJIBI JOKa3aHa TeopeMa
00 ACHUMIITOTHYECKON OIIEHKE PeIeHns paccMaTpuBaeMoil HadaabpHO#i 3amaqun. IlocTtpoemna
HeBO3MyIeHHas 3amada Komm. Haiineno pemenne neso3myinennoil 3aga4un Komm. Ilosyuena
OIlCHKa PAa3HOCTH MEXKJIy DEIICHUNl CHHTYJIAPHO BO3MYIIECHHOM M HEBO3MYIICHHON HaYaJIbHBIX
3amad. JlokazaHa acHMITOTHYECKAs CXOAUMOCTH DeEIleHUs 33JaHHON CHHTYISPHO BO3MYIIEHHOM
HaYaJIbHOI 33189 K PEIICHUI0 HeBO3MYIIEHHOI HAaYaJIBLHON 3a1avn.

KimtoueBble cJji0Ba: CHHTYJISIDHOE BO3MYINEHHE, MAJIGIi HapaMmeTp, HadaJbHble (YHKINA,
ACUMIITOTHUKA, IIPEJIeIbHBII Ilepexos,
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CuHryJIsIpJbI aybITKBIFAH >KOFAPFBI PeTTi MHTErpasabl-auddepeHnnaigblK, TeHJAeYyJIep YIIIiH
Komm ecebi
Mupszakysosa A.E., os-@apabu arbiagarsl Kasak yaTThIK yHEBEPCATETI, AIMaTHI K.,
Kazakcran Peciybiukacet, +7-707-859-13-90, DuiekTpoHIBIK, rTo1Ta: aziza.mirzakulova@mail.ru
Haywiibaes M.K., osi-@apabu arsiHgarsl Kazak yaTThIK yHUBEPCUTETI, AJIMATHI K.,
Kazakcran Peciiybiukacer, +7-777-232-37-69, Durekrpor sk, mormra: dmk57@mail.ru
Axmer M.Y., OpTaibIK-IIBIFBIC TEXHUKAJBIK, yHUBepcuTeTi, AHKapa K., TypKus,
+90 (312) 210-2970, DuekTpoHABIK momTa: marat@metu.edu.tr
Ixernucbaesa A.K., on-@apabu arbingarsl Kazak yiITThIK yHUBepcuTeTi, AJIMATHI K.,
Kazakcran Pecrybuinkacst, +7-707-826-52-17, DuekTpoHIbIK, momta: kakimovna a@mail.ru

ZKyMmbIcTa YIKEeH TYBIHBLIAPBIHBIH aJIBIHIA Kilnll napamerpi 6ap KOraprbl PeTTi CHHIYIISPJIBI
ayBITKBIFAH CBI3BIKTHI HHTEIPaJIIbI- 1M OEPEHIIUAJIBIK, TEHIEY YIIiH "KOCBIMINA CHUIATTAYBIII
TeHgiey " e artajiaThiH TeHJeyAiH TyOipsepiHiy TaHOackl Tepic OGoJiraH karaiibiHta Komu ecern
KapacTeIpbliral. 2KyMBIC CHUHTYJISAPJIBI aybITKbIFaH Kommm ecen ImenmiMiHiH aCHMITOTUKAJIBIK,
OaraJiayblH aJIyFa KoHE CHHIYIISAPJIbI AYBITKBIFAH OACTAKBI €CeOIHIH IMenriMi ColKec aybITKbIMAFAH
GacTamnKkbl ecebiHiH MTeITiMiHe AaCHMIITOTHKAJIBIK, JKTHAKTAJIYBIH 3epTTeyTe barnirTaaran. Makamama
OepinreH TeHjieyre coiikec OIPTEKTI CHUHTYIAPABI AyBITKbIFaH JudMEPEHITHAIBIK, TEeHIEYIiH,
ipreii memriMaep Kyiieci, Oacramkbl (DYHKIUSIAPbl KYPBLIBII, OJIAPIbIH, ACHMITOTHKAJIBIK,
OaraJyiaysiapbl  ajiblHFAH. Dy (yHKOUsIApABIH KOMEriMeH KapacThIPBLIbIN OTbIpraH Ko
ecell MeNiMiHIH aHATUTHKAJIBIK, (POPMYJIACHl AJbIHFAH. AHATUTUKAJIBIK, (DOPMYJIAHBIH, KOMEriMeH
KOMBLIFaH OACTAIIKBI €CeIl MIEeNTiMiHIH ACHMIITOTHKAJIBIK, Oaraiaybl TyPaJIbl TEOPEMA [IQJIEIEHT€H.
Ocbl cuHTYJISpJbl aybITKbIFaH Koimn ecebine coiikec aybITKbiMaraH Ko ecebi KypbLIJIHL.
Aywbirkbivaran Koru ecebiniy, mienriMi aibiaabl. CUHIYIISIPIIBL 8y BITKBIFAH ODACTAIIKBI €Cell IIeniMi
MEH aybITKbIMAFraH OacTallKbl ecell IMeNNMiHIH apacblHIAFbl aflbIpbiM OarajiaHibl. bepiarexn
CHUHTYJISPJIbI ayBITKBIFAH OACTAIKBI €CeIl IENIiMiHIH aybITKbIMAFraH OacCTAlKbl €Cell IIelriMiHe

YMTBUIATBIHBI JIJIEJJIEH]T.
TyitiH ce3aep: cuHTYISApJIBI aybITKY, Killl mapamerp, OGacTankbl (QyHKIUSIApP, ACUMITOTHKA,

ITEKTIK KOTTy.

1 Introduction and review of literature

Singularly perturbed equations act as mathematical models in many applied problems related
to diffusion, heat and mass transfer, chemical kinetics and combustion, heat propagation
in thin bodies, semiconductor theory, gyroscope motion, quantum mechanics, biology and
biophysics, and many other branches of science and technology.

Various asymptotic methods exist to approximate solutions of certain singularly perturbed
problems: the method of matching of outer and inner expansions (Cole, 1968), (Hinch, 1981),
(Kevorkian, 1981), (Nayfeh, 2008), (Van Dyke, 1964), (Lagerstrom, 1988), (Eckhaus, 1973);
the boundary layer function method (or composite asymptotic expansion) (O’Malley, 1974);
the method of Lomov or regularization method (Lomov, 1992); the method WKB or Liouville-
Green method (Olver, 1974); the method of multiple scales (Verhulst, 2005); the averaging
method (Sanders, 1985); methods for relaxation oscillations (Grasman, 1987) and others. De-
velopment of different asymptotic methods can be found, e.g., in O’Malley (O’Malley, 1991)
and Vasil’eva (Vasil'eva, 1994: 440-452). Each of these methods has a certain area of applica-
bility; it successfully works in solving certain problems and becomes inapplicable in solving
other problems. The initial value problem with initial jumps for a nonlinear ordinary differ-
ential equation of the second order with a small parameter was studied by M.I. Vishik and
L.A. Lyusternik (Vishik, 1960: 1242-1245) and K. A. Kassymov (Kassymov, 1962: 187-188).
They show that the solution of the original initial value problem tends to the solution of the

Becrauk KasHY. Cepusi maremarnka, Mexannka, nadopmaruka Ne 1(97)2018



16 Mirzakulova A.E. et al.

degenerate equation with changed initial conditions, when the small parameter approaches
zero. Such problems became known as the Cauchy problems with initial jumps. Solution of
a singularly perturbed problems have the phenomenon of an initial jump at some point (for
example, at the initial point) in given segment if the value of the solution at this point is
not the same as the solution of the unperturbed problem and the fast variable of solution at
this point is unbounded as the small parameter tends to zero. Singularly perturbed problems
with the initial jump possess specific characteristics, which is not typical for a singularly
perturbed problems, do not have the phenomenon of the initial jump.

2 Material and methods

Consider the following singularly perturbed the Cauchy problem:

1

m n +1
Ly=> Aty (te)+>  Aut)y®(te) = F(t)+ / > Hj(t, x)y (x,e)dx, (1)
r=1 k=0 o =0
y(l)<07€) = Oy, Z:07n+m_ 17 (2)

where ¢ > 0 is a small parameter, a;, ¢ = 0,n+m — 1 are known constants, A, ,,(t) =
1, 1= fiz{0,1,...,n—2}.

We will need the following assumptions:

(C1)A;(t) € C™t™1([0,1]), i = 0,n+m, F(t) € C([0,1]) and H;(t,z), j = 0,0+ 1 are
sufficiently smooth functions in the domain D = {0 <t <1, 0 <z < 1}.

(C2) A,(t) #0, 0<t<1.

(C3) The roots py; # pe # ... # py of "additional characteristic equation"u™ +
Apima(Op™t + o+ Ay (B + An(t) = 0 satisfy the following inequalities Rep; <
0, Reps <0, ... Rep,, <O.

Similarly the Cauchy problem (1),(2) for ordinary differential equation was considered in
(Nurgabyl, 2012: 4-8). In the particular case, similarly boundary value problem with initial
jumps for this case m = 2, [ = 2 (Dauylbaev, 2016: 145-152), (Dauylbaev, 2017: 214-225).

2.1 Construction of the fundamental systems of solutions

We consider the following homogeneous singularly perturbed differential equation associated
with (1):

Ly =3 Ay (™ (12) + 3 A0y (1,2) = 0. ®)
r=1 k=0

The fundamental systems of solutions of the equation (3) has the following asymptotic
representation as € — 0:

y-(q)(t,e) = yfg)(t) +0(),i=1,n, ¢q=0,n+m— 1,

1
=]

¢
% ()f wr(x)dx

yibq—i)-r(tag) - € (Mg(t)yn+T,0(t) + 0(8)) y T = 17m7 q= 07 n+m—1 (4)
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where y;0(t), ¢ = 1,n are solutions of the problem:

Loyio(t) = 0, 4450 (0) = 65, i =T,m, j = T,m, (5)

d;; is a Kronecker symbol, y,,4,0(t), 7 = 1, m are solutions of the following problem:

pr(t)y;-i-r,o(t) + qr(t)yn-i-r,O(t) - 07 yn+r,0(0) = 17 r= 1, m

where -
pr(t) = ZAn+i(t)(n + Z')/ubfg'i_l(t), r=1,m,
i=0
qr (t) = M;O(t) Z An-i—i (t)CZ_,_Z,U:}S_l_Q(t) + An_1<t)[t%_l(t), r=1m,
=0
Cn+i - 2|(n+2_ 2), 1 = O,m.

In view of (4), for the Wronskian W (t,¢) the following asymptotic representation holds
ase— 0:

Wi(t,e) = %W(t)ﬂ(t)w(t)exp é/ﬁ(m)dz (14+0(g)) #0, (6)
where W (t) is the Wronskian,
Y10 (t) Ce Yno (t)
W) =| : ,A=2n+;n_1,
(n—1) (n—1)
yio (t) - Yno (1)

fi(r) = pa(x) + -+ p(x) = (), 7(t) = [ [ ynss @) (t),
k=1 k=1
the determinant w(t) is the m—th order Vandermond determinant,

1 e 1

W ()

2.2 Construction of the initial functions

Definition. The functions K;(t, s,¢), i = 1,n + m are called initial functions, if they satisfy
the following problem:

L.Ki(t,s,e)=0,i=1,n+m, 0<s<t<1,
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Ki(j)(s7 S, 5) = 5i—1,ja J=0n+m—1,
and that can be represented in the form:

Wi t7 ) . T
K;(t,s,e) = %, i=1,n+m,

(7)
Wi(t,s,€) is the n + m—th order determinant obtained from the Wronskian W (s,¢) by re-
placing the i—th row with y;(t,€), y2(t,€),. .., Ynitm(t, €).

In view of (6),(7), for the initial functions Ki(q) (t,s,€), i=1,n+m, ¢=0n+m-—1
the following asymptotic representation hold as ¢ — 0:

7 (@) m L q _
St 1 z)dx t t i
KO(5,0) = T09) | o g Hmom oo d(0) wuls) Wils)
W(s) P Yntro(s)pp(s)  w(s)  W(s
m 1 f z)d _
+O(e+€"“q26‘esf“k() ),z: ,n, ¢=0,n+m—1;
k=1

K(Q)

(8)
(@)
L(t,se)=¢" ((_1)1" wr+1(8) _ W, (t,s)

n )i (t r m %t x)dz
Sno@ill) wrils) | g ety e PN T, g =0 m =1, (9)
Porro () w(s)

where w;;(s) is the m — 1—th order determinant obtained from the determinant w(s) by
deleting i—th row and j—th column, w;(s) is the m—th order determinant obtained from the
following determinant

1

1
() o pimls)
W) e Hs)

(9)

by deleting i— th row, Wﬁlq) (t,s) is the determinant obtained from the Wronskian W (s) by
replacing the n—th row with yi%) ), s Yo
obtained from the following determinant

(t), Wi(t) is the n + 1—th order determinant

Yno(t)
yio (t) Z/;z()(t)
0@ Ly

by deleting the :—th row.
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2.3 The analytical formula of solution

Let us denote by the right-hand side of the equation (1):

Ly

o(t,e) = F(t) + / > Hy(t )y (@, )de. (10)

We seek to find the solution of the differential L.y = z(t,¢) equation in the form:

n—+m t
1
y(t,e) = E C;K;(t,0,¢e) + g—m/Kmm(t,s,a)z(s,a)ds, (11)
i=1 ,

where K;(t,s,¢), 1 = 1,n + m are the initial functions, z(¢,¢) is a unknown function.
Substituting (11) into (10), we obtain the following expression:

1 +1 n+m

2(t,e) = F(t) + / S H(t2) Y CKY (x,0,€)dv+

1 1+1 x
1 .
+/ZHj(t,az)€—m / K,(lﬂzm(x, s,€)z(s,e)dsd.
o J=0 0
By replacing the order of sum and integral, we obatin

n-+m 1 +1

2te) =F(t)+ > C; / > H(t,2) K (2,0, ¢)da+

; L
1 ,
—i—/z(s,s)ds—/ZHj(t,x)K,(l{Zm(x,s,a)d:v.
gm
0 s J=0

By introducing of additional symbols, we obtain the following Fredholm integral equation
of the second kind:

1

z(t,e) = f(t,e) +/H(t,s,5)z(s,5)ds, (12)

0

where
n—+m 1 +1

f(te)=FH+3 C / S H, () KD (2, 0,¢)d,

Ly

1 .
Hit.s.2) = o [ S Myt o)k (w5,
=0
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(C4) 1 is not an eigenvalue of the kernel H(¢, s, ¢).
In view of condition (C4) integral equation (12) has an unique solution, that can be
represented in the form:

1

z(t,e) = f(t,¢e) +/R(t,s,e)f(s,5)ds, (13)

0

where R(t,s,¢) is a resolvent of the kernel H(t, s, ¢).
Substituting (13) into (11), we obtain the analytical formula of solution:

n+m

ZC’ K;(t,0,¢) +—/Kn+mt55)@z(ss)d +

t

1 _
+_/Kn+m<t757€)F(37€)d87 (14)
é«m
0
where C;, i = 1,n+ m are unknown constants, K;(t,s,c), ¢ = 1,n+m are the initial
functions,

+
(s,¢) /Z sxsK(])(xss)dm 1 =1,n+m,
=0

)(s.2.6) = Hy(s.) + [ Rlsp o) Hy(p,)dp. (15)
0
1
F(s,e) = F(s)+ /R(s,p, e)F(p)dp.
0

By using initial conditions (2) in (14), we find the constants C; = a;_1, i = 1,n +m — 1.

Theorem 1. Let assumptions (C1)-(C4) hold. Then the Cauchy problem (1),(2) on the
interval 0 <t < 1 has an unique solution and expressed by the formula:

n+m

ZO‘% 1| Ki(¢,0,e —I——/Kn+m t,s,e)p;(s,e)ds | +

t
1 _
+€—m/Kn+m(t,s,€)F(s,5)ds, (16)
0

where K;(t,s,¢), i = 1,n+m are initial functions, functions %,(s,e), F(s,e), H;(s,x,¢)
defined by the formula (15).

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne 1(97)2018



The Cauchy problem for singularly ... 21

2.4 Asymptotic estimations of solution

Theorem 2. Let assumptions (C1)-(C4) hold. Then for the solution of the Cauchy problem
(1),(2) and its derivatives the following asymptotic estimation hold as ¢ — 0:

n—1 m
() < . .,
[y 9(t,e) <C (ZO || + 28 [on—14r] + 12X IF(t)|> +

- T () wimk (1)

—~ gt 0)

, (17)

n m—1
n—q —'yé ) T
+Ce" e <Z; || + z; €' |angr| + max |F(t )|>

where g =0,n+m — 1, C' > 0,7 > 0 is a constant independent of ¢,

m
( wmk
Z —n+1
=1

Iy,

=0,7=n+1,n+m-—1.

t=0

Proof. In view of (7)-(9) and conditions (C1)-(C3), for the initial functions K;(t, s, ¢), i =
1,n + m the following asymptotic estimation hold:

t—s

‘Ki(q)(t,s,a)‘ §C(1+€”qexp (_ )) ,t=1,n,¢g=0n+m—1, (18)

t_
‘ 9D (t,s,e ‘ < Ce" (14—5”‘1“1693]9(— €S>), r=1m, ¢=0n+m—-1. (19)

By applying the asymptotic estimations of the initial functions (18),(19) in (15), we obtain
the following asymptotic estimations for the function g;(s,¢), i = 1,n + m:

|o;(s,e)| < C,, i=1,n, ‘@nw(s,g)‘ <Ce,,r=1,m. (20)

By applying (18)-(20) in (16), we obtain asymptotic estimations of the solution (17).
Theorem 2 is proved.

2.5 The unperturbed initial problem

We consider the following unperturbed initial value problem:

n 1 I+1
Ly = Y 4050 = FO) + [ 3 Hy(t. 05 @) (21)
k=0 0 Jj=0
790) =0y, i=0,n—1. (22)
Let us denote by
L
Z(t) = F(t) + [ Y H;(t, )y (x)dx (23)
o J=0
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We seek to find the solution of the problem (21),(22):

ZOKto

(24)

where C;, i = 1,n are unknown constants, K;(¢,s), i = 1,n are the initial functions, Z(t) is
a unknown functlon. By substituting function (24) in (23), we obtain the following Fredholm
integral equation of the second kind:

Ly

+ZC/ZH (t,2) K (2,0)d / (25)

where

Hit.s) /ZH t.2) (%)‘”dx.

(C5) 1 is not an eigenvalue of the kernel H (¢, s). Then the integral equation (25) has an
unique solution and that can be represented in the form:

() + Z (1), (26)

where R(t, s) is a resolvent of the kernel H(t,s),

Ly

/ZH t:z:Ki' (z,0)dz, i =1,n,

F(tx +/ H;(s,x)ds, j =0,l+1, (27)

Substituting (26) into (24) and by using initial conditions (22) into obtained solution, we
obtain the solution of the initial value problem (21),(22):

i=1
where K;(t,s), i = 1,n are the initial functions, functions @?(s), Fo(s) are defined by the

formula (27).
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Let us denote by
u(t,e) =y(t,e) —g(t) = y(t.e) =ult,e) +y(t). (29)

Substituting (29) into the initial value problem (1),(2), in view of the problem (21),(22),
we obtain the following problem for u(t, ¢):

Lou= Z € Appr (Du" (8, €) + Z Ag(t)u® Z € Ap e ()T ()4
r=1 k=0

Ly

/§:Htx <), (30)

u(i)((],&?) =0,71=0,n—1, u(i)(()’g) = q; _g(i)(o), i=n,n+m— L. (31)

The problem (30),(31) is of the same type as the problem (1),(2), by applying estimates
(17), we obtain asymptotic estimations for the function u(t,¢) as € — 0:

|U(Q)(t, 5)| <C (Z e ‘Oén—l—&-r _ y(n—1+r)(0)| + 5) +

r=1

o i (&= (nr) T () wm(t
#0122, =0 ) - |Y D) (52)
= — Mk (0)

q=0,n+m— 1.

From the estimations (32), the following limiting equalities hold:

limu'?(t,e) =0, 0<t <1, ¢=0,n,

e—0

limu(q)(t,e) =0,0<t<1l,g=n+1,n+m-—1.
e—0

Theorem 3. Let assumptions (C1)-(C5) hold. Then for the solution y(t, ) of the Cauchy
problem the following limiting equalities hold:

limy@(t,e) =7'9(t), 0<t <1, ¢=0,n,
e—0

lin%y(q)(t,a) 791, 0<t<1,g=n+1Ln+m—1
e—

where function 7(¢) is the solution of the unperturbed problem (21),(22) and defined by the
formula (28).
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3 Conclusion

The article is devoted to research the Cauchy problem for singularly perturbed n 4+ m order
linear integro-differential equation with a small parameter at the m—th derivatives. In the
work the fundamental system of solutions, initial functions of a singularly perturbed homoge-
neous differential equation are constructed and their asymptotic representation are obtained.
By using the initial functions, we obtain an explicit analytical formula of the solution. The
asymptotic convergence of solution of a singularly perturbed initial value problem to the
solution of the unperturbed initial value problem is proved.
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Mathematical Analysis of the Euler-Bernoulli Beam Subject to Swelling
Pressure

Wei D., Nazarbayev University,
Astana, Kazkhstan, E-mail: dongming.wei@nu.edu.kz

Zhapsarbayeva L., al-Farabi Kazakh National University,
Almaty, Kazkhstan, +77752628325, E-mail: leylazhk67@Qgmail.com

Kazbek Zh., Nazarbayev University,
Astana, Kazkhstan, E-mail: zkazbek@nu.edu.kz

Swelling pressures from materials confined by structures can cause structural deformations and
instability. Due to the complexity of interactions between expansive solid and solid-liquid equilib-
rium, the forces exerting on retaining structures from swelling are highly nonlinear. In this paper,
we consider the initial/boundary value problem of an Euler-Bernoulli elastic beam subject to the
swelling pressure with one end clamped and another end free. We are interested in establishing
and validating a mathematical model for dynamic deflections of an elastic Euler-Bernoulli beam
with constant cross-sectional area subject to swelling pressure and some initial and boundary con-
ditions. We built a sequence of functions by using the Galerkin approximation method and the
eigenfunctions of the corresponding 4th order eigenvalue problem. It has been showed that the
sequence of solutions to the ODE systems converges to the unique solution and that the weak so-
lution is also a classical solution. This work is our initial attempt to study a semi-linear hyperbolic
problem based on the Euler-elastic beam theory and some simplistic swelling pressure model in

soil and rock mechanics. ) ) L ) )
Key words: Cantilever Euler-Beam, Expansive Swelling Pressure, Retaining Wall, Vibration

Analysis, Existence and Uniqueness of Solution.

Maremarnueckuii ananun3 danku Diinepa-BepHyniu ¢ yyeToM gaBjieHusi HabyxaHUsI
Beit /1., Hazapbaes yauBepcurer,
Acrana, Kazaxcran, E-mail: dongming.wei@nu.edu.kz
ZKamncapbaesa JI., Kazaxckuil HanmoHa bbbl yHIBEPCUTET UM. aib-Dapabu,
Aumvarsl, Pectiyosinka Kazaxcran, +77752628325, E-mail: leylazhk67@gmail.com
Kazbek 7K., HazapbaeB ynuBepcurer,
Acrana, Peciybnuka Kaszaxcran, E-mail: zkazbek@nu.edu.kz

JlaBienne HaOyXaHUs U3 MATEPUAJIOB, OFPAHUYEHHBIX CTPYKTYPaMU, MOXKeT BbI3BATh CTPYKTYPHbIE
JgedopMaIii 1 HecTabUJIbHOCTD. 3-3a CJIOXKHOCTH B3aMMOJEHCTBUST MEXKIYy DPACITHPSIONIUMUCS
TBEPJBIM U TBEPAO-KUIKIM PABHOBECHEM CHUJIBI, JEHICTBYIOIINE HA YICPXKUBAIONINE CTPYKTYPHI OT
HabyxaHus, CUIbHO HeJuHelHbl. B Hacrodmeil pabore paccMarpuBaercsd HadajbHas / Kpaesas
3aJlava JiIsl YpaBHEHUsl yIpyroit Ganku Diiepa-BepHysumn, ¢ OJHUM MPUKPEIICHHBIM KOHIIOM
U JIPYTUM CBODOJHBIM KOHIIOM, C y4eTOM jaByieHnsl HabyxaHus. Mbl mHTepecyeMcsi BOIIPOCAMU
YCTAHOBJIEHUSI U TIOJITBEPXKIEHUN MaTeMaTUIeCKON MOJIEJIN JIJIsl IMHAMUYECKHUX [IPOrMOOB YIIPYTroii
Gaku Ditsiepa-BepHysum ¢ MOCTOAHHON IJIONIA/IBIO IIOIEPEIHOrO CEUYEeHUs C YIeTOM JIABJICHUS
HaOyXaHWss U HEKOTOPBIX HAYAJbHBIX M T'PAaHUYHBIX yciaouil. I[locTpomnum mociiemnoBaTebHOCTD
QYHKIIH, UCTIOAB3YS MeTO I, TpubnKkenns [amepKuna n coOCTBeHHbIE (DYHKITNHA COOTBETCTBYIOTIEH
CHEKTPAJIbHON 3afadn it JudHepeHnuaIbHOr0  yPaBHEHHS YETBEPTOro NOpsSiKa. DBbLio
[IOKA3aHO, YTO II0CJIe0BATEbHOCTD pEIIeHil CUCTeM OOBIKHOBEHHBIX (D (DepEeHITnaIbHBIX
ypaBHEHUI CXOIUTCS K €IWHCTBEHHOMY pPEIIeHHI0 U YTO CJab0e pellleHre TaKXKe SIBJISIeTCS
KJIACCHYECKUM DEIeHneM. JTa padoTa IIPEICTABIsIeT CODOI HAIly MepBOHAYAIBHYIO IOMBITKY
U3ydYeHUs TOJIYJIMHENRHON THUIepOOJNIecKOil 3a/1adr, OCHOBAHHOW HA Teopuu ilyiepa yrupyroi

6aJIK¥ U HEKOTOPOI MOJIETH YIIPOIIEHHOTO JABJICHIS HAOYXaH!sT B MEXaAHUKE TI0YB U TOPHBIX TTIOPOJI,.
KmroueBbie ciioBa: Konconbraast DittepoBa 6ajka, jgaBieHne HaOyXaHusl, MOJIIOPHAsI CTEHKA,

aHaJIN3 KOJI€63.HI/II7I, CyIIeCTBOBaHUE N € JMHCTBEHHOCTL PENIeHUd.
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Bery KbICBIMBIH €CKepreH Karaaigarel Ditiep-Bepuysiu binikmnieciHin MaTeMaTUKaJIbIK,
TAJIAay bl
Beit /1., Hazapbaes yuusepcurerTi,
Acrana, Kasakcran, E-mail: dongming.wei@nu.edu.kz
?Kamncapbaesa JI., on-Papadbu Kazak yaTThIK YHUBEPCUTETI,
Anvarer, Kaszakcran Pecriybukacst, 77752628325, E-mail: leylazhk67@gmail.com
Kaszbek 2K., Hazapbaes yauBepcureri,
Acrana, Kasakcran, E-mail: zkazbek@nu.edu.kz

Op Typai KYpPBUIBIMIApMEH IIEeKTEeIreH MaTepHaIIapAblH 06ry KBICBIMBI  KYPBIIBIMILIK
nedopMaliist MeH TYPaKCBI3IALIK TYIbLIPYbl MYMKiH. KeHefTiareH KaTThl JeHe KaHe KATThl-
CYHUBIK JeHeJep/iH Tele-TeH/Iir apachblHIarbl e3apa dPEKeTTeCY/IiH Kyp/e/uTirine O0aiiaHbICThI,
KYPBUIBIMIAP/Ibl OOTryJIeH YCTal KAJYIIbl OpPEKeT eTeTiH KYIITeD KYVIITI ChI3BIKThI eMecC
GoJibIll  TAOBLIAABI. bBys KyMbIcTa O6ry KBICBIMBIH €CKepe OTBIPBII, Oip VIIbl OeKiTiareH
JKOHE €IHI YIIbl epKiH KO3FaJIbICTarbl Jiytlep-Beprysuin  cepriMi Olmikine TeHzeyl YImiH
Gacrankpl / IIeKapaJblK ecenTi KapacrblpaMbl3. DBi3 06ery KpICbIMbl MeH Gesrii  6ip
bacTamKbl »KoHE IIEeKAPAJIBIK MapTTapIbl €CelKe aja OTBIPBIN, KOJICHEH KHUMACHIHBIH, ayIaHbl
TypakThl iiep-BepHysumm cepmimii  OiiKIneciHIH JUHAMHMKAJIBIK, aybITKYyJIapblHa apHAJFaH
MaTeMaTUKAJIBIK, MOJEJb Kypy KoHe OeKiTy Mmocejesiepine My uiesimMi3. ['ajepKuHHIH XKYybIKTAY
ojlici MeH TOpPTIHII perTi audQepeHIualIblK TeHIeyre COUKeC KeJIeTiH CIEKTPJIK eCerTiH,
MEHITNKTI (PYHKIUIIAPHIH KOJJAHY apKbLIbI (DYHKIHsIap Tiz0erin Kypambs. Kapamaitbim
muddepeHnraIablK, TeHaeyaep KYHeCiHiH ImenriMaepinis, »Kaarbl3 IIelrMre KUHAKTAIATHIHDI
JK9HE 9JICI3 MIENIIMHIH KJIaCCUKAJIBIK, [IEITM OOJIaThIHBI KOpceTiyii. Byt xKyMbic Ditiepin cepriiM i
OiTiKIITe TEOPUSICHIHA HETI3JIe/ITeH KAPThLIAil ChI3BIKTHI TUIIEPOOJIATIBIK, €CEeNTi KOHE TOIbIPAK, TIeH
Tay YKBIHBICTAPHI MEXaHUKACHIHIAFI KEHIJAETIITeH OOy KBICHIMBIHBIH Keihip MOJIE/IiH 3epTTeyre
apHAJIFAH AJITAIIKBI 9peKeTIiMi3 Tl Ol tipe/t.

Tvyiiian cesmep: Ditep Oinikine KOHCOMI, GOT'Y KBICBIMBI, Tipey KaOBIPFAChI, TepOesic Taaaaysl,
mrermiMinig 6ap 60yl MEH KAJFBI3/IBIFEI.

1 Introduction

Expansive solids such as elastomer, hydrogel, some rocks, and expansive clay present signifi-
cant problems when lateral expansive solid pressures acting on retaining walls due to swelling,
see, e.g., (Illeperuma, 2013), (Lou, 2012), and (Mansour, 2011) for descriptions of some of
the materials and their swelling properties. Determination of the deflections and the stability
of retaining walls (Illeperuma, 2013) or pipes (Rjeily, 2012) due to swelling pressures are
important for design and integrity of such walls or pipes.

2 Review of literature

In 1994, Mesri et al., see (Mesri, 1994), developed a simplistic equation for swelling pressure
as a function of mobilized volume strain which can be used to show that the pressure p acting
on a wall due to swelling can be modeled by p = fe~**®!  where /3 is the swelling pressure
against the unyielding wall, a a constant depending upon the solid-liquid equilibrium (see,
e.g., (Schadlich, 2012), (Illeperuma, 2013)) and v(z,t) the deflection of the wall modeled as
a cantilever beam at location x along the beam from the clamped end and at time ¢. Similar
and equivalent forms of the swelling pressure formula were also presented earlier in (Grob,
1972), (Gysel, 1977), and (Gysel, 1978) and are used in (Rjeily, 2012) and it is also called

Grob’s semi-logarithmic swelling law in literature.
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In this paper, we consider the initial /boundary value problem of an Euler-Bernoulli elastic
beam subject to the swelling pressure with one end clamped and another end free. We are
interested in establishing and validating a mathematical model for dynamic deflections of an
elastic Euler-Bernoulli beam with constant cross-sectional area subject to swelling pressure
and some initial and boundary conditions.

3 Materials and methods

In Section 1, we state the dynamic beam problem and define the solution spaces. In Section
2, we prove that there exits an unique weak solution. In Section 3, we construct a sequence
converging to the unique solution and show that the solution is also a classical solution.

3.1 The Semi-linear Hyperbolic Problem

Based on Euler’s elastic beam theory and adapting the formula of the swelling force stated
in the introduction, we consider the following semi-linear hyperbolic problem
0? 0t
1

v

subject to the initial conditions

{ v(x,0) = vo(), (2)

9 (z,0) =v1(2),0 <z <L
and the the boundary conditions

v(0,t) = 52(0,t) =0, (3)
Po(Lt) = Z8(L,t) =0,0 <t < T,
where v(z,t) is the vertical deflection of the beam at = and at time ¢, 7" and L are positive
constants, F'(v,t) = Be~* + g(x,t), vo(z) is the initial deflection, v;(z) the initial velocity.
This semi-linear hyperbolic problem defined by (1), (2), and (3) is used to model an elastic
cantilever beam subject to the swelling force p = fe~*¥ and a dynamic driving force g(z,t).
The boundary conditions (3) correspond to the standard clamped-free ends conditions in
structural mechanics as mentioned in the introduction. We are interested in studying the
well-posedness of the problem defined by (1), (2), and (3). We will use v for the time
derivative % and prime v’ for the spatial derivative % respectively and the similarly for the
higher order derivatives. We will use the standard Sobolev norm spaces HZ(0, L) = {v,v',v" €
L?(0, L))|v satisfies the boundary condition (3) }, L?(0,T; H2(0, L)), L*(0,T; L*(0, L)), and
L*(0,T; H'(0, L)) in the following sections. Here H~!(0, L) stands for the topological dual
space of H2(0,L). We also use X = {v € L>(0,T; H2(0, L)|v" € L>(0,T; L*(0, L) }with the

norm
[[v]] = eSSSUpogth("U(t)HHg(o,L) + [[v(®)|z200,1))

as solution space.
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3.2 Existence and Uniqueness of Solution

We use the following definition of a week solution:

Definition 1 We say that a function uw € L*(0,T;HZ(0,L)), for which u €
L*(0,T; L*(0, L)), 4 € L*(0,T; H (0, L)), is a weak solution of the semi-linear hyperbolic
problem defined by (1), (2), and (3), if

L
/ (pAiw + ETu"v" — fe™*"v — gv)dx = 0
0

for each v € H2(0,L) and a.e. in [0,T); and u(zx,0) = vo(x),w = vi(z),Vz € (0, L).

First, we show a priori boundedness of a solution by using the method of conservation of
energy.

Theorem 1 Suppose that vy € HZ(0,L) and vy € L*(0,L)and both satisfy the boundary
condition (3), and suppose that u is a solution of the problem in the sense of Definition 1
with these initial conditions, and with g € L>(0,T; L*(0,L)). Then u € X and there exists a
positive constant M > 0 such that ||u|| < M.

Proof. Suppose that u is a solution of the problem. Let

L

pA .o EI /3 J—

B(O) = [ (il + S+ Be — guyd
0

we have

L
E(t) = / (pAuii + ETu"d" + fe™ " — gu)dx.
0

By using integrations by parts on the second term and applying the boundary conditions, we
have fOL u"u"dr = fOL u"V)4dx. Therefore

L
E(t) = / (pAii + ETu"Y) — Be= — g)idz = 0,
0

which implies that

b pA EI
B0 =50 = [ i+ Epie 4 Lo — guar = 0
0

where C' equals a constant, where go denotes g(x,0). Therefore, we have

A EI L
[ i Bl Loy = [ guae v
0 0

which implies that ||u”(t )||L2 0.0y < Cillg(@)|[r2[|w(®)||z2(0,r) + C. By Sobolev inequalities, we
have

lu(®)[[720.0) < Collu”®)][72 < Cllg)llel[u(t)l 220,y + Cs

where C', Cy, C5 are all positive constants. This last inequality implies that there exists M > 0
independent on wu, such that ||u||ze(0.r;r2(0,0)) + ||| L0, 1:0200,0)) < M.
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Theorem 2 Suppose that vy € HE(0, L) and vy € L*(0, L) both satisfy the boundary condi-
tion (3), and g € L>=(0,T; L*(0,L)). Then problem defined by (1), (2), and (3) can have
only one weak solution in u € L*(0,T; H2(0, L)) in the sense of Definition 1.

Proof. To prove existence and uniqueness of solutions, we shall assume that vy € H?(0, L)
and v; € L?*(0,L). Therefore E(t) is a constant for the given initial conditions w(z,0) =
vo(z), u(x,0) = vi(x),0 <z < L.

We shall adapt the standard energy method to prove uniqueness of the solution to our
problem. Suppose that there are two solutions which are denoted by v; and vy respectively.
Let w = v; — vy, then we have

pAw + ETw!Y) = F(vy,t) — F(vy,t).

Multiply both sides of this equation by w, perform integration by parts and applying the
initial /boundary conditions, we have

A L EI L t L
'07 / | 2da + 7/ " Pdx = / / [B(e™ ™ — e ) + glwdxdt.
0 0 0 Jo

By Holder’s inequality, the Sobolev inequality, and by Theorem 1, we have

pA [*

) EI (* ¢ i
5 [ 2dx + 7/ \w”[2das < C/ (1wl 220,y + 11922 0,)) [0 22 (0,2 At
0 0 0

Whence, an application of Gronwall’s lemma yields w = 0 and v; = vy. By using Brouwer’s
Fixed Point Theorem in the Banach space X defined above, we can prove the existence of
solution by the method similar to the what is presented in B§12.2.1 of (Evans, 2010) and
obtain the following:

Theorem 3 Suppose that vy € HZ(0,L) and vy € L*(0, L) both satisfy the boundary condi-
tion (8), and g € L>(0,T;L*(0,L)). Then, problem defined by (1), (2), and (3) has an
unique solution in u € L*(0,T; HZ(0,L)) in the sense of Definition 1.

For simplicity, we do not present the proof here.

3.3 Construction of a classical Solution

In the above, we have shown the well-posedness of our problem for a general force g. In
this sections, we show that an explicit construction of a sequence of functions can be made
for smooth g and this sequence converges to a classical solution of our problem. We denote
by C#(G,R) the set of fourfold continuously differentiable functions v(z,t) defined in G =
{(z,t): 0 <z <L, 0<t<T} satisfying the initial and boundary conditions (2), and (3).
We rewrite equation (1) in the following operator form

Bv = pAi 4+ EIvY) = F(v,t). (4)

We use C#[0, L] for the set of fourfold continuously differentiable functions of z in [0, L]
satisfying the boundary condition (3).
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Definition 2 A function v(z,t) € C(G,R) is said to be a solution of the problem (1), (2),
and (3), if there exists a sequence {v,}r_, and a function v(z,t) in C3(0,L) such that
[om = llcao,ry = 0 and ||Bom — F(v)llgpr) — 0 as m — oo for all fived t € [0,T] and
moreover that the limit function v(x,t) satisfies conditions (3).

We first consider the free vibration case g = 0, which means F'(v,t) = fe~*". For sim-

plicity, we shall use v’ for the spatial derivative %, ¥ for the time-derivative %, and similar
notations for the higher order derivatives. We use G = {(z,t) : 0 <z < L, 0 <t < T} as

the space-time domain. The main result of this section is

Theorem 4 For the given functions F(v,t) = fe”*", vy, vy, suppose that
vo(z),v1(7) € Cyl0, L], (5)

then there exists a unique solution v(z,t) € C(G,R) of the nonlinear problem (1), (2), and
(3) in the sense of Definition 2.

The proof of this theorem requires some classical results of the corresponding linear FEuler
beam problem which can be found in, e.g., (Collatz, 1963). For completeness, we state the
results as auxiliary lemmas below.

3.4 Some classical results

We denote by B the operator, corresponding to the boundary value problem

goIV/(x) = f(:vl)l,() <z< %,
©(0)=0,9(0) =0, (L) =0,p (L) =0,

which maps a function f € Ly(0, L) to ¢ = B(f) as the solution to the problem. It is well
known that it is a closed operator and domain, denoted by D(B), of the operator B is dense
in the functional space Ly(0, L).

Lemma 1 Operator B is self-adjoint in the space Ly(0,L).

Proof. Since

(o) = | ) ) p(a)ds — ¢

" 1

(@(@)lg — ¢ (@) (2)l§ + ¢ (@ @)l5  (6)

e @l [ e @ar = [ @i = (p.8¢)

for all (), (z) € D(B) and since the range of the symmetric operator B coincides with

Ls(0, L), the operator B is self-adjoint. The eigenvalue problem for the operator Bis

QD(IV)(:L‘) =Ap,0 <z <L,
©0(0)=0,0(0)=0,¢" (L) =0,p)(L) = 0.

It is also well known that the operator B has a discrete spectrum. The eigenvalues of the
operator B can be arranged in non-decreasing order A\; < Ay < -+ < A\ < ---. The proof of
this Lemma is omitted here. We will state and outline the proof of the following lemma.
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Lemma 2 The asymptotic distribution of the eigenvalues of the operator B satisfies the
following expression

A
lim k

M5
k—o0 (2]{3 —+ ]_)4 ’

where § is a constant.

Proof. It is known (cf., e.g., (Collatz, 1963)) that the spectrum of the operator B can be
determined uniquely by the zeroes of entire function

A(X) = cosrLcoshrL = —1, (7)

where 7t = \.

Applying the well-known Rouche’s theorem, one can determine the asymptotic behavior
of the zeroes of entire function. The two sets of zeros of equation (7) as the spectrum of the
operator are found to be asymptotically expressed by

with the corresponding eigenfunctions also expressed asymptotically as

(2k4+1)7 _ (2k+D)7

R e 2 (2k+ 1) e 2 2kt

Ur(x) = (— e 2L "4 ———¢ 2L “”) (14+0(1)),k=1,2,..
Tk Tk

rk::I:

Here we denote by 0(1) and o(1) the infinitesimal quantities as k — oo.

Let m, < gx(x) < My for all & = 1,2,..., where my, = mingcp ) Jx(x) and M, =
maxXgeo,z] Jr (). i

We note that the eigenfunctions {gx(z)},>, of the operator B is orthogonal system of

functions in Lo (0, L), since B = B* by Lemma 1. For further purposes it is convenient to
normalize the system of functions {gx(z)},-,, namely traverse to system

finer - )
||gk||L2(07L) 1@17

where || - || z,(0,) is the norm of the space L(0, L).
Let m be a fixed natural number. We consider the system of nonlinear differential equa-
tions with respect to ¢ (t), ca(t),..., cm(t)

pAE(1) + EINey(t) = B [y e S exOul@y, (z)dr,
pACZ (t) + E[)\QCQ (t) = 5 fOL e_a Z;nzl Ck(t)yk($)y2(x)dx7 (8)

pAE, (1) + ElNpmcn(t) = B foL e~ iz Oy, (2)dz,

with initial conditions

Cl(O) :dl,...,Cm(O) :dm, (9)
1(0) = hy, ..., 6m(0) = Ry,
for a given set of numbers dy,...,d,, and hy,..., hy,.
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Lemma 3 The system of nonlinear differential equations (8), (9) is equivalent to the fol-
lowing system of nonlinear integral equations

—dkcos\/>t+\/7sm\/7t—l— (10)

8 t . v —« ¢ (T)y;
ﬁfo sin\/ \x(t — 7) fo 2= (M@ () dadr.

wherexg:E[fj’“,g pA, k=1,2,.

Proof. The proof of the Lemma 3 is based on the direct verification that the right-hand
side of (10) satisfies relations (8), (9). The reverse is also true.

Lemma 3 implies immediately that

Corollary 1 If there exist the solutions of (10), then they are infinitely differentiable with
respect to t.

Lemma 4 There exists an unique solution of the system of integral equations (10) in the
class of smooth functions with respect to t.

Proof. For each positive integer k between 1 and m, we construct the sequence of approxi-
mations to solution of system (10)

Cl(cn)() (0) \/7/ Sln\/ t—T / yk )_O‘ZJ 1€ J >(Ty; dl’dT

for n > 1, with c,(g) = dj, cos \/ A t For n > 2, we have the following

difference equations

sin \/ Ap(t — 7)| x

\/— fo
< ()] ‘ —a X i) _ e S S| gdr
(k=1,2,...,m)
By the mean value theorem, we obtain the inequality

‘ —a X T (i) _ e iy o () ()

—a ™ (Y (1) +0(2) el D (1)), (x n—1) n—2
<ma11<n]a%}7(n| j( )|€ >t (e ()+0(2)c; (m)y;(2) | Cg' (T)—C; )(7_)"
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where values of 6(z) lie between 0 and 1. By virtue of boundedness of the quantities

sm\/i(t—ﬂ, @), | + 0@ )],

J

\/%tc max;<jem | V(1) — "2 ()]
(k=1,2,...,m)

where C' does not depend on k. We note, if inequalities

itC’gl,(k:LQ,...,m) (11)

VA
hold, it follows the convergence of the sequence {c,&”) (t)} for all k. The proof of the Lemma
n>1

4 is complete. Inequality (11) holds for large values of k, since Lemma 2 holds. Thus, for

all k£ there exist limits lim,,_, c,(:”) (t) = cx(t), which are solutions of the system (10). It is
convenient to denote the above set with two subscripts by {c1,m(t), -+, cmm(t) }-

Lemma 5 The sequences {cim(t), , Cmm(t) tm>1,  {¢im(t),  , émm(t) }m>1, and
{éim(t),  , émm(t) }m>1 are all Cauchy sequences for fized t € [0,T), if dp — 0 and
hi, — 0 as k — oco.

Proof. Together with the sequence {cp,(t)}7-,, we consider the sequence of functions
{Chmip(t)} 2P for arbitrary p > 1, that satisfies the integral equations system

Chmp(t) = (12)
\/7 At +

\/_ fysiny/ At —7) [ e ‘”ZFI cimte (M3 @)y (1) dadr.

(k=m+1,...,m+p)

dj, cos

We take, that the sequences d, — 0 and h, — 0 as k — oo. Eigenvalues Xk — 00 by Lemma
2. Therefore, (12) implies that ¢ m4p — 0 as m — oo, k > m and for all ¢ € [0, 7.

Let p > 1. Now we show that the differences ¢k, (t) — ¢t m4p(t) for fixed ¢ approach zero
as m — oo. Systems (10) and (12) imply that the differences ¢y, (t) — cxm4p(t) satisty the
following equations

Chamtp(t) = Crm(t) = (13)

7 t
B / sin \/ Mt — 7) / [e—azﬁtf'q,mﬂmwu)_e—azgzlcjmmyj(m) i () dadr.
/5\;6 0
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Further, we transform (13)
Chmtp(t) = Chm(t) = (14)
Nelt — 7)dr [ [efaz;”:tp(cj,mﬂ(r)fcjm(r))yj(x) 1] x

B rt.:
\//\:kfosm

e~ =1 cm(7)y;(2) (I+0(1) yp(z)dz.(k=1,2,...,m)

If we introduce the notation 8,,(t) = ckm(t) — Crmp(t), then (14) can be rewritten in the
following form

om(t) = (15)
% [ sin A/ A(t — 7)dr [ [e‘a S5 dm(m)ys (@) _ 1] X
k
e~ Ximem (M@ (1 4 5(1)) yp(z)de.(k = 1,2,...,m)
Thus, we have obtained the nonlinear integral equation (15). Since, the right hand side of

(15) is infinitesimal quantity, then it has only solution 4,,(t) that approaches zero as m — oc.
So the proof of Lemma 5 is complete.

By using
{Clm(t>7 e 7Cmm(t)}>

we construct the sequence of functions in (x, )

(2, 8) = crm ()i (). (16)

k=1

m

Lemma 6 The sequences of functions {vy,(z,t)}m>1, {Om(x,t) bm>1

and {Vm(x,t)}m>1 are Cauchy sequence in max-norm of C(G, R) with respect to x for all

fized t € [0,T7].
Proof. By (15), we have
[Omp (2, 1) — v (2, 1)] <
2t [Ckmep(t) = Com (8)[ [y ()] +
>t ks ()l ly(@)] = 0
as m — 0o, k > m and for all fixed ¢ € [0, T|. Hence

m 7t - Um 7t S 17
s [y ,1) = ) )

MaXee(o,r] 2y [Chmtp(t) — Chm ()] lyr(2)] +
Hlaxme[ovL] ZZL:TZ+1 |Ck,m+p(t)Hyk ('ZC)‘ — 07

By arguing as in (17), we obtain

II;I[%’)L(] Uy (1) — v, (2, 1) | < (18)

MaXae(o,) Dot [Chamip(t) = Crm ()Y ()] +

max,e(o,) doprt it [Chmp()|[y5 ()] = 0,
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1"

7 t . " : t ‘ < 19
xrél[g’}[{/] Um+p (ZE ) Um (I ) — ( )
maxXrefo,1) 2o [Chmen(t) = Chm (B)l[ye (7)) +
maXgeo, L] ZZZZJA ’Ck,erp(t)Hyl: (x)| — 0,
" : t . " ’ t ‘ < 20
zrél[g:)l(l] Um+p (‘CE ) Um (.CE ) — ( )

maXgzeo,L] kazl |Ck,m+p(t) - Ckm(t)Hy;g" (z)] +

maX,e(o,) dopt 1 [Cemtp(E)|[yp ()] = 0

as m — 0o, k > m and for all fixed ¢ € [0, T].
By combining (17)- (20), we have the uniformly convergence of the sequence vy, (x,t)°_,
with respect to x in the norm of the space C[0, L] for all fixed ¢ € [0, 7], i.e.

4
k
v sp(@1) = v (@ Dll oo,y = D_ max o (. 8) = oz, 1) = 0

as m — 0o, k > m and for all fixed t € [0, T]. The proof of Lemma 6 is complete. Similarly,
we can show that {0, (,1)}m>1 and {9, (2, 1) }n>1 also satisfy estimates like (17)- (20) and
therefore are also Cauchy-sequences in the norm of C(G, R) for each t € [0,T].

3.5 Proof of Theorem 4

We will search for a solution v(x,t) of the problem (1), (2), and (3) as a limit in the norm
C(G, R) of the sequence {v,,(x,)}>_,, i.e.

|vm (z,t) —v(z,t)||c@r —+ 0 as m — oo.

Usually v,,(z,t) can be found as the following linear combination (16) by some system of
functions {yx(z)}, and besides the coefficients ¢, (t) may vary together with numbers m.

We note that the set of functions {cim(t), -, Cmm(t)} is the solution of the Cauchy
problem (8)- (9), where the set of numbers dy, . ..,d,, and hy, ..., h,, are the first m Fourier
coefficients of functions vy(z,t) and vy (z,t), respectively, by system {yx(z)}r>1.

Further, by Lemmas 3, 4, 5 and 6, the sequences of functions {v,,(x,t) };n>1, {0m(z,
and {i,,(z,t)};m>1 are all Cauchy sequences in max-norm with respect to z in Ci(G,
for all fixed ¢ € [0,T]. Thus, the proof of Theorem 4 is complete.

m>1,

0
R) and

4 Results and discussions

We prove existence and uniqueness of a weak solution to this semi-linear hyperbolic problem
in certain function spaces by using the standard energy estimates and a fixed point argument
(see, e.g., (Evans, 2010) for the notations and argument). We construct a sequence of functions
by using systems of ODEs, the Galerkin approximation method, and the eigenfunctions of the
corresponding 4th order eigenvalue problem. We demonstrate that the sequence of solutions
to the ODE systems converges to the unique solution and that the weak solution is also a
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classical solution. Our results validates the well-posedness of the hyperbolic problem and and
provide an explicit numerical procedure to compute a sequence of functions converging to
the solution. In the following sections of this paper, the density of the beam is denoted by p,
the Young’s modulus of the beam is F, the constant cross-sectional area is A, and the area
moment of inertia is I, all of which are assumed to be positive constants. To our knowledge,
this problem and our results have not been available in literature and therefore our results
are novel in this regard, although some numerical results are reported in (Rjeily, 2012) for
the corresponding steady state problem which determines the deflection of the beam subject
to such force and similar boundary conditions.

5 Summary

We have proved the well-posedness of a semi-linear hyperbolic problem which is a model for
the the dynamic behavior of a cantilever Euler beam subject to a nonlinear swelling load with
fixed-free ends. For smooth initial conditions and smooth force g, we also show existence of
classical solutions by using explicit construction of a sequence of functions corresponding to
a sequence of nonlinear DOEs convergent to the solution. Our proof also provides explicit
algorithms for computing solutions to the sequence of approximating ODE problems. The
novelty here is the consideration of the nonlinear effect of the swelling force acting on the
lateral side of the Euler beam.
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HecobcTBeHHBIE MHTErPAJIbI B TEOPUU TJI00ATBHON aCUMIITOTUYECKON
YCTOWYMBOCTA MHOTOMEPHBIX (PA30BBIX CUCTEM
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r. Anmmater, Pectiybnuka Kazaxcran, +77272211573,
E-mail: Serikbai.Aisagaliev@kaznu.kz
Aiicarasmesa C.C., Hayuno-uccieoBaTe ibCKiit HHCTUTYT MATEMATHKA U MEXAHUKH
KasHY umenn ann-Papabu, r. Anmarsl, Peciybnka Kasaxcran,
+77273773223, E-mail: a_sofiya@mail.ru

PaccmaTpuBaeTcss Kjacc OOBIKHOBEHHBIX —AupdepeHInaabHbIX yPaBHEHUH, OMUCHIBAIOIIIX
JMHAMUKY MHOTOMEPHBIX (Da30BBIX CHCTEM CO CYETHBIM IIOJIOKEHWEM pPaBHOBECUsI C
[IEPUOINIECKUMU HEJIMHEHHBIMU (DYHKIUSAMY U3 38JJaHHOTO MHOXKECTBA. 1aKasi HeoIlpeIeIeHHOCTD
npaBoit yactu auddepeHnuaabHOr0 ypPaBHEHNsT MOPOXKIAET HEEIMHCTBEHHOCTH PEIeHUs, 9TO
MPUBOJIUT K MCCJIEJOBAHUIO CBOMCTB pelleHuil ypaBHeHuit ¢ quddepeHnabHbIMA BKIIOICHUSIMHE.
[Ipenaraercss COBEPIIEHHO HOBBIM IIOJIXOJT K WCCJIEIOBAHUIO CBONCTB peNieHUs] JTHHAMUIECKUX
CHUCTEM CO CYETHBIM IIOJIOXKEHHEM DPABHOBECHUsI IIPU HEIOJIHONW HMH(MOPMAIMH O HEJMHEHHOCTSIX.
IIyrem ©Heocoboro mnpeoOpa3oBaHUsi KCXOJHASI CHCTEMa IPUBOJUTCA K CIEIUAJBHOMY BUILY,
cocrosmeMy u3 aByx dacreit. IlepBas wacts audepeHIMANbHBIX yPABHEHUI pa3permma
OTHOCHUTEIbHO KOMIIOHEHTOB II€PUOJNYIECKON (QYHKIUK, & BTOpas dYacThb HE COJEPIKUT
venuHelinble Qynkiuu. lccrenoBanbl CBOMCTBA peNIeHUi, MOJIYYEHbI OIEHKH HA PEIIeHUs
WUCXOJHOM CHCTEMBI U MPEOOPA30BAHHON CHUCTEMbBI, JOKa3aHa WX OrPAHUYEHHOCTH. llosyuensr
TOXKJIECTBA, OTHOCUTEJLHO KOMIIOHEHTOB HEJMHEHHON (YHKIUU W YCTAHOBJIEHA HUX CBSI3b C
dazoBbiMu TepeMeHHbIME. Vcciie1oBanbl CBOMCTBA KBAIPATUIHBIX (POPM OTHOCUTEIHLHO (Ha30BBIX
IIEPEMEHHBIX U IIPOU3BOJHBIX. 1I0/IydeHbl OIeHKN HEeCOOCTBEHHBIX HMHTETPAJIOB BIOJIb PEIICHUS
CHCTEMBI JIJIsl JIBYX CJIyYaeB: KOIJia 3HAYEHUs] HHTErPaJoB OT KOMIIOHEHTOB HeJIMHEHHON dyHKIIHI
B IEPHOJIe PABHBI HYJIO; KOIJA 3HAYEHUs] WHTECPAJIOB B IEPUOJE OTJIMYHBIE OT HYyJsl. IDTH
pe3yJIbTaThbl MOI'YT OBITH MCIIOJIb30BAHBI JIJIsl TIOJIyYeHNsl YCJIOBUI IJI00aJIbHON aCUMIITOTHYECKO
YCTOWYHMBOCTH MHOTOMEDHBIX (DA30BBIX CHCTEM.

Kurouessbie cioBa: Heocoboe mpeobpaszoBanue, cBoiCTBa pereHnil, HeCOOCTBEHHBIE NHTEIPAJIBI,
JIMHAMUWYECKAsT CHCTEMa, CIETHOE MTOJIOYKEHNE PABHOBECHSI.
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Bepisren KublHIA CBI3BIKTHIK €MeC IepUOATHI (DYHKIMSIapbl 0Oap Telme-TeHIK KafIaiibl
AKBIPJIBI KO OJIIMeMIl (ha3asblK Kyilegep INHAMUKACHIH CHMATTANTEIH Kail auddepeHIuaiIblK,
TeHJEYTep KJIaChl KapacThIPhLIaabl. luddepennnanabik TeHIeyaiH OH Kak Oeirimmeri MyHIai
AHBIKTAJIMAFaHIBIK, ITEMIIMHIH 2KaJFbI3 €MECTIriH TyAbIpagabl, aa Oyia auddepeHIuaiibiK,
KOCBIHJIBLJIAPBI Oap TeHJIeYJIep/iH MeNiMIepiHiH, KacueTTepin 3eprreyre okejei. ChI3bIKCHI3IbIK,
TYpPaJIbl TOJIBIK €MeC aKIapaTbIHJa Tele-TEHJIK KarJaiibl aKbIPJIbl JUHAMUKAJBIK 2KYieaepii
IenTy KACHEeTTEPIH 3epTTeyle KaHa 9OJiC YCBIHBLIAJABL. KEpekine emec TYpPJIEHAIPY apPKBLIbI
OacTankpl 2Kyihie eki OeJiikTeH TypaThlH apHaiibl Typre kemaripimeni. duddepennuangpik
TeHeyIep/in Oipinmt OeJIiri meproaThl MOYHKIINAHBIH, KOMIIOHEHTTEPIHE KATBICTDHI IIEITiae i, ax
eKinr 6eirinae chI3bIKChI3 hyHKIUsIap koK. [lenmiMuain KacueTTepi 3epTTesIim, DacTanKb! XKyiie
JKOHE TYpJIEHIeH >KyieHiH ImemriMaepine Oara Oepiiill, OJIapiblH IIEKTEereH Il J19JIe/IIeHIeH.
ChoI3BIKTBI eMec (DYHKIUSHBIH KOMIIOHEHTTEPIHe KATBICTBI TEHJIKTED AJIbIHFAH KOHE OJIAPJIbIH
daszaablk affHbIMAJbBIMEH OailyTaHbIChl OpHATHLIFAH. Pa3ablK afHLIMAILI KOHE TYLIHIBLIAPTA
KATBICThI KBaJAPATTHIK, (popMajapibly, Kacuerrepi seprresinred. ChI3BIKTBIK eMec (DYHKIUSHBIH,
KOMITOHEHTTEPIHIH, WHTErPAJIAPBIHBIH, MOHJAEPl TEpPUO/Ta HOJTe TeH KOHE WHTErPAJIIAP/IbIH,
MOH/JIEPI IepHOoATa HOJIJIeH e3relne OoJraH eKi Kafjailjapbl VIINH Kyile memnriMiniz OofibIHIA
MEHIINKCI3 HMHTEerpasiap/blH, Oarajapbl ajblHFAH. Dy HOTHXKeJep KOI eJmeMi (Ha3aiblk
KyHeJIepiH, 1100a/bIl ACUMIITOTAIBIK, TYPAKTBUIBIFBI MMAPTTAPBIH AJy VIOiH MaiiIaJaHbLTy bl
MYMKiH.

Tyitin ce3nep: Epekie emec TypsaeHIaipy, HIEMIiMHIH KacHeTTepi, MEHIIIKCI3 WHTerpaJiap,
JUHAMUKAJBIK Kyiesep, Tere-TeHIIKIIH aKbIPJIbl YKaF Tailbl.

Improper integrals for stability theory of multidimensional phase systems
Aisagaliev S.A., Al-Farabi Kazakh National university, Almaty, Kazakhstan,
+77272211573, E-mail: Serikbai.Aisagaliev@kaznu.kz
Aisagalieva S.S., Research Institute of Mathematics and Mechanics of al-Farabi Kazakh National
University, Almaty, Kazakhstan, +77273773223, E-mail: a_sofiya@mail.ru

A class of ordinary differential equations describing the dynamics of multidimensional phase sys-
tems with a countable equilibrium position with periodic nonlinear functions from a given set is
considered. Such uncertainty of right side of the differential equation gives rise to the nonunique-
ness of the solution, which leads to the study of the properties of solutions of equations with
differential inclusions. A completely new approach to the study of the properties of the solution of
dynamical systems with a countable equilibrium position with incomplete information on nonlin-
earities is proposed. By a nonsingular transformation, the original system is reduced to a special
kind, consisting of two parts. The first part of the differential equations is solvable with respect to
the components of the periodic function and the second part does not contain nonlinear functions.
The properties of solutions are studied, estimates for the solutions of the original system and the
transformed system are obtained and their boundedness is proved. Identities with respect to the
components of the nonlinear function are obtained and their relation to the phase variables is
established. The properties of quadratic forms with respect to phase variables and derivatives are
studied. The estimates of improper integrals along the solution of the system are obtained for two
cases: when the values of the integrals of the components of the nonlinear function in the period
are zero; When the values of the integrals in the period are different from zero. These results can
be used to obtain conditions for global asymptotic stability of multidimensional phase systems.
Key words: nonsingular transformation, properties of solutions, improper integrals, dynamical
system, countable equilibrium position.

1 BBenenmne

PaccMoTpuM IMHAMHYECKYIO CHCTEMY C IWJIMHIPUYIECKHM (DPA30BBIM ITPOCTPAHCTBOM
OIIMCBIBAEMYIO YpaBHEHUEM CJICYIONero BUJA:

&t =Ax+ Bp(o), 0 =x+ Rp(z), x(0) =z, o(0) =09, t€l=10,00), (1)
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rjie A, B, C, R — mOCTOSTHHBIE MaTPUIIBI TTOPSIJIKOB 1. X 1, 1 X My, 1M, X 1, M, X M, COOTBETCTBEHHO,
marpura A — rypsuiesa, T.e. Red;j(A) <0, j=1,n, A\;(4) j = 1,n — cobcTBeHHbIE 3HATEHUS

MaTpPHUIIbI A? |fL’0| < 00, |UO| < 00, 90<0-) = (@1(0-1)7 R cpm(am)), 0 = (017 s Jam)'
QyuKImA
d i\ O
(o) € Dy = {p(0) = (01(01), ..., om(om)) € CHR™, R™)/p1; < % < pai 2)

pi(0i) = piloi + &), Yoy, o€ RY, i=1,m},

riae A; — nepuoy dyukiuu p;(0;), pot, @ = 1,m — 3agannbie yucia, |u| < oo, |u2| < oo,

pa = (H11, - fam)s 2 = (Mo, - - -, fom)-
[Monoxkenne pashoBecusi cucreMbl (1), (2) ompegessiercss U3 pereHns: ajrebpanvaecKux

ypasuenuit. Az, + Bp(o,) =0, Cx.+ Rp(o.) = 0.
[ockombky @, = —A™'Bp(0.), (R — CA™'B)y(0.) =0, To npu R — CA™'B — meocobas

MaTpuIa mopsaaka m X m cucrema (1), (2) uMeer cranuoHapHOE MHOXKECTBO.

A= {(zs,0.) € R"" /2, =0, ¢(0.)=0}.

Tak kak ¢(0,) = @(o.+kA) =0,k =0,+1,£2, ..., T0O IOJOKEHIE PABHOBECUST CHCTEMBI
(1), (2) aBAsIETCS CYETHBIM MHOXKECTBOM, 0y = (014y .+ O ), A = (Aq, ..., Ap).

Onpenenenne 1 Cmayuonapnoe  mmooicecmeo A cucmemn (1),  (2)  2sno0baaviio
ACUMNMOMUYECKU YCMOTMUE0, eca 0 mobotl dynkyuu (o) € @y u a0bozo HauarbHo20
cocmosnusa (xg,00) € R™™, |xo| < 00, |og| < 0o pewenue cucmemv x(t) = x(t; 0, zo, 00, @),
o(t) = o(t;0, 0,00, ), t € I 0baadaem ceoticmeom x(t) — x. = 0, o(t) — 0. npu t — oo,
2de p(o.) = 0.

Ounpenesienne 2 Yeaoguem 2406a.4v101 acumnmomuueckot, yemotuusocmu cucmemsvi (1),
(2) maswvieaomMea COOMHOWEHUA, CBAZVIEANUUE KONCMPYKMUBHBIE NAPAMEMPVL CUCTNEMDL
(A, B,C, R, i1, ft2), npu 6bNOASHEHUU KOMOPOIT MHONHCECMBO N 24000.40HO ACUMNMOMUYECKY
Ycmouuuso.

Heobxoumo uccie1oBaTh B OTJIEIBHOCTH JIBa, CJIyYasi:
1.

T RAY
©i(&)dé =0, Vo;, o; € RY, i=1,m;

[of)

oi+A;
©i(&)d& #0, Vo, 0, € RY, i=T1,m.

(o4

CraBsTcs ceyronme 3a/1a9u:

Bagaua 1 Hatmu ouenku HecobCcmeennuT uHmezpaios, 600ab pewenus cucmemos (1), (2),
ors cayvaes 1, 2.
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Bamaua 2 Hatimu nocoe  afdexmusnoe  ycaosue 2400040100  AGCUMNIMOMUMECKOT
Yemotinusocmu cmayuonaprozo muoocecmea A cucmemos (1), (2) das caywas, xozda

oA
901<€z)d£l = O, VO'Z', o; € Rl, = 1,m,

g4

HA OCHOBE OUEHKU HecobCmBeHHbIT UHMELPLAOB ons CAYHas 1.

Bamaga 3 Hatimu woeoe  spdexmusnoe  ycaosue — 2000a40HOT  GCUMNMOMUNECKOU
yemotuusocmu, cmayuonapnozo muoscecmea A cucmemov, (1), (2) das cayuaa, koeda

oi+A;
pi(&)dE; #0, Yo, 05 € R', i =1,m;

HA OCHOBE OUEHKU HECobCMBEHHDIT uHmMme2Panos onsa CAY1aA 2.

2 O0630p JuTEPaATYyPHI

[IepBoii paboToil, MOCBSIIEHHON KaueCTBEHHO-UYUCJIEHHBIM MeTOdaM MCCJIed0BaHus (hpa30BbIX
cucreMm, Obuta cratbsg @D. Tpukomum (Triomi, 1933 : 3-10). Ilpumenenue wmerosa
TOYEYHBIX OTOOpaKeHUi K (a30BLIM CHCTEMaM paccMOTpeHo B paborax A.A. Anjgponosa
u ero muocsenosareneil (Anpponos, 1959), (Bap6amun, 1969). Coregyromum 3Srtamnom
Pa3BUTUS KAYECTBEHHO-IUCCHHBIX METOO0B OBLIO IPUMEHEHHE MEePUOJIUICCKUX (DYHKITUI
JlamynoBa K wuccriegoBannio (as3oBbix cucteM. OCHOBBI TEOPUU TEPUOTUIECKUX (DYHKITHIT
Jlanynosa upusegensl B paborax (Bakaes, 1959 : 105-110), (Bakaes, 1965 : 35-46).
MeTopl TIOCTPOEHUS PA3IUIHBIX IepHondeckux GyHKIuMN JIgmyHoBa, obecrieanBaronmx
YCTOWIMBOCTL B GosibluHCTBE (DA30BBIX CcHCTeM, MOXKHO Hafitu B (Amnjgponos, 1959).
[IpubsimzKeHHbIe HEJIOKAJIbHBIE METOJbl HCCJ/IeI0BaHnus (Pa30BBIX CHCTEM U3JI0KEHBI B
(DazoBas cunxponusarus, 1975).

OpurnHaJIBHBIM TOJIXOAOM K HCCIEIOBAHUIO (Pa30BBIX CHUCTEM SIBJIAIOTCS YaCTOTHBIE
YCJIOBUSI aCUMIITOTUYECKON yCTOMYMBOCTH, OCHOBaHHBbIE Ha Iporeiaype bBakaesa-I'yxa.
Takoit moxxon Brepsble npejyioxken B pabore ' A. Jleonosa (Jleomos, 1975 : 7-15). B
nocse/yonux paborax Jleonosa u ero yuennkos (JIeonos, 1976a : 10-15), (/Ieonos, 19766

10-17), (Jleonom, 1978 : 115-124) wuccieqoBaHbl OMPAHUYEHHOCTH pelleHus (ha30BbIX
CUCTEM, aCUMIITOTUYECKUE CBOMCTBa perieHuit mHTerpo-auddepennuaabHbiX ypaBHEHUNE C
MEPUOUICCKUMI HEJIMHEHHOCTSAME, & TaKyKe YCTONYMBOCTH M KOJieOaHUs (ha30BBIX CHUCTEM.
Bubsmorpadudecknit 0630p HaydHON JUTEPATYPHI 110 (PA30BBIM CUCTEMaM MOYXKHO HalTH B
monorpadusax (IIpumenenue merona dbyukiuu Jlsanyrosa B suepreruke, 1975), (Alicarasues,
2005).

3 Marepuan n MmeToabl

[IpemiaraeTcsds HOBBIF METOJ[ MCCIEIOBAHUS IJIOOAJIBHON ACHUMIITOTHIECKON yCTONINBOCTH
MHOTOMEPHBIX (a30BBIX CHCTEM CO CUYETHBIM II0JIOYKEHHEM paBHOBECHs, Ha OCHOBE OIEHKH
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HeCO6CTBeHHbIX HHTEeTrpaJioB BJ/IOJIb DpPeEIleHud CHUCTEeMbl JJId AIBYX CJIYy4YaceB. B ,ZLa,HHOIU/I
craThe IPUBEIEHbI Pe3Y/IbTaThl PYHIAMEHTAJIbHBIX UCCIEI0BAHUT 110 CJIEIYIOIIUM Pa31eIaM:
Heocoboe TpeobpasoBanue, cpoiicrBa perrennii cucrembl (1), (2), oleHka HeCOOCTBEHHBIX
HHTErpaJjioB BJOJIb perierust cucteMbl (1), (2). DTu pesyabraTsl Mo3BOJISIIOT ¢(hOPMYIUPOBATH
YCJIOBUS TJIODAJIBHO aCHUMITOTHYECKONH yCTOWYMBOCTA B IHPOCTPAHCTBE KOHCTPYKTHBHDIX
apaMeTpPOB CUCTEMBI.

3.1 Heocoboe mpeobpa3zoBaHme

[lesn HEOCOGOTO Mpeobpa3OBaHUS-TIPUBE/ICHIsT YPpaBHeHNs JBIKeHust (1) K crernuaabHOMy
BUJY, [Jid HUCIOJb30BAHUA CBOWCTBA HEJIMHEHHOCTEH U3 (2) U I[OJIyYeHUd OIECHKU
HECOOCTBEHHBIX MHTErPAJIOB.

Paccemorpum juddepeninanibaoe ypasaenue (1) oTHocuTebHO (Hha30BbIX MEPEMEHHBIX
r = z(t), o0 = o(t), t € I. llpencraum marpuiy B B Buge B = || By, ..., B,l|, tae B;,
i = 1,m Bexropbl croyibusl n X 1. [lycrs matpuna 0 = [|0y, ..., 0|, rae 6; € R™, i = 1,m.
Matpunpr B, © MOPSIKOB 1 X M.

Jlemma 1 Ilycmo sexmopu 0; € R", 1 = 1, m maxue, wmo:
0B, =1, 0:B; =0, j=1,m, i#j, (3)

ede B; # By, i # j, () — anax mpancnonuposarus. Toeda 60oav pewenus nepeoeo ypasnenus
us (1) sepro moorcdecmeo

0:0(t) = 0 Aa(t) + pi(i(t)), L€ [0,00), i=T,m. (4)
Ecau, xpome mozo, pane B* = m u onpedesumennv I'pama
<b0,00 > <b5,00> ... <01,0,>
Lby,...,0,) = . . . £ 0, (5)
<O 0> <0,,0,> ... <0,,0,>

mo eexmopui 0;, i = 1, m ydosaemeoparouwue ycaosuam (3), (4) cywecmeyrom u onu aunetino
nesasucuml, 20e < 0;,0; > — cxarapnvie npoussedenua eexmopos 0;,0;,1,j =1, m.

HokazareabctBo. [lockombky 60F = (0;1,...,0), © = 1,m, 10 ymMHOXKas cieBa
toxzaectso (t) = Ax(t) + Byp(o(t)), t € I na 0} nmeem

0rx(t) = 0; Az(t) + 0; Bo(o(t)), tel, i=1,m,

riae 0B = (0 By, ...,0;B,,). Orcioga c yiaeroum (3), moayunm (4). 3aMeTnM, ITO COOTHOIIEHHE
(3) sammiercst B BUJie JIMHEHHBIX aareOpandecKux ypaBHEHUIL.

0i1B11 + 0i2Bia + ... + 0;,B1, = 0,

Qilel + OigBmg + ...+ Hanmn = 0, 7= 1, m.

Ecmu panr B* = m, To maHHasg cucTeMa ypaBHeHHUII uMmeer perrenwue, 0;, ¢ = 1,m. U3
yeaosus (5) ciefyer, 9T0 BEKTOPHI 0;, i = 1, m juHeiino nesaBucuMbl. Jlemma jgokazaHa.
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JIemma 2 Iycmov sexmopos By € R™ maxue, wmo: 5B; = 0, © = 1,m, 2de B; # B;, i # j.
Tozda 6doav pewenus nepsozo ypasrernusa us (1) eepro moostcdecmeso

ok(t) = 05Ax(t), tel. (6)
Ecau, xpome moeo, pane B* = m u onpedeaumenv I'pama
< Oo1,002> ... <bo1,00m—m >
L(Oo1, -\ 00nm) = . e . #0, (7)
< QOn—ma 601 > 00 < QOn—ma Hﬂn—m >
mo eexkmopvt Oo1, ..., 00h_m CYWECMBYOM U OHU AUHETHO He3a8UCUMDL, 20¢ < bg;, 1

1,n — M NOAYHEHDL U3 (90 nymem 6?)660])0, (n — m) npou36oNbHHLL KOMNOHEHTNOEB GEKIMOPQ
6.

HokazarenascrBo. [lycts BekTop Oy = (bho, - . ., 0n0) € R". Torma coorrormenne 65 B; = 0,

1 = 1, m 3anumreTcd Tak
910811 + ... —|— OnoBm - O, o ,9103m1 + ... + enoan = 0 (8)
Ecmu paur B* = m, to cucrema (8) umeer pemtenne 6y = 60y(0pi10,--.,0n0), TH€
Om+1,0s -, 00 — m06ble umcia. Oupenenum BekTopsl 0y € R",...,00—, € R" myrem
BBIOOPA TIPOM3BOJILHBIX 9UCEN Opi1, ..., 0™, B wactnoctn, Oy = 6p(1,0,...,0), Op =

06(0,1,0,...,0), Ognm = (0,...,0,1).

Yumuoxkass ToxgecrBo &(t) = Ax(t) + Be(o(t)), t € I caea ma 6} moayuum (6).
I[To ycsosuio Jlemmbl Boimosaeno Hepasenctso (7). CiemoBaresnbho, BeKTOpbl Oy € R™,
i = 1,n —m Jymueiino mesasucnmbl. Tak xak 05,B; = 0, i = 1,n —m, 1o ToxKecTBO (6)
PaBHOCUJILHO TOMY, YTO

0L (t) = 05,Ax(t), tel, i=1n—m. 9)

JlemMma sroKazaHa.

JIemma 3 ITycmov evinoanenv, ycaosus aemm 1, 2, u nycmo, Kpome mozo, pare Mampuibl
P=161,...,0m,001,. .. 000_mll (10)

nopadxa n X n pasen n. Tozda ypasnenue (1) pasnocusvro caredyrowet; cucmeme ypasrenul
U1 =cuyr+ .+ il +01(01), - Um = Gl - F Cnnln + Pm(Om),

ym+1 = Cm+1,1Y1 +...+ Cm+1,nYn, - - - 7yn =Cn¥Y1 t+ .-+ CunYn, (11)
o1 =duyr + ...+ dinyn + Rip(0), ..., 0m = dpit1 + - .. + dipnyn + Rinp(0).

edey; = 0w, i=1,m, Yy =05z, i =1,n—m, R*=(R},...,R}).
HoxkaszareabcTrBo. Tak kak paur P = n, o u3 (10) ciemyer, uro Bektopsl 0; € R™,
1=1,m, 6y € R", i = 1,n —m obpasyer 6a3uc B R". Torma BeKTOpbI

01 Az = c,0ix + ... + cimb,,x + cim+100:2 + - .- + b5 m,
0FAx = cpi0iz + ...+ Crm0in T + Cpms10517 + -+ Con05_ i T, (12)
01 AT = cpg110i2 + .o F Cnp1 00T F Crr1m 1052 + - - F Cgr1.n 05— T

* _ * * * *
onem AT = cp10iT + ..+ i@ + Comi1051 + .+ Cunl @
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TIie ¢ij, 6, j = 1,n Koaddumumentsr paznoxenns A*0;, i = 1,m, A*6y;, i = 1,n — m 10 Gazucam
0; € R, i=1,m, 6y € R", i =1,n —m. Uz (12) ¢ yuerom (4), (6), (9) nomyumm cucremy
ypaBHenuil (11) OTHOCUTEIHHO TIEPEMEHHBIX U1, - - . , Yn-

AHaorn4no, myTeM pasjioxKeHud BekTopa ¢i € R"™ no 6asucam 6;, i = 1,m, Oy, i =
1,n — m nosyuyum

Om = m® + R™@(0) = dpbiz + ... + dpim05 0 + diy 10512 + - - + dpin0,,_nx + R™ (o),

rie C* = (CY,...,Cr), R =(R},...,R!). Jlemma nokazana.
Cucrema ypastenwuii (11) B BekTOpHOIT hopme nmeeT BuJ

y=Ay+ By(o), ¢ =Cy+ Rep(o), ¢(o) € Py, (13)

rae A, B, C' — IOCTOsIHIIbIE MATPHIIBI HOPSJIKOB 1L X 1, X M, M XN cooTBeTcTBeHHo, A = ||¢;]|,

. — = L, — . — . —
i,j = 1,n; B = (O ), C = |ldjll, i« = I,m, j = 1,n, I,, — exunudnas MaTpuua

nopsiika m X m, Op_p m — MATPUIA MOPsIKa (N — M) X M ¢ HYJIEBBIME dJ1eMeHTaMu. Eciu
matpuna K = P* 1oy = Kz = Pz, v = K~ 'y = (P*)™*y, marpuna A, B, C pasubl
A=KAK™" = (P)A(P)Y, B= KB = P*'B, C = CK~! = O(P*)"!. Takum obpasom,
nmuddepennuanbibie ypapaenus (1) ¢ HesmneiiHocTsiMu (2) ¢ HEOCOOBIM Mpeobpa3oBaHIEM
r =K'y = (P*)"'y npuogsarcs x sugy (13).

3.2 CaoiicTBa penieHunii

Jl71s1  moJiydeHusi ONEHOK HEeCOOCTBEHHBIX WHTErPAJIOB BIOJIbL perieHnust cucteMbr (1),
Heob6xoiumo 1oKka3aTh OrpaHUYeHHOCTh perieHusi cucreMbl (1), (2) U moyduTh TOXKIeCTBa
BJIOJIb pelenus ypasaenns (13).

Teopema 1 [Tycmv mampuya A eypsuyesa, m.e. Relj(A) < 0, j = 1,n u swnoanenv
yeaosus semm 1-3. Tozda eeprvt ouenku:

lz(t)| < co, |2(t)] <y, tEI, (14)
v < 2y [9(t)] < cs, tET, (15)
60 < s tel, (16)

ede ¢; = const > 0, ¢; < 0o, i = 0,5. Kpome mozo, pynxuyuu x(t), y(t), o(t), t € I pasnomepro
HENPEPLIGHDHL.

JokazaTejabCcTBO. 3aMeTuM, 9UTO IepHOAUYecKas HelmpepbiBHO muddepeHimpyemast
byukmusa p(o) € ®y orpannduena, T.e. |p(o)] < P, 0 < P < oo, Vo, 0 € R". Pemenue
nmuddepennuanbaoro ypasaenust (1) ornocuresnbho x(t), t € I umeer Bugy

t
z(t) = ey + / A Bo(o(r))dr, tel.
0
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Orciofa ¢ yuerom Toro, uro marpuna A — rypsunesa u ||ed|| < c(e)e(a +e)t,t € I, e >0
~ CKOJTb YTOJIIO MAJIOE HHC/0, @ = max ReX;(A) <0, |p(a(t))] <@, t € I, nomyuanm
<i<

e—(a+5)t_|_
a+e a+e
e ¢g = const, 0 < ¢y < 00, 0 < ¢(e) < oo. Urak, |z(t)| < o, VE, t € I, Vi, ¢ € Oy. Tak rak
&= Ax+Bp(o), 1o |2(t)| < ||B|| |¢(a(t))] < ||Allco+]||Bl|@ = c1. Creposarensho, |i(t)| < ¢,
Vit € IV, o € Oy Uz |x(t)| < ¢, |2(t)| < ¢, VE, t € I cenyer onenka (14) 1 paBHOMepHas
HenpepriBHOCTD pyHKIIN Z(t), t € I. Tlo yeoBuio TeopeMbl BBINOIHEHB! yeioBus gemm 1-3,
ciepiosarenbio, Marpunsl A, A nonobuer T.e. \j(A) = N;(A), j = 1,n, y; = 0z, i = 1,m,
Ymyi = 05k, 1 = 1L,n—m, y = Ko = P*z. Torna |y(t)| < HP*H |x( )] < ||P*|lco = co, V,
tel, lyt)| <||P* |2()] < ||P*|lcy = ¢3, ¥V, t € 1. Takum obpasom, joKaszanbl oneHKH (15).
Haxonen 13 (13) crenyer, uro [6(t)| < [[e]| [y(t)|+ || Bl [¢(o(t))] < [[ellea+ [ Rl[® = ca, VL,
t €I, Vo, p € y. Cnenosaresbio, Bepra orenka (10). I3 orpaHnyeHHOCTH MTPOM3BOIHBIX
x(t), y(t), o, t € I. Teopema mokazama.

Crenyer ormerutrs, uro: 1. U3 onenku |x(t)| < co, Vi, t € I umeenm 1tlim lz(t)] = |z(w)| <
—00

[2()] < e()laole' " + cle)|zole || Bz | ~

S Co,

1

c(e)|zo| — =||B||p = € < ¢o B cuny mecnpasegmsoctu |x(t)|, t € I, a < 0; 2. tlim ly(t)| =
a —00

)] = [Klleo, lim [6(2)] = [5(00)| < s

Jlemma 4 [ycmo evinoanenv, ycaosus aemm 1-3. Tozda edoav pewenus cucmemv, (13)
6EPHYL MOAHCICCTNEA

p(o(t) = Hoy(t) — Any(t), te 1, (17)
Hyy(t) = Awy(t), tel, (18)
o(t) = (C — RAp)y(t) + RHoy(t), t €I, (19)
2de _
HO _ 7 All
HO - <]m7 Omn—m)a Hl (On m,m» In m) <H1) — iny A - (Zl2>
o Cll Cln o dll . dln o C"m—‘,—l,l Om—i—l n
An=1| ......... CO=| ... C An=|
le Cmn dml . dmn Cnl Cnn

HokazaTeabcTBo. [10CKOIbKY BBIIIOJIHEHBI YCJIOBUA JIEMM 1-3, TO BEPHO COOTHOLICHUE
(11). Bamerum, aTo

yl ym-i—l
HOy = ) Hly -
ym Yn
Torma u3 (1) caemyer, aro
e1(o1) =t —cu¥i — - = Clny - Pm(Om) = Ym — Cm1¥1 — - - - — Con¥n,

o= EyRSO(U)a Hly = Z12ya
rie 9074(0-1) = (pl(gl(t»’ = 1m, Yy = yz(t)7 i = L_na Ui = yz<t>a 1= 17_”7 t € 1. Orcroma
crenyior Toxkaectsa (17) - (19). Jlemma gokazana.
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Jlemma 5 [lycmov svinoarens, yeaosus semm 1-4. Toeda s awobwvix mampuy A, M, N = N*
nopadkos n X n, n xXn, (n—m) X (n—m) 6doav pewernus ypasnenus (13) eepro. moorcdecmea

d -k *
AT = Ll Mg - 7 OATD). te . 20
k . d * * % e
y(OMy(t) = 2y (OMy(t)] -y () My(t), tel, (21)
v (OHNHy(t) = y* () Hf NApy(t), tel. (22)
HokazarenbcTBo. ToxkjecrBo (20) HENOCPEJICTBEHHO — CJIJyeT U3  PABEHCTBA
it[y*(t)/\y(t)] = g*t)A'y(t) + y*(t)Ag(t), t € I, a roxzaecrso (21) u3 pasencrsa

dfracddtly*(t)My(t)] = y*(t)M*y(t) + y*(t)My(t), t € I. Kak ciaeayer n3 dbopmysst (18)
Jyist Jiio6oit cummerpuanoit Mmarpuiel N = N* nopsiaka (n —m) X (n —m) BepHO TOXKJIECTBO
(22). Jlemma mokasana.

3.3 HecobcTBeHHBbIE MHTETPAJIBI

Ha ocnoBe Heocoboro mpeobpasoBaHusl W WCIOJb3Ysl CBOWicTBa perenuit cucrembr (1), (2)
MOTYT OBITH IIOJIyICHHBI OICHKH HECOOCTBEHHBIX MHTEI'DAJIOB BJIOJIb PEIeHnst cucTeMbl (13),
B OTJEJIbHOCTH JIJI IBYX CJIy4daes:

oi+A; oi+A;
a) / %‘(fz‘)d&:o; il,_m; 6) / %(fi)d&?éoa 217_7”

re o; € RY, A; — nepuon dyukiun ¢;(0;).

Teopema 2 [lycmb 8vinosrerv, Ycaosus semm 1-5 u meopemol 1, mampuuya A — 2ypeuuesa,
Pynryus o(o) € ®g. Tozda das 10607 duazonarvrot mampuyvt 7 = diag(Ti1, ..., Tim) > 0
nopsadka m X m, 600av pewenus cucmemov, (13) necobcmsernol urmezpan

/ (DAIE) + 5 (D) Dol + (1) Mg (1) + 5 (1) A () —
° % (23)
A — () Asy(D)]dt < / S 0 (0)+

2de
Ay = (C = RAN)* (mm + mupe)Ho,  As = AjymHo + Hy R pnm Hot
jHSR:ﬁNzHo,_A3 = (C - RAll)*ﬂlTlﬁhl —_2(0 __RAH)*,UlTl,UQRHO_
—(C - RA11)*11,LL2A11, Ay = —HSR*MlTlAn —_A;Tﬁln - HSRZMHM_RHO— (24>
—HoRripp Ay, As=—HimiHy, Ag=—(C— RAy)mmius(C — RAp),
i = diag(pn, - - i), p2 = diag(par, - pam), [[pall < 00, [[pe2f| < occ.
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HokazarenbcTBo. 113 Briodenns p(o) € $y caemyer, 4To

(Mu—?) (?—Mm)ZO? @ng(t):@, oc=0o(t), tel, (25)

rie
dp(o(t .
do(o(t) _ 5 _ o),

do do a(t)’

Ymuoxkag Toxiectso (25) na ¢2(t), noayuum
(10sGs — @) (@i — pioge) >0, ¥, tel.
Torga st 1060it Besimauubl 71; > 0 BEDHO HEPABEHCTBO
(11:0; — Pi)m1i(Ps — poio) >0, Vt, tel. (26)
U3 (26) caemxyer, aro
(165 — @)t x1(p — o) >0, Vt, tel, (27)

rie py = diag(pi, - - 5 fam), 71 = diag(mi1, - .., Tim) > 0, po = diag(uat, - - -, fon)-
Tora HecoOCTBEHHBIN UHTETIPAJ

/ 106 — )71 (= o)t = / (6" im1p — PP rro—
0 0

—d*u’{ﬁugd + QO*Tl/JJQO']dt Z O,

e ¢ = ¢(t) — Hoji(t) — Ay, 6 = o(t) = (C — RAN)y(t) + RHyj(t), t € I B cuty ToxK1ecTB
(17), (18) coorsercTBeHHO, 11} = fi1, f5 = p2. OTCIOA B CHJLy TOTO, YTO:

o o =y (C — RAN) umi Hoij + v Hy R* 1y Hojj—
-y (U - RZH)*MHZM?) - IQ*HSR*MHZM?),
—p* 11 = —ij* Hym Hojj + 29" Ay 7 Hofj — " Ay 1 Ay,

& utipep =y (C — RAn) uumipe(C — RAn)y — ¢ Hy R jumipo(C — RAp )y—

—y*(C — RAn) inmpeRHoy — " Hy R* iy pra RHy),
¢*71M2<P = y*@ - Rzn)*Tl,LLQHoZ'j + Z)*HSR*71N2H0y_
—y*(C — RAL ) Tipe Ay — y Hy R* 1y i Avv ),

nmMeeM

[ MG+ U Aoy + y Ay + U Aay + 57 A5 + vy Agy]dt > 0. (28)

Il
0\8
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Kak caemyer u3 dopmyi (20), (21) BepHBI COOTHOIICHUST

yAzy—dt[ U Ao2] — i A3, yAsy—dt[ Y Asy] — y A3y (29)

U3 (28) ¢ yuerom (29), mosyunm

- / " A — 5 AsB — y* A + 5 Aug + i Asil + " Asy]di+
0

(30)

d
+ 7 — 7" Aoy + y*Agyldt > 0.

U3 (30) caemyer orenka (23), e

/ % () A2y (1) +y* (1) Asy(1)]dl = 57 (00) Aay(00) + y*(00) Agy(oo) -

—47(0)A29(0) — y(0)Asy(0) < oo,

B cuity onenku (15). Teopema jokazana.

TeopeMa 3 Uycmb BBINONHEHDL YCAOBUA TMEOPEMDL 2. Toz0a das mobvix GERIMOP-CMPOK ¢ =
(Oél,...,Oén) & Rn, 6 = (51,...,Bn> € Rn, Y= (’)/17.

<y Yn) € R™ 6doav pewerus cucmemol
(18) necobemeentoill unmezpan

[e.e]

Iy = / =i (Daii(t) — §* (OB Bit) — y* ()" (E) + 25 ()a* Bij(H)—

0

=2y (t)a™yii(t) + 2y"(t) B vy(t)]dt < /
0

+2y"(00)y"By(o0) — 247(0)8 g (0) — 2y*(0)7"By(0) < oo.

HokazareabcTBo. HecobcTBennbiit mHTErpaut

(31)
ay(t) 4+ 2y" (t)y" By(t)]dt < oo,

E:I&

2de

&I&

()8 ag(t) + 2y* (t)y* By (t)]dt = 25 (00) 5" ay(o0)+

/ )+ By(t) + vy (@] adi(t) + By (t) + vy (t)]dt =

B / [ a*adi + " 6" By + y* v vy + 20 B o) + 2y ) + 2y Byldt =
0
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o)

= /{i/'a*ai/' + 9" BBy + vy vy + o

—2ya6y+2y7ay+£[2y7ﬁy]—2yﬁw Hdt > 0.

Jlasee, Kak B JJoKa3aTeJIbCTBE TEOPEMBI 2, MOXKHO II0OKa3aTh, 9T0 [oy < 0o. Teopema mokazaHa.
BameTM, 9TO OIEHKH HeCOOCTBEHHBIX HHTEIPATIOB [1, [og OIPE/ICIACMBIX HEPABECHCTBAMU
(23), (31) coorBeTCTBEHHO, BEPHBI KaK JJIsl CJIydas a), Tak ¥ JId ciiydas 0) IepuoIndecKux
nesmHeitnocreit ;(0;), i = 1,m co cBoficTBaMU yKa3aHHLIMU BbIITIe.
Paccemorpum cory4ait, korja

R AV

g01<51)d§l = O, VO'Z', ag; € Rl, 9, = 1,m. (32)

Teopema 4 I[Tycmo svinoanenvs ycaosus meopemos 2, dynruus (o) € @y ydosaemsopaem

yeaosuro (32), 2de p(0) = (v1(01), .-y om(om)). To2da daa w060t duazonarorol mampuyol
Ty = diag(Ta1, . . ., Tom) 600ab pewenusa cucmemst (13) necobemeennviti unmezpan

- o()
ho= [0 OT30) + 9 OT(®) + 5 OTsiOld = [ & (0)do-
0 a(0) (33)

o0

- [ Gl @B < .

0

2de T1 = —ZLTQRHO + (U — REH)*TQH(), Tg —Z:ﬂb(é — RZH>, T3 = HSTQRHO,
a(A) m o(A)

[ ¢ o)ndo =% [ ¢i(oi)Tudo;.

o(0) =1 4(0)

Jloka3aTebCTBO. 3aMeTHM, TITO

00 0(c0) o(0)£A;
/gOi(O'i)Tgidi(t)dt: / i(0;)Toido; = / i(0;)Toidoi+
0 a;(0) Q)
7(0)+2A, 7 0)£(k+1)A, 7(0)
+ / i)+ .. + / pi(07)dor; + / i(0:)dors = (34)
i (0)£A; Ji(O)TMi 05 (0)£(k+1)A;
700

= / ()DZ(O'l)dO'l < 00,

o (0) £ (k+1)A;

T'Ie BEJINMYMHBI

o0)+A; o0)+(k+1

/ QOZ(O'JCZO'% = 0,

/ @i(03)Tado; =0, .. .,

JAY;

oi(0) i (0)£kA;
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Jutst ioobix k= 0, £1,4£2, ..., A; — nepuon dbyskimn ;(o;). NabiMu ctoBaMu, Jyisi JIIOOBIX
0;(00) Haifiziercs Takoe HaTypajabHOe duciao k, riae mimHa orpeska [0;(0) £ (k + 1)A;, 0;(00)]
MeHbIe dem A;.

HecobcrBennblit maTerpadt

o0

/ o (sigma(t))rso ()t — / > ilor)) (i) =

/ Hog(t) — Ay n((C — RAn)y(t) + RHog(0)]dt =

(35)
/ DTy(t) + y* (O Tou(t) + 5 () Toi (1) dt =
’ o(c0)
= /@*(U)nga<oo
o(0)

B cimy mepasenctsa (34), tie ¢(o(t)) = Hoy(t) — Any(t), 1 = (C — RA)y(t) + RHoy(t),
tel.

d
Us (35) ¢ yaerom toro, aro y*(t)T1y(t) = —(y*Tiy) — y*1]y, nomyunm orenky (33).

dt
Teopema JoKazaHa.
Paccmorpum cityuait, Korga
R AY]
@i(&)de; =a. #£0, Voi, o, € R, i=1,m. (36)
o
o o R RAY a;
Oupegestn Bemaunbl v;, 3; tak, urobst 5; = [ |¢i(&)|d&, v = ?, i=1,m.
g; ’L

Teopema 5 [lycmwv swinoanens, ycaosua meopemos 2, gynuxyua o(o) € ®¢ ydosaemesopaem

yeaosuro (36), eeaunwunve @;, [, maxue, wmo @; — v;5;, = 0, i = 1,m. Toeda dasn
M060x duazonasonor mampuy, 73 = diag(Ts1, ..., Tam), T4 = dzag(ul, ey Tam) > 0, 5 =
diag(Ts1, ..., Tsm) > 0 maxux, wmo 4ryts — (v7s)(v75) > 0, v = diag(vs, ..., V), 60040

pewenua cucmemvs (13) necobemeenmoiil unmezpan

oi(00)

Lo = [ @30 + ¥ (OFay(0) + " OLag(ldt < 3 [ @i(oi)radon-
0 =1

N 7i(0 (37)
- [ S Orwol < .

ede ©;(0;) = wi(0;) — vilpi(oi)], i = 1L,m, I'y = Ny — Q5 — Q3 + My, I'y = Ny — Q1 — Mo,
I's = N3 — Q4 — M.
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3decv mampuyw, Ny, i = 1,3, Q;, i = 1,4, M;, i = 0,2 onpedeasiomca pacvt:

N1 = —Z:ngRHO —|— (6 — RZH)*T:;H(), N2 = —Zing(U — RZH), Ng = HngRH(),
Q1= (C — RAn)"15(C — RAy1), Q2= HiR'15(C — RAn), Q3= (C — RAn)*sRH,,
Q4 = HSR*Tg,RHo, MO = HST4H0, M1 = 22:17'4["[0, MQ = Zil7'4z11.

HokazarenbcTBo. 3amernm, uro dbyukius ;(0;), i = 1, m obragaer cBoicTBOM

oi(00) 0 (00) 00)

[ wiere= [ e -n / (&) ]d€, = — vF; = 0.

oi(0) 0i(0) oi(0)
Orcroza ciejyer, 910

O’Z(OO)

Z ®,;(0;)13:do; = Z/ t))7305(t)dt < oo (38)

i=1 ,(0) i

JIUIs JTIOOBIX "mcest T3, ¢ = 1, m. lannoe mepaBencTso ciemyer u3 (14) mocse 3amensl @;(0;)
uHa ®;(0;), i = 1,m.
Pacemorpum dyukimonalt

Si(t) = i(0i(t))73:6:(t) — Taipi (07) — 7567 () — Pi(07) 7365 =

= — 7002 (0;) — 507 + vilpi(04) | 135600 = — |/ Tsi0s — ;Z—\/T%Wz(gz” +

l/iT32-
+ L7y ) @2(0y) <0, Vt, tel, i=1m

B CHJIy TOT'O, 9TO 47T4;Ts; — V?T??i > 0, 1 =1, mg. OTcroma ciemyer, 9To
()02(0'1(25>)T310'Z(t) — 7_41'90@2(0-7,) 7—51 ( ) < 0¥ (O'i)Tgi(j'i7 1= 1,m. (39)

Cymmupyst 1o @ B npejiesiax or 1 g0 m u3 (39), nomydnm

m

O (o(t)m3a(t) —p*(a(t))rap(a(t)) —*(t)ms0(t) = Z O, (0;)13i04, 05 =04(t), t € 1. (40)

i=1

Unrerpupyst no ¢ B upejiesiax or 0 10 oo u3 (40), mosryanm

/ ))T30(t) — @™ (o(t))Tap(o(t)) — o™ (t)m50(t)]dt <
0 (41)

< /Z@l 0;(t))73:0:(t)dt = Z/(I)Z 0;(t))73i04(t)dt < oo,
0 0

=1 =1
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B cuiy nepasenctia (38). U3 nepasencrs 474,75 — Vit > 0,4 = 1, m ciemyer, aro 47475 —
(v73)(v13) > 0. Tak Kak BepHDLI TOXKIECTBA,

w (o(t))ms0(t) = y* () Nig(t) + y* () Nay () + 57 (£) Nay(t), t e,

0" (t)s0(t) = —y () QY(t) — y" () Qay(t) — " (H)Qs9(t) — ¥ Quy(t), t € 1,
p (o(t))map(o(t) = =y (1) Moy (t) + y™ (1) Muy(t) — g™ (¢) May(t), t €1,

TO HepaBeHCTBO (41) 3ammiercs Taxk

/ g (OT19() + " (OTay(t) + 3 (OTag(t) <

=1

< Z/(I)l t))73:0:(t)dt < 0.
0

d
Orciona, ¢ yderom toro, uro y*(t)I'1y(t) = dt[ vy (OCy(t)] — y*(O)g(t), t € I momyanm

onerky (37). Teopema jnokazana.

4 Pe3ynabTaThl 1 00Cy2XKJI€eHUE

Jlunamudeckass cucreMa ¢ IUJIAHIPUIECKAM (Pa30BbIM IPOCTPAHCTBOM CO  CUYETHBIM
MOJIOYKEHUEM paBHOBECUs IIyTeM HeocoOoro mpeobpa30BaHMs IMPUBEJIEHA K CIEIUAJTHLHOMY
BHUJLy, cocTodliiemMy wu3 JByX dacreil. llepBasg wacth mauddepeHnuanibHbIX ypaBHEHUI
pa3permMbl OTHOCUTEIbHO KOMIIOHEHTOB IIEPUOJIMYECKOl (DYyHKIMHM, a BTOpas dYacThb He
COJIEPKUT HeJTMHeHHbIe (DYHKITHIA.

UccnenoBanbl cBoiicTBa pereHnii (pa3oBoOil CUCTEMBbI, IOJIyYeHbl OIEHKU Ha PelleHust
UCXOJTHOW CUCTEMBI M ITPe0OPA30BAHHON CUCTEMBI, JO0Ka3aHa UX OI'PAHUICHHOCTD.

[Tosygenbr  TOXKIeCTBa OTHOCUTEIBHO KOMIIOHEHTOB II€PUOJIUYIECKON  HeJIMHEWHOM
GYHKIMN U yCTaHOBJIEHA U3 CBA3b € (DAa30BBIMHU IepeMeHHbIMU. llccrieioBaHbl CBOHCTBA
KBaIpATUIHBIX (DOPM OTHOCUTEIBHO (Pa30BBIX IMEPEMEHHBIX W UX ITPOU3BOIHBIX.

Ha ocnoBe meocoboro mpeobpaszoBaHusi W CBOWCTBA PENIEHUN TOJYYEHBI OICHKU
HEeCOOCTBEHHBIX UHTEIPAJIOB BJIOJIb PEIeHMs] CUCTEMbI sl JBYX CJIydaeB: 1) KOrjia 3HaYeHUs]
MHTErPAJIOB OT KOMIIOHEHTOB HEJIMHEHHOIH (DYHKINU B TPUPOJE PaBHBI HYJIO; 2) KOTJA
3HAYEHUA UHTEI'PAJIOB OTJIUYHBI OT HYJI.

Pesysbrarbl  yHIaMEHTAIBHBIX — UCCACJOBAHUN  MHOTOMEPHBIX  (Da30BbIX  CHCTEM
chOpMyIUPOBAHBI B BHJIE JIEMM U TEOPEM CO CTPOIUM JOKA3aTEJIHCTBOM. DTU PE3YJIbTAThHI
MOI'yT OBITh WCIIOJIb30BAHbl JIJId IIOJIyUeHHUs] YCJIOBU TIJ100aJbHON aCHMIITOTUYIECKOI
YCTOMYINBOCTH MHOTOMEPHBIX (Pa30BBIX CUCTEM.
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Bameesa A.O., EBpasuiickuit Harmonaibablil yausepcurer um. JI.H. I'ymutesa,
r. Acrana, Pecnybiuka Kazaxcran, +77075542275, E-mail: basheeva@mail.ru

Pabora mocBsmmena BompocaM HEPa3pPENIMMOCTH KBA3UIKBAIMOHAJIBHBIX TeOpHil W mpobJieme
KOHe4YHO# akcmomarusupyemoctu. B 1966 romy Tapckuit 03By4Hs cjeayoniyio mpodsemy:
CyIIIeCTByeT JIX aJI'OPpUTM, OIIpe,ZLeJTHIOIILHfI ABJIAETCA JIN 3IKBallUOHaJIbHasd TEOPpUsA KOHETHOI'O
MHOXKECTBa KOHEUHBIX ajiredp KOHEYHO akcuomarusupyemoii? B 1986 romxy MasibiieBbiM ObLIT 3a/1aH
caemyromuit Bonpoc: CyIecTByeT i KOHEYHO Oa3upyeMble IOJIyIPYIIIbl, TPYIIbl U KOJbIA C
HepasperuMoii skBarronabaoi reopueit? Hypakynos A.M. (Nurakunov, 2012) nokasas, 9ro ectb
KOHTUHYYM KBa3WMHOT000Opa3nii YHAPOB C HEPa3pennMoil KBa3WIKBAIMOHAJILHON Teopueis, st
KOTOPBIX IIPOBJIeMa BXOK/IEHHs! [[JTsl KOHEUHBIX YHAPOB HepaspenmMa. B padore (Basheyeva, 2017)
[MOJIyYeHbl Pe3yJIbTaThl st IpadoB, Judd@epeHIualbHbIX I'PYIIONIOB U TOYEYHBIX abejIeBbIX
rpynn. B manHOI pabore MBI JIOKa3bIBAEM AHAJOIUYHBIE DPE3YJIBTATHI JJIsi KOMMMYTATHBHBIX
Kosierr ¢ emmuureit. Mbl 0KaspiBaeM, YTO KBAa3UMHOIOOOpa3We KOMMYTATHBHBIX KOJIEI[ C
€IMHATIEI COMEP>KUT KOHTUHYYM IOIKBA3MMHOT000pa3uilt ¢ Hepa3peIrnMoil KBa3MIKBAIINOHATLHOM
Teopueil, Ui KOTOPBIX HIpoOJeMa BXOXKIEHHUS I KOHEYHBIX KOJIEIl TaKXKe Hepa3pernMa.
Kpome Toro, Mbl JIoKa3bIBaeM 3J1eCh, YTO B MHOI0OOpasuyu KOMMYTATHBHBIX KOJIEIl C eJIMHUIEH
CYIIIECTBYeT KOHTHUHYYM IIOJKBAa3MMHOI000Opa3mii C w-HE3ABUCUMbBIM 0a3MCOM KBa3UTOXKJIECTB,
KOTOpBIE, OJIHAKO, HE MMEIT HE3aBHUCHMOIO 0a3mca KBa3WTOXKIecTB. Kpome Toro, mepecedenue
9TUX KBa3MMHOr000pa3mili UMeeT HE3aBUCUMBINH H6a3UC KBA3UTOXKIECTB.

KirroueBble ciioBa: KBa3MIKBAIMOHAJIbHAS TEOPUs, HePa3pelnMasl TeOpus, KBa3UTOXKIECTBO,
KBa3uMHOroobpasme, 0a3uC KBa3UTOXKIECTB, HE3aBUCUMBIIl 0a3mc, w-HEe3aBUCUMBIN Oasuc,
PEKyPCUBHBII HE3aBUCUMBIN 0a3UC, KOMMYTATUBHOE KOJIBIO C €IUHUIIEN.

KomMMmyTaTuBTI cakuHa/Iap KBasukerbeiieaep
Bameesa A.O., JI.LH. 'ymuses arbingarsl Eypasus yaTThIK YHUBEPCUTET,
Acrana k., Kazakcran Pecriybiukacer, +77075542275, DuekTporabiK, mommTa: basheeva@mail.ru

Byn 2KYMBIC MIeniIMeRTIHIK KBa3MIKBAIMOHAJIJIBIK, TEeoOpUs JKOHE TYNKIJTIKTI
aKCHMOMAaTH3aIUAIAHy MPoOJeMachl CypakTapbiHa apHajaran. 1966 kbl Tapckmit  Keseci
MoceJieHl KeTepreH: AKBIPJIbL ajredpasiap/IblH aKbIPJIbl KUBIHBIHBIH JKBAIMOHAJIIbI TEOPUSCHI
AKBIPJIBl AKCHOMAJIAHATHIHIBIFBIH AHBIKTAUTHIH ajroputMm Oap Mma? 1986 xbuibl MasbieBTin
Kejeci cyparbl KOWBLIFAH OOJIATHIH: IMEMTIMENTIHIIK KBa3WMIKBAIMOHAIBIK, TEOPHUSCHL Oap
aKbIPJIBl 0A3MCTI KapThLIail rpynmanap, I'pynagap »KoHe cakuHagap O0ap ma? Hypakyno A.
M. (Nurakunov, 2012) memiaMefTiHIIK KBa3HIKBAIMOHAIIBIK TEOPUACHI 6ap TYNKITKTI THicTi
OoJry Moceseci menmiMedTiH yHapaap KBa3ukeroeiiesep KOHTUHYYMbBI 6ap €KEeHJITIH JI9/I1e I Ie /.
(Basheyeva, 2017) xywmbicoinga rpadrap, auddepeHIuaigbK IPYIIOUATAD KoHE HYKTeI
abespIiK Tpymmajap yimia moTmkeaep anbiaraH. Ockl »KyMmbicTa 613 Oy HoTHKesep/i Oipsiri
6ap KOMMYTATHUBTI CaKWMHAJap VIIiH mosesaeiimis. 2Kome 6ipiiri 6ap KoMMyTaTWBTI cakuHAJIAD
KBa3uWKeIoOeitHeepi yIMiH KBa3uKenbeliHe ep TOPBIHBIH IMIENTIMEHTIHIIK KBA3HIKBAITMOHAJIBIK,
TEOpUsIChI Oap KOHE TYNKUIKTI TwicTi 60s1y Moceseci Jie IIemnmriaMeRTiH imKi KBasukemoeiiesaep
KOHTUHYYMbI 6ap OOJIATBIHIBIFBIH dojenaeiimis. Bysn xkepme 6i3 Oipsiri 6ap KOMMyTaTHBTI
CaKMHAJap KBa3UKONMOeWHEeTEp iH w-Toyesi3d 6a3mc KBa3uTeHOeTeHIIKTepi Oap, Oipak Toyesi3
bas3nc KBa3UTEHOETEHJIKTEP1 YKOK, aJT OJIapAblH KUJIBICYBIH 1A Toye i3 6a3uc KBa3uTeHOeTeHIiKTepi
bap eKeHIIriH Je Jo/Ie/IeiMi3.

Tyilin ces3zep: KBa3WSKBAIMOHAJJIBIK, TEOPUsl, IIEMLIIMCI3IiK Teopus, KBa3UTeHOETEHIIKTep,
KBa3uKeoeitneep, KBa3uTEeHOETEHIIKTEeP IiH basucrepi, TOyeJICi3 basucrep
KBa3UTEHOETEHIKTEPIH, w-ToyeJci3 ba3ucTep KBa3sUTEeHOETEHIIKTEpl, OipJiri 6ap KOMMYyTUTHUBTIK
CaKWHA.
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Quasivarieties of commutative rings
Basheyeva A.O., the L.N. Gumilev Eurasian National University,
Astana, Kazakhstan, +77075542275, E-mail: basheeva@mail.ru

The work is devoted to the problem of undecidability of quasi-equational theories and to the
problem of finite axiomatizability. In 1966, Tarsky poded the following problem: Is there an algo-
rithm deciding if the equational theory of a finite set of finite structures is finitely axiomatizabile?
In 1986, Maltsev asked the following question: Are there finitely based semigroups, groups, and
rings with the undecidable equational theory? Nurakunov A.M. (Nurakunov, 2012) established
the existence of continuum many quasivarieties of unars, for which the quasi-equational theory is
undecidable and the finite membership problem is also undecidable. In in the paper (Basheyeva,
2017), some results in this direction are obtained for graphs, differential gruppoids, and pointed
Abelian groups. In the present paper, we prove analogous results for the variety of commutative
rings with unit. We prove also that the quasivariety of commutative rings with unit contains con-
tinuum many of subquasivarieties with the undecidable quasi-equational theory6 for which the
finite membership problem is also undecidable. Apart from trhat, we prove here that the quasi-
variety of commutative rings with unit contains continuum many subquasivarieties which have an
w-independent quasi-equational basis but does not have an independent quasi-equational basis;

moreover, the intersection of those does have an independent basis.
Key words: quasi-equational theory, undecidable theory, quasi-identity, quasivariety, quasi-

equational basis, independent quasi-equational bases, recursive independent quasi-equational basis,
commutative ring with unit.

1 BBenenwue

Kak oauH m3 mMHTEpeCHBIX HAIIPaBJIEHUII B TeOpUH MHOrooOpas3uii W KBa3UMHOI00Opasuit
MO>KHO OTMETHTL BOIIPOC HU3y4YeHUs 0a3MCOB TOXKJIECTB U 0a3MCOB KBA3UTOXKJIECTB B
pa3HbIX Kjaaccax ajaredp. V3ydas KBa3smIKBaIMOHAJIBHYIO TEOPUIO B OIPEICICHHBIX KJaccax
aJiredp HeoOXOJIUMO OIPEJIETUTh KOHEYHOCTb 0a3MCOB KBAa3UTOXKIECTB. llomck perrenunii
BOIIPOCA KOHEYHOH 0asupyeMoCTH HaXOMWICS W JIO0 CHUX IOP HAXOJUTCSA IO BJIUSHHEM
pobiiembr Asbdpena Tapckoro (Tarski, 1966: 275-288). TIpo6iaema Tapckoro 6Gblia perena
orpuriaresibio B 1993 romy Makkensu (McKenzie, 1996: 49-104), uro Ha camom jeJie
clesa o IpobJieMy KOHEYHOH OasumpyemMocTu 0oJjiee MHTEPECHOW U HEPCIEeKTUBHON  JIjIst
ucciaepoBanuit. Ecin 6b1 mpobiema Tapckoro mmesa Obl HMO3UTHUBHOE PEIIEHHE, TO CTATYC
pobJIeMbl  KOHEYHON aKCHMOMATU3UPYEMOCTU OBLT Obl COBEPINEHHO WHBLIM. B03MOXKHO oHa
OBl CyIecTBOBaJIa, OJHAKO, OCHOBHBIM HAIIPABJIECHUEM WCCJIEIOBAHUI ObLIO OBI yiIydIIeHne
M3BECTHBIX aJI'OPUTMOB M KJjaccupukamus ux cjoxkuaoctu. IIpobmema Tapckoro st
KBa3MIKBAIMOHAJIbHBIX TEOPHil /10 cux mop He pemiena. B konre 90-x, ps ucciepoBateseit
[TOKA3aJIM, 9TO MOITHBIN MeTo MaKKeH3H1, NCIOIb3yeMbIil 115 pelrenus npobyembl Tapckoro,
HEJIb3sl MIPOCTO IIEPEHECTH Ha KBA3WIKBAIMOHAJbHBIE TEOPUU. 3aMETHM, UTO WHTEHCHUBHOE
FICCJIeI0BaHNE KOHEUHBIX OGA3ICOB TOMKIECTB HAYAJIHNCH ¢ pabor Boapan Monccona. B komnme
60-x B. Vomccon (Jénsson, 1967: 110-121), (Jénsson, 1968: 187-196) cessan Teopmio
PEIIEeTOK € TEOPETUKO-MOJCTbHBIMU ACIeKTaMU yHUBEPCcaJbHO#M ajireOpol. [lepBbrit, KTO
I0KA3aJI, KAK MCIOJIb30BATh pe3y/IbTarsl B. [loHCcOHa IS HOMydYeHHS DPE3Y/ILTATOB IO
npobiieMe KOHEeTHON akcumoMarnsupyemoctd, Opi1 Kupbu Bsiikep (Baker, 1977: 207-243).
Kotopsrit j1oka3aj, 9T0 KOHEYIHO TOPOK/IEHHOE KOHI'PYIHI-INCTPUOYTUBHOE MHOr0OOpas3me
KOHETHO aKCHOMATH3HpYeMo. IIpaBuibHee GyneT cKa3arhb, 9T0 mMenHo paborst B. Momnccona,
pesysnbrar K. Baiikepa, npobsiema Tapckoro um perierue 3T1oit mpobdsembr P. Makkensu
ONpeJIeSININ COBPEMEHHOE HallpaBJICHHE HUCCIEJI0BAHUN KOHEUHBIX 0a3MCOB TOXK/IECTB U
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KOHEYHBIX 0a3MCOB KBa3UTOXKIECTB.

Hacrosmas pabora mocssinena BopocaM KOHEYHOI BJIOYKUMOCTH M BOIIPOCAM KOHETHOMN
6a3MpPyeMOCTH KBAa3UMHOIOOOpa3mil KOMMYTATHUBHBIX KoJjen ¢ ejuauieir. OObeKkToM
UCCJIEJIOBAHUS  SABJIIETC KBa3UMHOrooOpa3me KOMMYTATHUBHBIX KOJIEI C €JIUHUIEH, a
IPEJIMETOM UCCJIEJIOBAHUSA ABJIAIOTCA HEPA3PENINMOCTh KBA3WMIKBAIIMOHAJIBLHOW TEOpUU U
HE3aBUCHUMbIE 0a3MChbl KBA3UTOXKIAECTB. (CHOBHBIM PE3yJIbTATOM ABJISETCSA IOCTPOEHHE
KOHTHHYyMa KBa3UMHOIooOpasnii KOMMYTATHBHBIX KOJIEIl C eJIWHUIEeH, [JId KOTOPBIX
npoOjieMa BXOXKJIEHUsI JIJId KOHEYHBIX CHCTEM U KBA3WIKBAIMOHAJILHASA TeOpusd He
paspemuMbl. A TakKe B JIaHHO paboTe JIOKA3aHO CYIIECTBOBaHWE KOHTUHYYMa
MOJIKBA3MMHOT000pa3uil KBa3UMHOI0OOpa3usl KOMMYTATHBHBLIX KOJIEI C €JIMHUIEH ¢ w-
HE3ABUCUMBIM 0a3MCOM KBa3UTOXKJECTB, KOTOpPble HE WMEIOT He3aBUCUMOIo Oas3uca
KBa3UTOXK/IECTB, HO IlepecedyeHre KOTOPBIX, OJHAKO, HMeeT PEeKYyPCHUBHBIIl He3aBUCHUMBII
basuc kBaszuroxkaecTB. OTmernM, 4To Teopema 1 ObLia ymomsHyTa B pabote (Basheyeva,
2017: 252-263) 6e3 jokazarenberBa. JloKazaTesbcTBO 9TON TEOPEMbBI IPUHAIEIKUT aBTOPY
HacTosieit paboTel. OTMETUM TaKKe, UTO MEPBOE YTBEPKJICHUE TEOPEMbI 3 TaK¥Ke CJIeIyeT
u3 pesynbratoB paborsl (Kravchenko, 2017¢: 1330-1337).

2 O630p JuTepaTypbl

B pa6ore (Birkgoff, 1935: 433-454) mnosydena ojHa W3 MEPBBIX TeEOPEM O KOHEUHOIL
OasmpyeMoCcTH B yHHBepcasabHO#l ajrebpe. 3arem B pabore (Neumann, 1937) ObLia
peJjioykeHa 1podJjieMa KOHedYHOH Oasupyemoctu Jijisi rpyil. [lepBwlit HeTpUBUAJILHBIHI
KJACC TPYIIL, JJId KOTOPBIX OBbLT HalJeH yTBEPJAUTEIbHBIN OTBET, OBbLI KJIACCOM
HuaboreHTHBIX rpymn (Lyndon, 1952: 579-583). IIpobiema KoHewHOH 6a3MpyeMOCTH st
Koutert 6buta peyiokena (Specht, 1950: 557-589). Pesynbrarsl KOHEUHOI 6a3npyeMOCTH It
KOMMYTATHBHBIX KoJiell u3BecTHbl u3 paborer (Cohen, 1967: 267-273). To, uro Toxecrsa,
BBITOJIHSAIOIINECST Ha KOHETHBIX KOJIBIIAX, HMEIOT KOHEUHbI Oasuc, 66110 ycranossieHo (Kruse,
1973: 298-318) u mezasucumo (JIbBow, 1973: 267-298, 667668, 735). Kpome roro, eciim R
SIBJISIETCsT KOJIBIIOM € HUJIBIIOTEHTHBIM mjieajqoM N, TakumM 910 R/N KOHETHO, TO TOXKIECTBA
R wmeror KoHewHbI Gazuc. 1o 6pu10 mokazano B (Kruse, 1973: 298-318).

Oxunm w3 nepsbix A. Tapekwmii (Tarski, 1966: 275-288) mocTpomst mpuMep MHOrO0Opa3ust
YHUBEPCAJIBHBIX aJiredp, He MMEIONINX HEe3aBUCHUMOrO 0a3mca KBa3UTOXKIECTB. Bompoc o
CyIIECTBOBAHUHM HE3aBUCHUMOI'O 0a3mca KBa3UTOXKJECTB I ajredpamvdecKux cucrem 0Oe3
KOHEYHOro 6asmca KBasuToxkjaects usydascs AV, Manbresbim (Maltsev 1967: 1005-1014).
[Mozaree B.A. Topbynoe (Gorbunov, 1977: 340-369) npusesi npumep KBa3UMHOTOOOpa3Ust
C JIByMsI YHAPHBIMU OIEPAIMAMEI U KOHCTAHTON 0e3 He3aBUCUMOro 0asnca KBa3UTOXKJIECTB,
KOTODBIl TEM He MeHee MMeeT w-He3aBUCUMbI 6as3uc KBa3uroxgects. MM xe B pabore (Gor-
bunov, 1999: 331) 6bLT HOCTPOEH IMPUMED KOHEUHOIH YHAPHON aaredpbl, KOTopasi He HMeeT
KaK He3aBUCHMOTO, TAaK W W-HE3aBUCUMOT0 Ha3mca KBa3UTOXKIECTB.

Ojnu U3 1epBBIX PE3YJIbTATOB, YCTAHAB/IMBAIOIIUX CYIIECTBOBAHUE MHOI0O00pas3nii
YHUBEPCAJBHBIX aJredp ¢ Hepas3pelmmMoil SKBAIMOHAJILHON Teopueil TOJy4YeHbl B padoTax
Tapckoro n Yena (Chin, 1951: 341-384), (Tarski, 1953: 188-189), (Tarski A, 1987).
Hypaxynos (Nurakunov, 2012: 1-17) mokaszaj, 94ro CymiecTByeT KOHTHHYYM MHOT0OOOpasuii
YHapPOB € HEPA3pENnMOil KBa3MIKBAIMOHAIBHON Teopueil, y KOTopoil mpobJiemMa BXOXKICHUS
JIUIS KOHEYHBIX YHApPOB Takxke Hepaspemmuma. B pabore (Kieiiman, 1982: 62-108. )
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HAJICHBl KOHEYHO Oa3mpyeMbie MHOI00OOpas3usi ¢ Hepa3pelnMoil SKBAIMOHAJILHON Teopueit
OTHOCHTEJILHO TPYIIIL, & OTHOCUTEIHHO oty rpyil B Tpyaax (Albert, 1992: 179-192), (Murskii,
1968: 663-670).

[Ipu ucciienoBaniy KBa3UIKBAIMOHAILHON TEOPUH B HEKOTOPBIX KJIACCAX AJINeOPamIecKuX
cucreM OOJIBIIYIO POJIb UI'PAET KOHEIHOCTH 0Aa3MCOB KBAa3uTOXKIecTB. Ha ceromusimauii neHb
MOXKHO HANTH MHOMKECTBO WHTEPECHBIX PabOT O HE3aBUCUMBIX 0a3mcax KBa3WTOXKIECTB
[0 pasJuYHbIM KjaccaM ajrebpamdeckux cucreM. Tak A.H. ®emopos (Fedorov, 1986:
590-597) ycraHOBWJI, YTO CBODOJHAsI 2-HUJILIIOTEHTHAsl TI'PYIIA IIPOU3BOJLHOTO DPAHIa
n > 2 He WMeeT HE3aBUCUMOro 0a3nca KBa3UTOXKJECTB OTHOCUTENbHO KJiacca I'PYIII
6e3 kpyuennsa. H.Zl. Measener (Medvedev, 1985: 111-117) mokasaj cymiecTBOBaHHE
KOHTHHHYMa KBa3UMHOTOO0OPa3nii pa3permMbiXx TPYII, He UMEOINX He3aBUCUMOro Oasmca
KBa3WTOXK/IECTB OTHOCHUTEJIFHO KJjacca Ipynn 0e3 kKpydenus. VIHTepecHBINl pe3yabraT OBbLI
nonyuern B.M. Tymanobim (Tumanov, 1984: 811-815), rue ycraHOBJIEHO, YTO JIIOOYIO
KOHEUHYIO PEIeTKY MOXKHO M30MOP(MHO BJIOXKHUTH B KOHEUHYIO PEIIeTKY 0e3 He3aBUCUMOTO
basuca kBaszuToOxkIecTB. CyIlecTBOBaHNE KOHTUHYYMa KBa3MMHOrooOpasuilt yHapos 0e3
He3aBHCHMOro 6asmca KBasuToxkecTB nokasan Kapramos (Kartashov, 1980: 173-193),
AHAJIOTUIHBII PEe3yJIbTaT JIJIsT KOHEYHBIX IICEBIO-OYJIEBBIX M TOIOOYJIEBBIX AJITeOp IOy I
Tpormn (Tropin, 1988: 79-99), mias opuentupoBanubix rpados — Cusbrii (Sizyi, 1994:
783-794), mysi anrebp ¢ JByMsl yHApHBIMHU omepanusMu B curHarype — KpaBdueHko
(Kravchenko, 2016: 388-394), B ciayuae jguddepeHIrajibHbIX IPYIIONJI0B U TOYEIHBIX
abesiepbix rpymmn (Basheyeva, 2017: 252-263), B ciydae HEOPHEHTHPOBAHHBIX I'padoB
cm.  (Kravchenko, 2017b: 80-89), mysi antumuoroobpasmii yHapos (Kartashova, 2011:
521-532), ayisi MHOroOGpasusi TOYEUHBIX abeseBbIX TPYIIl ¥ JiIs KBU3UMHOIOOGpasuii
OPHEHTPHOBAHHBIX TpadoB, COJEpKAIUX HeJBY/I0JbHbIe I'padsl, B pabore (Kravchenko,
2017a). Ha ceropnsammuii nenp B pabore (Kravchenko, 2017c: 1330-1337) 6buto maiineno
o0Imee W JIOCTATOYHOE YCJIOBHE ISl CYIIEeCTBOBAHUsS KOHTHHYyYMa KBAa3UMHOrooOpasmii c
W-HE3aBUCUMbBIM, HO 0€3 HEe3aBHCHUMOrO 0a3mca KBa3WUTOXKJIECTB. 3/1€Ch MBI IOKA3bIBAEM
CYIIIECTBOBAHNE KOHTHUHYYMa KBAa3UMHOTOOOPAa3Wil KOMYTATHBHBIX KOJIEI[ C €JIWHUIENH C w-
HE3aBUCUMBIM 0a3UCOM KBa3WTOXKJIECTB, HO 0e3 He3aBUCHMOIO 0as3nca KBa3UTOXKJIECTB,
nepecevdeHne KOTOPBIX WMEET PpEKYPCHUBHBIN HE3aBUCUMBIHN 06a3mc KBa3sUTOXKJIECTB. A
TaK»Ke, UTO €CTb KOHTUHYYM KBa3MMHOIOOOpa3uil KOMMYTATHUBHBIX KOJIEIl C €IUHUIEH ¢
HEpa3peIMMOil KBa3MIKBAIMOHAIBHON Teopueil, Jijid KOTOPBIX MpodJeMa BXOXKICHUST st
KOHEYHBIX CHCTEM TaKxKe Hepas3pernMa.

3 Marepuan u MmeToambl

HanoMHUM HEKOTOPbIE OCHOBHBIE OIpEJe/eHHsI U OOIIENPUHATHIE 0003HAYECHNS U3 TEOPUH
KBasMMHOroobpasuii. Bee onpeesienusi, He BOIIEAIINE CIOJIA, MOXKHO HallTH B MOHOrpadun
B.A. Topbynosa (Gorbunov, 1998), a rak ke cmorpure (Semenova, 2012: 889-905),
(Schwidefsky, 2014: 1099-1126).

[Ilyctb P = {po,p1,---,Pny---} — MHOMKECTBO IPOCTBIX UHCEJ, YHOPSIOUEHHOE IO
BO3PACTAHHUIO, & P, (X) — MHOKECTBO KOHETHBIX HOMHOYKECTB MHOkKecTBa X . MHOXKecTBO
HATYPAIbHBIX THCET Mbl 0003HaYaeM depe3 w. st JIroboro HelycToro KOHETHOIO MHOZKECTBA
F C w nonaraem [F| = [[,.ppi. Ilycrs Taxxe [@] = 1.
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Kesaszumootcdecmeamu HA3BIBAIOTCS PEIIOKEHNsT BUIA

VT P1(Z)& .. &y (T) — o (T),

rie ¢;(T)-aromapabie dopmysst u i < k.
[Iycts Kp-kitace anrebpanmveckux cucrem curaarypsl 0. Kinace K C Ko asnserca Kop-
K6a3UMH02000pa3ueM, €I

K= {AeKo/ARE )

JIJI HEKOTOPOT'O MHOYKECTBA KBa3UTOXKiecTB W CUTHATYPBI 0.

B sTom ciydae Mbl OyjieM rOBOPUTE, UTO W dBJIsieTcs 6a3ucom keazumooicdecms Kinacca K
oraocurenbHO Kg. Basuc ¥ mia K ornocurensuno Ko Ha3bIBaeTcs HE3a6UCUMbBLM, €CTIA JIJIs
moboro ¢ € U mHOKecTBO W\ 9 yiKe He sBisiercs 6asucom st K oraocurensao Ko. Basuc
kBasuToxk1ecTB ¥ Kitacca K orHocuTesibno Ko Ha3bIiBaeTCs w-He3a6UCUMbBLM, €CTIN HANIETCs
pasouerne U = (J, . V,, rae s moboro n < w MuOKecTBO | J,,,, W yKe He sBjIfgeTCs
basucoMm 1 K ornocurensno K.

m#n

IIpensoxenune 1 (Gorbunov, 1998: 319, npedaoocenue 6.3.1) ITycmo K — npoussoavroe
keazumnozo000pasue, Ko — ez2o0 cobecmeennoe nodksazummozoobpasue. Ecau Ko umeem
beckoneunvlll He3asucumvlll basuc keasumostcdecme ommuocumenvro K, mozda das arwboz20
keasumnozoobpasus K; € Lq(K), codeporcawezo Ky u komewno axcuomamuaupyemozo
omnocumenvro K, wucao noxpumui Ko 6 Lq(Ky) 6eckoneuno.

BcnomauM HEKOTOpBIE OIpeiesieHUus W yTBEPKJIECHUs, KOTOPbIe HAaM OyJIyT HEeOOXOIUMBbI
IIPDA  J0KA3aTEeJbCTBE OCHOBHBIX pPE3yJAbTaTOB, KaCAIONMUXCAd KOMMYTATUBHBIX KOJIEI, C
eITMHUIEI.

Onpenenenne 1 Koavuyom nazweaemcs cucmema (R,+,-) ¢  deymsa  OGunapHomu
AN2e0PAUMECKUMU ONEPAUUAMU, YOOBAEMEBOPANOULAA CACOYIOULUM AKCUOMAM:
(P1) (a+0b)+c=a+ (b+c) dra mobvx a, b, c € R
(P2) Cywecmeyem saemenm 0 € R maxod, wmo 0+ a = a+ 0 = a das wobozo a € R.
(P3) /[na mobozo a € R cywecmsyem asemenm —a € R maxot, wmo —a+a = a+ (—a) = 0.
(P4) a+b=0b+a das mobwx a,b € R.
(P5) (a+b)-c=a-c+b-cua-(b+c)=a-b+a-c dra mobuzx a,b,c € R.
Kombro (R, +,:) Ha3bBaeTCs KOMMYMAMUCHHM KOABYOM, €CIIH OHO yJIOBJIETBOPSET

JIONIOJTHUTEILHOMY YCJIOBUIO a - b = b - a mia moboro a,b € R. Ilyctb R oboznadaer
MHOTro0o0pa3ne KOMMYTATUBHBIX KoJiell ¢ ejunurieit. s jgodoro x € R € R nycThb

0-z=0,

l-z=ux,
n-x=(x+...+x)
———

Hayee 4depes R, OyaeMm 0003HAYATh IUKJ JJIUHBI 1, TO €CTh KOMMYTATHBHOE KOJIBIO C
€JIMHATIEN OT OJTHOTO MOPOXKJIAIONIETO T C OMPEEIAIONUM cooTHOMmeHneM nx = 0.
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IIpemnoxenune 2 I[fycmv C = {Culn < w} svruuciumvil Kaacc KOMEWHOIT Ccucmem
KOHEUWNOT CULHAMYPDL, YOOBACTNEOPAIOULAA CACOYIOULUM YCAOBUAM:

(Ep) C,, nempusuaavras cucmema 0aa a06ozo n < w

(Ey) ecau k < w un,ng,...,ng <w, moC, € SP(Cp,...,Cpn,) mozda u mosvko moeda,
koeda n € {ng,...,nk}.

Tozda cywecmsyem konmunyym keasumrozoobpasut K C Q(C'), das xomopowr npobaema
BLONCOCHUA ONA KOHEUHDIT CUCTEM HEPA3PEULUMA.

JokazareabcTBo. [Iycts N C w npousBobHOe MHOXKecTBO. [loaraem
Ky ={Cilie N}, Ry=QKy).
I[Iycrs (Ry) fin 000O3HAUAET KiTacC KOHEUHBIX cucreM u3 Ry.

YrBepxKkaenne 1 RyNC =Ky.

HokazareabcTBo yTBepkaeHusi 1. Ouesuygno, uto Ky C Ry N C. Haobopor mycrsb
C. € Ry N C ms mwekoroporo nenoro n < w. Torma C, € LyPs(Ky). Tak kak C,, KoHe1uHAsT
cucrema, T0 oHa [-nipoektusHa, T.€. C, € SP(Ky). Onsars, rak Kak C,, KOHEYHa, CYIIECTBYIOT
nesble 4ucaa ng,...,n € N rtakne, uro C, € SP(C,,,...,Cy,). Bomee Toro mo mammm
npejnosokerusiM o Kiaacce C monygaem, uro n € {ng,...,nx} € N; 310 03HAYaeT, 4TO
Cn € Ky. YrBepkaenue 1 goKa3aHo.

N3 yrBepxkenus 1 cieyer

YrBepxkaenune 2 FEcau Ry, = Ry,, mo Ny = N;.

YrBepxkaenne 3 Ecau mmnoorcecmeo (Ry)fpin 6vivucaumo, mo mmooicecmso N maxoice
BYIYUCAUMO.

HoxkaszarenbcTBo yrBepkaenus 3. Eciu (Ry) f;, BIUHCIIMOE MHOYKECTBO, TO MHOYKECTBO

N = {n < w|C, € Ry} Boramcimmo mo waiemy mpeanosoxkennto. [lo yTeepxiaeHuo 2,
!

N = N | 3T0 03HAYAET, YTO MHOXKECTBO [N Tak »Ke BBITUCIUMO. Y TBEPKJIeHUE 3 JTOKa3aHO.

4 OcHOBHbIE PEe3YJIbTAaThI

4.1 TIpobisema BXOxKOeHHUs OJid KOHEUYHBIX aJjreop

Jlemma 1 Ilyemon >0,k > 1,k > 1,...,k, > 1 ueavie wucaa maxue, 4mo MHOHCECTNEO
{k1, ..., kn} munumasvrno omuocumenvno ceoticmea Ry € SP(Ryy,...,Ry,). Toeda k =
[k1, ..., ky). C dpyeot cmoponw, ecau k = [ky, ... ky], mo Ry € SP(Rk,,...,Rx,).

HokazarenabcTtBo jemmbl 1. Ecom Ry € SP(Ry,,...,Rg,), TO JIeTKO yBUIETH, 9TO Ry
BJIOZKEHO B Ry, X -+ X Ry, ; IlycTh 1) ecTb cOOTBETCTBYIOIIEE BIIOKEHHE.

Rk € SP(Rkl, . ,Rkn) = LsPs(Rlﬁa R 7Rk’n) C Q(A)

Cucrema Ry, [-poextusra B Q(A), 1 COOTBETCTBEHHO
Ry € SP(Rkl, ce 7Rkn)~
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Teneps Tak kKak Ry € SP(Ry,, ..., Ry, ). B cuny munnmanbnoctn muoxkectBa {ki, ..., ky}
HOJIydaeM, 49TO It JI0boro ¢ < n CyIIeCTBYeT HETPUBHAILHBIA romomopdusm usz R B
Ry, IockombKy Ry, He CONEPKUT HETPUBHUAILHBIX MOJKOJIEI, 3aKJ09aeM, 4rTo k; JIeJuT
k, nosromy k = [ky,..., k,] nemur k. Tor dakr, uro Ry € SP(Ry,, ..., Ry,), JOKa3bBaer
pasencTBo k = [kq,. .., k,]. Jlemma 1 nokaszana.

Teopema 1 Cywecmeyem  kKowmunyasvroe — muodcecmso  keaszumnozoobpasuti K
KOMMYMAMUSHHT KOACY, € eOUNHUYET MAKUT, Mo MPodaema STONHCOCHUA ONA KOHEUWHDIT
rosey, 6 K u xeasuaxeayuornasvras meopus K nepazpewsumo.

HokazareabcTBo. /[l HEKOTOPOTO MOJIOKUTEJBHOIO 71 < W IyCTb 1, 00O3HAYaET
CJIEJTIYIONINE KBa3UTOXKIECTBO:

Ve p,-x=0—2=0.

Tloaraem Takzxke

K = {R,]i < w}.

U3 memmbr 1 corenyer, aro kiaace K ynosiersopsier yeaosusiv (Ep)-(Ey). Ilycrs Takxe
U = {¢,|]1 <n <w},
Ky ={R,|i € N},

Ry = Q(Ky).

IIycte Thy(Ry) obosmagaer kBasmsksanmonasbhyio teopuio Ry; torma Thy(Ry) =
Thy(Ky). U3 mpemroxenuss 2 ciegyer, 9To /s Ksasumuooroobpasus Ry mpobiaema
BXOxKIeHud JJjIsd KOHEYHBLIX CHCTEeM Hepa3pelinMa, e€CJIn MHO2KECTBO N HE dBJIdeTCAd
BBIUUCIAMMBIM.

YrBepxkaenue 4 Jaan < w umeem mecmo examovenue P, € Thy(Ry) mozda u moavko
moeda, koeda n ¢ N.

HokazarenbcTBo yrBepx)aenud 4. Ilycte n < w. Ecmn € N, o R,, € Ky C Ry u
Ry, ¥ U, otkyga ¢, ¢ Thy(Ry). Ipeamonoxknm teneps, uto n ¢ N. B stom ciaydae p;
He JIeJIUT P, JJisd J06oro ¢ € N. DTo 0o3HaYaeT, 9TO MOCHLIKA 1, JIOKHO B JIFOOOM KOJIBIE
R; € Ky 1upu jsobom o3naduBannu rnepemennbix. Ho Torna R; F v,,. CienoBareibHo, B 9TOM
cayaae Ky F 9,. YTBepxkaenue 4 j1oka3aHo.

Vreepxkaeuune 5 Ecau Thy(Ry) paspewuma, moeda N eviuucaumo.

HokasarenbcTBo yTBepxKaeHust 5. Ecim kBasmsxsammonanbnas teopust Th,(Ry)
paspernMa, To MHOXkecTBO {n < wl|y, € Thy(Ry)} soraucamvo. Ilo yTBepkienuio
jonoHerre N BBIMUCIUMO, OTKY/I& CJIEyeT, 9To caMo N TOXKe BBIYUCIUMO. Y TBEPKICHIE
O JOKa3aHO.

Bamedanne O TOM, YTO CYIIECTBYET KOHTHHYYM HEBBIYUCIUMBIX MHOYKECTB, WUMEIOIIUX
HEBBLIUUCTMMbBIE JIOTIOJIHEHUsI, 3aBEPIIAeT JIOKA3aTeIbCTBO TeOPEMbI 1.
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4.2 HeszaBucumbie 6a31UChl KBA3UTOXKIECTB

[Tycrs I C P. Yepes 1L o6o3HaunM KBa3UTOKIECTBO CJIEYIOIIEro BUIA:

Ve [Fl-a=0—[FNI]l-2=0

[ycts ®; = {YL|F € Pyin(P)}, a Ry - kBasumuoroobpasue, onpejenennoe B R MHOKeCTBOM
KBa3suTOXkK1ecTB P;.

Jlemma 2 /Jlas aobozo F € Py (P), R, € Rp mozda u moavko moeda, xozda F' C 1.

Hokaszarenbcro. [Tycrs Rip) € Ry. Torna Rip) F 1/1}, CJIeJIOBATEIbHO, eC/IN B R [F] HCTHHHO
[F]-x =0, mo [FNI]-x = 0. 970 BO3MOKHO TOJIBKO Korga [F| memur [FNI], re. F C FNI C 1.
Ob6parHo 0vYeBU/IHO.

ITycrs muoxkectBa [ C P u P\ I 6eckoneunsl. Yepes ¢4, tne F' € Py (P) up ¢ F
0003HAYNM KBA3UTOXKIECTBO:

Ve [FU{p} - 2=0—[F]-2=0,

lyers ¥, = {Yp|F € Prn(P),p ¢ F} m U5 = Uyep;Vp 1 nyers R} obosnataer
KBa3UMHOro0Opasue, onpeenennoe B R MHOXKecTBOM KBa3uToxkaecTs V.

Teopema 2 /Jlas n106020 beckoneurnozo cobemeennozo noommootcecmea I C P xsazumiozo-
obpasue Ry ne umeem mezasucumozo basuca keazumostcdecms.

HokazareabcTBo. [lo npejoxkennto 1 jocraTodno nmokasarh, 4To jijid Ry He cymiecTByer
HMOKPBITHI B pereTke nojikBazumuorooopasuit R. Jomyctum B Ry cymectByer nokpeitue B u
nyctb R € B\R;. 910 3Ha4uT, 910 CymiecTByeT KBa3uTOXKIeCTBO Yh, sexkaiee B U, KOTOpoe
J0KHO B R, T0 ectb, R E —¢h. CienoBaresbHO, CyIIECTBYET JeMeHT € R Takoii, 4ro
[FU{p}| -z =0, n0 [F] -2 # 0. CoracHo JleMMe 2 TIOJIyUIiM, ITO CymecTByer mukia R, < R,
upudeM r et [FU{p}], Ho r ve nesur [F], rae F # @. [lycrs B’ = BNMod(¢%.). Tlonyyaem
R; E Y% u R, E =%, Takum obpasom, Ry C B’ C B. IlockosbKy kBasumuoroobpasue B
nokpbiBaer Ry B pererke kpazumuoroobpasuit Lg(R), mveem paserncrso Ry = B’. Bribepem
upocroe uucito j € P\ I taxoe, uro r me menurcs na j. Crnegosarensio R; € Ry u R, <
R, X R;. Orkyna noiy4aem, uro R,; € B. R,; F ¢}, tak kak rj ne genur [F'U{p}|. Takum
obpasom, R,; € B’ = R;. Ilpuxonum k npormsopednio, mockoibky j ¢ I. Cienoaresnsro
R, He umeer nokpeituii B pemerke Lg(R), aro u 6b110 Halei 1ebio.

Teopema 3 Cywecmeyem kKowmunyym Kea3uMH02000pa3uli KOMMYMAMUBHBIT KOAEY, C
edunuuet 6e3 He3asucuMo20 0a3UCe KEa3UMOAHCICCMs, KOMOPBLIE UMEIOM W-HE3ABUCUMDLT
basuc keazumostcdecms.

HokazareabcrBo. CHauana yb6emmmvcsa, ato R} — HeoOXommmble KBa3HMHOTOOOpA3Hs.
[Iposepum, aro R; = R/, mya npoussosbroro muoxkecrsa I C P, Takoro 4to 06a MHOKECTBA
I C P u P\ I 6eckoneunsl. Homycrum, uto R € R, crenoarensro R F @;. Ecan s
HEKOTOPOro jteMenTa ¢ € R Bomosmsercs pasencrso [F'U {p}]-a =0, o (FU{p}) NI =
FNICF, tak kak p ¢ I. A 10 3nauut, uro unciao m = [(F U {p}) N I] meant wucio [F).
Orkya nosydaem paseHcTBO 0 = [F] - @, 94TO ABJISTCA 3aKJIIOYEHNEM KBa3UTOXK/ECTBa 7,
HoCJ/Ie TOJICTAaHOBKY syteMenTa a. [lomydaem, 1ro R F ¥y, crenosarensno R € RY.
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[Iycrs Teneps R € R, 1o ects R E Uy, Pacemorpum kBasutoxiectso k. Tlycrs mis
HEKOTOPOro jteMenTa ¢ € R Bomosmsercs pasencrso [F'U {p}]-a = 0. Torga ecim F C I,
to FNI = F u, ciegoBarenbHo, BbiosHsIeTcst paseHctBo [F] - a = 0. Mnaue nosydaem
uepasenctso F\I # &. Ilyers F\I = {py, ..., pr}. [lonaraem

Ro=F, Ry =R\{p}, tme 0 <i <k,

torja Riy1 = F N 1. Bemonnenune pasencrsa ([F]) - a = 0 BiiedeT BBINOJIHEHUS MOCHUIKHI
KBasuTOXKeCTBa Py B R ma snemente a. Tak kak p; ¢ I, To ¢ € Wy, nma 0 < @ < k.
OTrmeTnM, 9TO 3aK/II0UEHUE KBAa3UTOXKIECTBA w%"i COBIIQJIAET C TOCBLIKON KBa3WTOXKIECTBA

%;11. [Mosyaaem takum 06pazom, 9to [Ryy1] - a = 0 B R. Cienosaresnbho, R F &, orkyaa
R € R;.

B cmny Teopembl 2 cyImecTByeT KOHTHHYYM KBasuMHOroobpasmit Buga R/ 6e3
HE3aBUCUMOrO 0Oasmca KBa3UTOXKIeCTB. Jlokaxkem, d9TO JjIs 9THX KBa3MMHOI00Opa3wMii
MHOYKECTBO KBA3UTOXKIeCTB W, = Upe P\I W, ABJIACTCA W-HE3aBUCHMBIM Oa3HCOM.

J1j1st 9TOr0O yCTaHOBHUM, UTO JIs J1I000T0 dyteMenta p € P\ I Ha Kojblie R, BBHIIOIHAIOTCH
Bce kBasuroxaectsa u3 Wy \ V. donycrum, uro ¢ € P\ I, ¢ # p, F € Py;,,(P), tne ¢ ¢ F.
Ecmu B xoiblie R, Ha HEKOTOPOM HEHYJIEBOM 3JIeMEHTE UCTHHHA IIOCHLIKA KBa3UTOXKIECTBA
Y%, Torjia oHa HCTHHHA HA JI000M HEHYJICBOM 3JIEMEHTE, [I09TOMY CyIIeCTBYeT TOMOMODPdH3M
13 Rirufqy Ha Rp. o memme 1 u3 [10], nomyuaem, uro uncio [FU{q}] nemurcs na p. Tax xak
p # ¢, uMeeM p € F, 1o ecTb npoctoe unciio p geant [F). Ciaenosarenbho, B R, BHIIOIHAETCH

q
I 3aK/II0YeHUE KBa3UTOXKIECTBa ¢y. Tak Kak R, OUeBHAHBIM 00pa3oM HE YJIOBJICTBOPACT
KBasuTOXKJIeCTBY b € U, 6asuc YUy ABiIseTCs HCKOMbBIM w-He3aBUCHMBIM 6asucoM. Teopema
JIOKa3aHa.
[

Paccmorpum kBasumuoroobpasue R = (1), P, |I=w R ;. Bazuc sTroro KkBazumMHOrooOpasus
COCTOWT U3 KBAa3UTOXKJIECTB %{w rie [ nmpoberaeT MHOXKECTBO BCeX OECKOHETHBIX COOCTBEHHBIX
IIOJAMHOXKECTB MHOXKecTBa P mpocThix [uces, a F 1mpoberaer MHOXKECTBO BCEX KOHEUHBIX
HOMHOXKecTB MHOXKecTBa P. Jlerko Bujers, uro R’ cocronT n3 Tex KOMMYTaTUBHBIX KOJIEI] C
e/IMHUIIEH, B KOTOPBIE HE BIOXKUMO HH OJHO U3 Kojen Rip|, Tiie @ # I € Ppip(w), B KavecTse
OJIKOJIbIIA. IpyruMu cjioBaMu, IMeeT MeCTO TaKasl JeMMa.

Jlemma 3 R' = ({R)|I C P,|I| = |P\ I| = w}. Boaee mozo, R € R’ mozda u moavro
mozda, xo02da R ne codepotcum koneunux yurios Rip), 2de ' # &, 6 xauecmeae nodcucmenm.

[Tosromy 1o Teopeme 3 u JjlemMme 2 GaszmcoMm KBasuToxkjaecTB st R’ ornocurenbro R
asisercss MHOKecTBO | J; ¥y Ho sror Gasuc He saBisercss nesasucmMbiM. Tem He MeHee,
KaK II0Ka3bIBaeT CJIe/lyolasl TeOpeMa, OKa3bIBAETCs BO3MOXKHBIM HAfTH HE3aBUCHMBIil Oa3uc
KBasuTOXKACTB /i1 R’ orHocuTensro R.

Teopema 4 Kesaszumrozoobpaszue R’ umeem 6beckoneunviti pexypcushovili He3a6UCUMBLT
basuc keazumoscdecms ommuocumervro R.

JlokazareabcTBo. BBBesiem cienyrornue obosnadenusi. [losaraem F_; = @. Kpome Toro,
nycrs F, = {pr € P|lk < n} mua npoussoibaoro n € w. lnsg Begkoro n € w o6o3HAUNM
gyepes &, Takoe KBa3UTOXKJIECTBO:

[Fo] - x=0— [F,—1] - =0.
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[Tokaxem, uro ¥ = {&,|n € w} aBigercd He3aBHCHMBIM 0A3UCOM KBA3HUTOXKJIECTB IS
kBasnmHOroobpasmsi R’ ornocuressno R. Ilo smemme 3 jis smoboit cucrembr R ¢ R/
CyIIECTBYeT HeIyCToe KOHeuHoe MuoxkecTso I C P, takoe 4ro Rp Bioxkuma B R.
Paccmorpum makcumasibHoe n € w Takoe, 9to p, € F. Torna F' C F,, F SZ F,_1, 1 KOJIBLIO
Rir) (a, caemoBare/bHO, U KOIBIO R), OUEBHJIHO, HE YJIOBJIETBOPACT KBA3UTOKICCTBY &,. C
JIDYTOIi CTOPOHBI, €CJIN N € W U MOCHLIKA KBA3UTOXKIECTBA &,, BBIIOJIHACTCS B KOMMYTATUBHOM
KoJble ¢ equanneil R € R’ npu HEKOTOpOM O3HAYMBAHWK IIEPEMEHHBIX, TOTJA CYIIECTBYET
romomopdusm u3 R(r,; B R. Ecim 0bpas sToro romoMopdusMa TPUBHATICH, TO U 3aK/IIOUCHIe
KBa3UTOXK,IECTBA &, BBIIOJHACTCA B R IIPU TOM K€ O3HAYMBAHUU IIepeMEHHbIX. B IpoTuBHOM
ciaydae Uk Rg, riae & # G C F, Baoxum B R. [lo jemme 3 970 HEBO3MOXKHO, TO3ITOMY
R yHOBIETBOpsieT KBa3sUTOXKJIECTBY &,. CieaoBaTe/IbHO MHOMKECTBO Y SBJISAETCSA Oa3UCOM
kBasuroxkaects g R'. Tak kak muoxkecrso {([F,], [F,-1])|n > 0} Bbrumcammo, To 9TOT
6a3mC peKypPCUBHBIII.

Temnepn jokazkeMm, uto Oasuc Y. HezapucuMbiii B R. TlosTomy mokazkem, 4To jij1s1 JIFOOOTO
n € w IUKI R[p,] BBIIOJHAETCA BO BCEX KBa3HUTOXKIECTBAX &, rJae m # n. Ecm m < n,
TO IMOCBLIKA KBa3HTOXKJECTBA &, BBIIOJIHACTCA Ha HEKOTOPOM 3jieMeHTe a € Rjp,) Torja
1 TOJIbKO TOIJIa, KOIjJla HojcucreMa B Rig,), TOPOXKICHHAA STHM 3JIEMEHTOM, TPUBHAJIbHA.
B stom ciyuae, 3akioueHue &, Takxke BBbINOJIHAETCS Ha a. Ecim ke m > n torma F, C
F,,_1. Ilosromy 3ak/roueHne KBa3UTOXKICCTBA &), BBIIIOJHSIETCS JIJIs1 JTI0OOr0 3j1emMeHTa a € R.
Taxum obpaszom, eciiu m # n, Torjga Rip,) F &y, Tak Kak R, He COACPKUT IUKJIOB JIJTMHBI
Menble 4eM [Fy,], 10 Rip,) ¥ &,. D10 n aBiigerca TpeOyeMbIM 3aK/I0UCHICM.

5 3akJrouenue

B macrogmeit  pabore  HpoOmOKAeTCSI ~— UIYUYEHHWE  BOIPOCOB  HEPA3PENIIMOCTH
KBa3MIKBAIMOHAJILHBIX ~ TeOpUil ¥  mpobJjieMa  HEe3aBUCMOI  aKCHOMATHU3UPYEMOCTH.
OCHOBHBIM Pe3yJIbTATOM SABJISETCA JOKA3aTEIbCTBO TOTO (haKTa, UTO KBa3MMHOroobpasue
KOMMYTATUBHBIX KOJIEI[ C €JIUHUIEH COMEP:KUT KOHTUHYYM  IOJKBA3UMHOrO00pasuii ¢
HEpa3peImMoil  KBA3MIKBAIIMOHAJIBLHONW Teopueil, Jjisi KOTOPLIX IMPO0JeMa  BXOXKICHUS
JUId  KOHEYHBIX CHCTEeM TaKxKe HepaspernmMa. Kpome Toro, CTPOUTCd KOHTHUHYYM
[IOJIKBA3UMHOT000pa3uil KOMMYTATUBHBIX KOJIEIl C €JIMHUIEedl, 0e3 He3aBUCHUMOro Oasmca
KBa3UTOXK/IECTB, HO HMEIONINX Ww-HEe3aBUCUMBIN 0a31MC KBa3UTOXKJIECTB; IepeceveHne 3TUX
Ba3MMHOI000pa3uii, OJHAKO, MMEET PEKYDPCUBHBI HE3aBUCUMBINH 0a3MC KBa3UTOXKJIECTB.
DTOT Pe3yJIbTaT pPACIHIUPSeT U JIOMOJHAET JIPYTUe Pe3yJIbTaThl, MOJIyIeHHbIE paHee B ITOM
HallpaBJICHUU KAaK aBTOPOM 3TOW CTaTTH, TaK U APYIUMU aBTOPAMU.

6 BuaromapHocTu

ABTOp BBIpazKaeT HMCKPEHHIOI MPU3HATEILHOCTH CBOMM HAyYHBIM KOHCyJabTanTam A. M.
Hypakynosy u M. B. [IBujgedcku 3a 1mMocTaHOBKY 3aJiad U BCECTOPOHHIOI MOJIEPKKY, &
rakxke A. B. KpaBuenko 3a BHuMmaHue K pabore.
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MPHTU 27.29.19

dyukunga 'puna zagaun dupuxie aasa muddepeHnnaipbHOro oneparopa Ha
rpade-3Be3e

Kanryxun B.E., Kazaxcknit Harmona/ibHblil yHUBepcuTeT nM. ajib-Papadu,
r. Ainmvater, Pectiybsimka Kazaxcran, 477081001131, E-mail: kanguzhinb3@gmail.com

B nannoii pabore wuccienyercst cucreMa audpepeHnna bHbBIX YPAaBHEHUN BTOPOrO IMOPSJIKA,
SBJISIOIIENCST MOJIEJIbIO KOJIe0ATEIbHBIX CHCTEM CO CTEPXKHEBON KOHCTPYKIWen. 3ajadu Ijist
muddepeHInaNibHbIX OMePaTOPOB Ha Trpadax B HACTOsAIIEe BPEMsS AKTHBHO U3YYalOTCS
MaTeMaTHKAMUA W HUMEIOT [PUJIOXKEHUsI B KBAHTOBOW MEXaHWKe, OpPraHWYeCKOH XUMUH,
HAHOTEXHOJIOTUSIX, TEOPUU BOJIHOBOJOB U JIDyIMX OOJIACTSX €CTeCTBO3HAHUs. B  maHHOM
craTbe BbiBejieHa (yHKIMs ['puna sagaun Hupuxie misa puddepeHnajbHOro oneparopa Ha
3Be371000pa3HOM rpade. SHAUUTETHHYIO TPYJAHOCTD IIPEJCTABJISIET MOCTpoeHne (pyHKImu ['puHa
HA TEOMETPUIECKUX Tpadax Npu 3HAYEHUSX HE3ABUCUMBIX MMEPEMEHHBIX OJU3KUX K BEPIIHHAM
rpada. Hamm wucCrnonn30BaHbI CTAHJAPTHBIE YCJIOBHS CKJIEHKN BO BHYTPEHHHUX BEpIIUHAX U
KpaeBble ycjioBus Jlupuxisie B rpaHMYHBIX BepinmnHax. lIpe/yiaraercss KOHCTPYKTHBHAs CXeMa
nocrpoenust pyHKIMU ['prHa Kpaesoii 3amaun jist ypasaenust Itypma-Jluysuiis. JlokasbiBaercs
CyIIECTBOBAHUE PA3JIOYKEHMs [TPOM3BOJIBHON (DyHKIMHU, 3aJaHHOTO Ha Tpade, M0 COOCTBEHHBIM
dyukiuam. Borpocs! u3 crnekTpaabHOl Teopun, Kak mocrpoenue byHKImu ['puHa v pasioxkenue
o0 COOCTBEHHBIM (DYHKITUSIM JIJIsi MOJIEJIell M3 COEMHEHHBIX CTEPYKHEN MOKa eIle MaJjio U3YYeHbI.
Cuekrpasibablit anaan3 auddepeHuaibHbIX OMepaTOPOB HA TeOMETPUIECKUX IpadaX sBJISIETCS
OCHOBHBIM MaTeMaTHUYI€CKHUM allllapaTOM IIpU pPeHIeHNn COBPEMEHHbIX IIpO6J’Iel\’I KBaHTOBOI

MEXAHUKU.
JIF0OYEBBIE CJIOBA: OPUEHTUPOBAHHBIN I'pad, BepuiuHbl rpada, yeiaopus Kupxroda, Kosredbanust

yupyrux cereil, dyukius ['puna 3amaan upuxite, pa3iokenne o COOCTBEHHBIM (DYHKITUSIM.

I'pad-xkyaasizaa 6epinren nuddepeHnnaIabiK, onepaTopra Kolibiraun lupuxiie ecebiHiy
I'pun dyHKIUACH
Kanryxun B.E., on-®apabu Kazak yJATTHIK YHUBEPCUTETI,
Amvarsr k., Kasakcran Pecriybsmkacer, +77081001131, E-mail: kanguzhin53@gmail.com

By kymbicTa CcTepkKeHIIK KYpPbLIBIMIBI TepbeaMesi Kyheaepiid, Mojesi OOJIbIn TaObLIAThIH
ekiHm perri auddepeHnuaIbK, TeHaeyiep xKyieci 3eprreneni. 'padrarsr quddepermaiibk
omeparopjapra KONJIFaH ecemTepil Kasipl yakpITTa MareMaTukTep OeJiCeHe 3epTTeyie 2KOHe
KBAHTBHIK MEXAHWKA, OPraHUKAJbIK XHUMUs, HAHOTEXHOJIOIWS, TOJIKBIHIAD TEOPHUSCHl MEH
FBUIBIMHBIH, 0AacKa Jla cajaJiapblHia KOJJaHbIC Tabajpl. By Mmakamaga KyAAb3Abl rpadra
aHbIKTaJIFaH JuddepeHuabK oneparop yiria Jlupuxie ecebininl pul GyHKIUSICH KOPTHLIBIIT
ajbHABL.  [eomerpusiiblk  Tpadrapma rpadThiHTEOeIEpiHE KAKBIH OPHAJACKAH TOyeJsCi3
affHBIMAJIBLIAD/BIH, MoHAEp] ymiH ['puH  GYHKIUSCHIH TYPFBIZYy AWTApJIBIKTAl KUBIHJIBIK,
Tyrer3aapl. biz imki Tebemepinge KaICBLIPYIIb CTAHAAPTTHI IMAPTTAPILI KOHE IMEKAPAJIBIK,
Tebenepinme upuxie mekapasblk mapTTapbia naigaganasik,. [Ttypm-Jluysuias Tengeyi yirin
IeKapaJiblk, ecenTiH ['puH (QYHKIUSICHIH TYPFBI3YIbIH, KOHCTPYKTHBTI CXEeMAacChl YCBIHBLIAJIBI.
I'padpra aHbIKTaIFaH Ke3-KeJNeH (DYHKIMSHBI MEHINKTI (DYHKIUsIAPhl OONBIHINA KIKTEyTe
OOJIATHIHBI JToJ1esieHe i. BipiKTipiareH crepKkeHbIepIiH MOIEIbAepl VINiH CIeKTPJIK TeOPUTHBIH
I'pun GyHKIMACHIH TYPFBI3Y 2KoHE MEHITIKTI DYHKIHIIaphl OOMBIHINA KIKTEY CHAKTHI CYyPayTaphl
OJIi TOJBIK 3epTTenMereH. [eoMeTpusiblK, rpadrapaarsl audepeHnaiablK OmepaTOPIAPIbIH,
CIIEKTPJIIK TaJJaybl Kal3ipri 3aMaHFbl KBAHTBHIK MEXaHUKAHBIH, MOCeJeJIepiH IIeNTy ieri Herisri
MaTeMaTUKAJIBIK, alnapaTr O0JIbII TaObLIaIb.

Tyitia ce3nep: GarviTTasran rpad, rpadreid Tederepi, Kupxrod mapTsl, cepriMil KeJiaepiiH,
tepbesicrepi, Jlupuxie ecebinig ['pun dyHKIUICH, MEHITIKTI (DYHKIUsLIAD OONBIHIIA KIKTEY.

Green’s function of the Dirichlet problem for the differential operator on a star-shaped graph
Kanguzhin B.E., al-Farabi Kazakh National University,
Almaty, Kazkhstan, +77081001131, E-mail: kanguzhin53@gmail.com
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Differential operators on graphs often arise in mathematics and different fields of science such
as mechanics, physics, organic chemistry, nanotechnology. In this paper we deduced the Green
function of the Dirichlet problem for a differential operator on a star-shaped graph.We study the
differential operator with standard matching conditions in the internal vertices and the Dirichlet
boundary conditions at boundary vertices. In this paper, we investigate a system of second-order
differential equations, which is a model of vibrational systems with a rod structure. Problems for
differential operators on graphs are now actively studied by mathematicians and have applications
in quantum mechanics, organic chemistry, nanotechnology, waveguide theory and other fields of
natural science. In this paper we derive the Green function of the Dirichlet problem for a differen-
tial operator on a starlike graph. A significant difficulty is the construction of the Green’s function
on geometric graphs for values of independent variables close to the vertices of the graph. We used
standard gluing conditions in internal vertices and Dirichlet boundary conditions at boundary ver-
tices. A constructive scheme for constructing the Green’s function of the boundary value problem
for the Sturm-Liouville equation is proposed. The existence of a decomposition of an arbitrary
function defined on a graph with respect to eigenfunctions is proved. Questions from the spectral
theory, like the construction of the Green’s function and the expansion in eigenfunctions for models
from connected rods, have so far been little studied. Spectral analysis of differential operators on
geometric graphs is the basic mathematical apparatus in solving modern problems of quantum

mechanics. ) ) ] o ) ) ]
Key words: oriented graph, vertices of graph, Kifchhoff condition, vibrations of elastic networks,

Green’s function of Dirichlet problem, extension by eigenfunctions.

1 BBenenue

B pabore wuccnenyercsa cucrema muddepeHInaNIbHbIX yPABHEHWI BTOPOTO IOPSIKA,
ABJIAIONIENCS MOJIENIbI0 KoJeOaTeJIbHBIX CHCTEM CO CTEp:KHEBOH KoHCTpyKnueil. Ilepsore
paborsl 1o auddepeHnraJIbHBIM OllepaTopaM Ha MHOrooOpasusix Tuia rpada MOsiBUINCH
coBceM HesaBHO, okoJio 30 siet Hazas (Fepacumenko, 1988), (TTokopusiii, 1987), (ITokopHbiii,
1988). Bagauu st quddepeHnuaibHbIX OepaTopoB Ha rpadax B HACTOSIIIEe BpeMst AaKTHBHO
N3y4dal0TcCd MaTEMaTHUKaMHu K HMEIOT IIPUJIOKCHUA B KBaHTOBOI1 MEXaHUKe, OpFaHI/IquKOf/I
XUMWH, HAHOTEXHOJOTUAX, TEOPUU BOJHOBOJIOB U JPYIUX OOJIACTIX €CTECTBO3HAHUSI
(em. (Tepacmmvenko, 1988), (Iloxkopwwriii, 1987), (Ilokopusrii, 1988), (Ilokopusrii, 1996),
(Iokopwsrit, 2004), (ITokopusrit, 2005). B nanuoil crarhe BbiBedeHa GyHKus [ puHa 3a1a4n
Hupuxie pug auddepeHnnaJlbHoro oneparopa Ha 3Be31000pasHoM rpade. Vcenonbsyores
CTaHJAPTHBIC YCJIOBUSI CKJICHKN BO BHYTPEHHHMX BEpIIMHAX U KpaeBble yciaoBus Jupuxie B
IPAHUYHBIX BepInHax. Bolpockl n3 crekTpasbHO TeoprH, Kak rmoctpoenue gpyukiuit ['puna
U Pas3JIoZKEeHHe MO0 COOCTBEHHBIM (DYHKITUSAM JIJIsi MOJIJIC U3 COEJIMHEHHBIX CTEpyKHEH TOKa
elre MaJio U3y4eHbl.

2 O630p auTepaTypbl

OTMeTrM HOBBIE Pe3y/IbTATHI B 00JIACTU CHEKTpasbHoi Teopuit 3aa4dn [Irypma-JInyBusiis
st iucbdepeHnnaIbHbIX OlepaToOpoB Ha ceTeBbIx MHOroobpasmsax (Iepacmmenko, 1988),
(ITokopwsrit, 2004), (Ilokopusrit, 2005). Toapko HemaBHO HAYAIN WHTEHCHBHO H3Y4YaThCs
obparuble 3amaqan (Jorge, 2012), (Kurasov, 2002), (FOpko, 2006), (Astudillo, 2015), (Post,
2012), Bekropubie 3ajaqu (ITokopubrit, 2005) Ha reomerpuueckux rpadax. B ocHOBHOM BO
BCEX YIIOMSHYTBIX pabOTaX CTPYKTYPHBIE 0OCOOEHHOCTH Tpada Ha y3/1aX HE YINTHIBAJIHCD.
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3 Marepuajibl 1 ME€TO/IbI

Bonee moapobHo ocraHoBuMCs Ha pe3yibrartax, Kacamommecsd yHKnun ['puHa s
JnuddepeHIMabHBIX  ONEPATOPOB  BTOPOTO  IOPsJIKA Ha MHOTOOOpa3usX THIlA CETH.
JlokaszbiBaeTcs CyIecTBOBaHUE PA3JIOYKEHUS [TPOU3BOJILHON (PYHKIINU, 38/ IAHHOrO Ha rpade,
o coOCTBeHHBIM dyHKIMAM. B j1annoit pabore Jiig TOJJHOIO ONMCAHUSA W PEIICHUS
zagaan upuxie g guddepeHnnaabHOIO olepaTropa BTOPOTo IOPsiIKa Ha rpade-3Be3/ie
UCIOJIB30BaH CUHTETUIECKUH ITOIXO/T.

3.1 Omnpenenenue auddepeHnuaabHOrO oneparopa Ha rpade-3Be3e

[Iycrs 3aman rpad-3esma S = {V, €}, nae V muoxectBo BepiuH rpada, € - MHOKECTBO
ero ayr (Harary, 1969). OpuenrtupoBanHsbiii Tpad cauraeTcs 3Be30i, ecau K OfHOI o0eit
BepIIHe, HA3bIBAEMOil BHYTPEHHEl, TPUMBIKAIOT BCe OCTaJbHbIE JYyIU. BepimHbl, y KOTOPhIX
OTCYTCTBYIOT BXOJIAIIME JIyTM HA30BeM T'paHWdIHbIMU BeprmmHamu. Cradanaa, or 1 g0 m
POHYMEPYEeM TI'paHUYHble BepIluHbl. lIpucBouM BHyTpenneit sepimune womep 0. Jlyry,
OKAHYMBAIOILYIOCS Ha BepIIMHe j, 0003HAYUM depe3 e;. BBegeM mapaMeTpusaIiuio TaKuM
obpaszom, JUmHy KaxKJ0i jayru cuntaeMm pasaoit m, 0 < x; < 7, e x; € e; € £, BHyTpeHHeil
BepInHe cooTBeTCTByeT x; = 0, BHemHM x; = m. QyHKIWmIO y(T) ONpeeIeHHyo Ha JIyTe €;
obozuaunM depes y;(z;), x; € e;.
B nasbHeiIeM 1moJjie3H0 BBECTH MTPOCTPAHCTBO

Lo(S) = [ [ La(e)

ec&

C dJIeMEeHTaMu1

Y(X) = [ye(a.),e € &

(tme X = (we,e € €) u [[,. — AeKapTOBO MPOM3BEJCHHE HOANPOCTPAHCTB) M C KOHEYHOM

HOPMOWA
1Y 22(9) = \/Z [Ye (e) [Pde.

ecE V€

Touno Takke cTaHJIAPTHLIM 0OPA30M BBOJIUTCHA ITPOCTPAHCTBO
W3 (S) = | [ W5(e)
2 = 2\€)-
ecf

Beegem muoxectso dynxuuit D(A) C W3 (), smeMenTbl KOTOPBIX B KaxKJI0il BHYTpeHHeit
BepInHe yaoBieTBopsitor yeaosusam Kupxroda (Adanaceesa, 2010)

R

B sjekTpuueckmx ceTsiXx OHU BbIpakaloT 3akoH Kupxroda, mpm KoedaHusx yHnpyrux
cereil - GaaHC HAIPSKEHUN U T.J1.

B mpocrpanctee Lo(S) pacemorpum jmddepernuanbibiii oneparop A, 3ajaBaeMblii
nuHeitHbIMT Tud depeHnnaIbHBIMUA BBIPAXKEHUSIMI

=5 (25) + a5 (x5)y;(z5) = Nyy(2)) + fi(2), ¢ €€, 0 < <, )
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g=1...,m.

¢ obmacreio ompenenenns D(A). Ilpm stom {¢;(z;),0 < z; < 7} - HAOOp BeIIECTBEHHBIX
HEeNIPEPBIBHBIX (DYHKIMI, 0OOBIYHO HA3BIBAIOT NMOTEHIMAJAMHI, A -CIEKTPAJIbHBIA IapamMerp,
{fi(z;),0 < x; < T} - WIOTHOCTD pACIPE/IETCHNUs BHEIIHEH CUIIDL.

B nanHoii paboTe KOHCTPYKTUBHO cTpouTest byukius ['puna agaun (1), (2) ¢ yeaoBusMu
Jupuxiie B IPAaHNYHBIX BEPIINHAX

yi(0) = ... = ym(0) = 0. (3)

3.2 INToctpoenmne pyukiuu I'puHa 3amaum dupuxie

B macrosinem MyHKTe M3ydaercsi BOIPOC O cyliecTBoBanun GyHkiuu ['puna i 3a1a4m
Hupuxiie
—u"(z) + q(z)u(z) = Mu(x) + F(z), 0<z<m,
u(0) = 0,u(m) = 0.

—~

)
5)

—~

[Mox, dyukmnumeit ['pura Mbl IOHEMaeM MATPUYHYIO (DYHKIUIO JIBYX mepeMeHHbIX G (T, t, A),
npu Kaxkjoii F'(-) HenpepbiBHOit Ha rpade I u 3a1annyo GopmyIioii

W(FA) = / G(7,t, ) E(#)dt.
Jlemma 1 Pewenue 3adavwu (4), (5) moorcem 6vimo npedcmasaero 6 eude

s

w(w, ) = / 80(t’;\()z”)fx’)\)ﬁ(t)dt+ / st M)so(@, N gy gy (6)

) D(t, A)

ede D(t,\) = —sL(t,\)so(t, ) + sx(t, \)s((t, A) w dynruuis so(xz, A) u sp(x, \) asasomes
AUHETIHO HE3ABUCUMBIMU PEWEHUAMU 00HOPOOHOT 3adavu Kowu

x

—sp(z) + q(z)so(x) = Asp(x), O0<z<m s0(0,\)=0,5,(0,\) =1,
—s0(z) + q(x)sp(2) = Asp(x), O<z<m, s;(mA) =05 (m N =1.

Proof. [Tokaxkewm, ato npasas dacTb Beipaxkenus (6) apisgercs pernenneM 3azgadu (4), (5).
CHavasa BBIMUCIAM [IEPBYIO TPOU3BOIHYO

W (2, \) = / SO(t};\S:;;f’A)ﬁ(t)dt+ / S”(t’l;():é;f”ﬁ(t)dm
so(x,)\)si(x,)\) - So(z, \)sp(x, ) =
DI A T VI
OTCIO/Ia CJIETyeT
W (a,\) = / So(t’l;\g:;;;’)\)ﬁ(t)dwr / S”“g‘g:%f;’)\)ﬁ(t)dt.
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Tenepb BBIYUC/IUM BTOPYIO TTPOU3BOIHYIO

xT

o (2, A) = / 0b Ve ) gy gy / olb M6 A) g 1) gy

D(t,\) D(t, \)
So(z, A\)si(x, ) = so(z, A\)si(x, ) =
Dz L@y @
W (2, \) = / So(t};\()zg)\;c’)\)ﬁ(t)dtjt / S”“’;()zg(;“’k)ﬁ(t)dt—ﬁ(x).

Tak kak sj(x,A\) = (q(z) — N)so(x,N), s2(z,\) = (¢(x) — N)sx(z, ), Torma ¢ yuerom (6),
TOJLY IMM

x ™

u"(z, ) =(q(z) —A)( / solt, MS“A(“"’ N Fydt + / G A)SOA(“"’ Mﬁ(t)dt)—

— F(x) = (alz) = Nu(z,\) = F(),

OTCIO/A CaleslyeT cooTHomenue (4).

Temepb mpoBepUM BBIMIOJIHEHIE TPAHUIHbBIX yeaosuii (5). 3uadenne x© = () m0JCTaBIsAsT B

(6), mosryanm

(0, \) = / S”(t’l)/\(f())\()(]’»ﬁ(t)dtzo,

Tak Kak So(0,\) = 0. Bnavenne x = 7w nozacrasisas B (6), moydum

™

u(m, \) = / 50(’5’3();”;; N Byt = o,

0

Tak Kak s;(m,\) = 0. Jlemma 1 gokazana. 3 Jlemmbr 1 ciieyer cieyroras Teopema.

TeopeMa 1 (_Dymcwm FpUH(J, 3adavu ﬂupugme (4), (5) umeem npedcmas./LeHue
SO(ta )\)Sﬂ-<l', )‘)

for 0<t<ua,

S P D(t, \)
OEENZY et V@)
D(t, ) "
2de D(t,\) = —sl.(t, N)so(t, A) + s (t, N)s((t, A), so(z, A) u sx(z, A) us Jlemmus 1.

Orcrona cieayer

D(t,\) =

Sﬂ‘(t7 )\> SO(tv A)‘

A(6A) st )|
d

CirenoBaresbHo %D(t) = 0. Torna

D(t,\) = D(0,\) =

(8’1) 80(8’1)' — 52(0,2) = —so(m, A).
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3.3 ®yukuusa I'puna 3amaun (1), (2), (3)

B nmamxoM mynKTe BRIumcamM pemnenue Y (1), y2(z2), ... Um(Tm),0 < z; < m,j=1,...,m
samaan (1), (2), (3) mra moboit mpasoit actu fi(z1), fa(z2),. .., fm(Tm) ypasuenns (2).

CrHavasa pacCMOTPUM YACTHBIH ciaydail, korga fi(z1) # 0 m fo(ze) = -+ =
fm(zm) = 0. Tlo mabopy dbyuxuumit fi(x1), fa(x2) = 0,..., fi(2,) = 0 HaxOAUM pernenue
y1(21), y2(x2), - - -, Ym (). lycrs e;— j-as myra rpada § . Ha myrax e; BBomuM yHKImit
S0j (5, A), Sox(Zj, A), KOTOpbIE SIBJISIIOTCS JIMHEHHO HE3aBUCHMBIMU DEIICHUSIMU OIHOPOIHO
3a0a4n Ko

=y (7)) + q;()y; (25) = Ay (),
50;(0) = 0, 50,.(0) = 1,
Spi(m) =0, 8,.(m) =1.

)

Beogum perenne 3amaun (1), (2), (3) B Buge

yQ(ZE27 /\) = 31301 (7'(', )\)SOQ(ZL’Q, )\) P Som(’ﬂ', /\)7

Y (Zms A) = Brsor (1, N)so2(m, A) - Som (Zms A), (7)
e ey (1. N)son (1. 0)
Z1 S01 t,)\ Sxl .Tl,)\ . Sl t,>\ So1 $1,>\
K +0f Di(t, A) Ji(t)dt ‘i‘a{ Di(t,A) fi(t)dt,

rae Di(t, ) = sy (t, N)sai(t,A) — shy(t, N)sor(t, A). Ilokaxem, gro dbyHkumii 3ajaHHbEe
cucremoil (7) yJOBJIETBOPSIOT ypaBHEHUAM (2), FPAHIIHBIM yCJIOBUAM (3) U YCJIOBHIAM

o) = (o). F=2..m, (®)
CHavasa TPOBEPUM BBINOJHEHNS TPaHUYHBIX ycjoBuit  (3). Smadenus x; = 0,29 =
0,...,2, = 0 nogcrasmss B (7), moaydnm

(

Y2(0, ) = Byso1(m, A)spa(m, ) . .. Som(m, A) =0,

ym<07 )\) = 31501(7?, )\)802(71', )\) R ng(o, )\) = O,
T Sr1 (ta )\)801 (07 )\)

yl((), )\) = 31801(0, )\)802(7'(, )\) e Som(o, )\) -+ f f1<t)dt = O,
\ 0 Dl (t, )\)
Tak Kak So2(0,A) = 0, S0, (0, A\) =0 m $01(0,\) = 0.
Teneps npoBepuM BbiOJIHEHHsT yesioBust (8). SHAYCHUS X1 = T, Ty = T, ..., Ty = T
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noscrasists B (7), momydnm

Yo (m, A) = Byso1(m, N)so2(m, A) . .. Som(m, A),

Ym (7, N) = Byso1(m, N)so2(m, A) ... Som (T, A), (9)
y1(m, A) = Biso1(m, N)so2(m, ) . .. Som (7, A)+

} sm(tb);)(?;()ﬂ, )\) 1 (t)dt — 31501(% )\)502(77, )\) - SOm(T(', )\),
\ 0 ’

TakK Kak Sq1(m, A) = 0. Orcioga ciemyer coorromenne (8).

Teneps TpOBEpUM  BBITIOJTHEHUS  yPABHEHUsI (2). Crauyasa BBIYHCIUM IEPBYIO
IPOU3BOHY0 Bhipaykenusi (7).

;

yé(.TQ, )\) = 31801(71', )\)862(1'2, )\) e Som(’ﬂ', )\),

Yo (Tmy A) = B1so1(m, N)so2(m, A) ... 80, (T A),

Y1 (1, A) = Byshy (21, A)sea(m, A) . .. Som (T, )\)

2 so1(t, A) sty (1, A) Sr1(t, A)sgy (1, A)

T t t)dt.
[ e [ S

\ 0 T1

Tenepb BBIYUCIUM BTOPYIO MPOU3BOJIHYIO Bbipaxkenus (7).

[ Yy (w2, N) = Bysor(m, N)sga(w2, ) ... Som (T, A),
Ym (Tmy A) = B1so1(m, N)soa(m, A) ... 80, (Tm, A),
Y@ A) = Busth (21, Nsoa(m, A) - som(m, A) + [ SLEAI @A) g
(t, Vst (1, 3) sl
sr1(t, A)so (21, so1(x1, A)shy (21,
xfl Dyt ) fi(t)dt + Dt ) fi(@y)—
B Sﬂ(x11771)(\2201/\(;€17 Y fi(z1) = Buisgy (21, A)so2(m, A) - .- Som (7, A)+
fomtt Do) g 4 2 VI )1

Tax kak sq;(25, A) = (q;(2;) = A)soj(;, A), 575 (x5, A) = (g5 () = A)sxj(xj, A),  j=1,....m,

Becrauk KasHY. Cepusi maremaruka, mexanuka Ne1(97)2018



74 Kanryxun B.E.

TOrIIa,

yg(l’g, )\) = ((JQ(I'Q) — /\)B1501(7T, )\)SOQ(IQ, )\) Ce Som(’ﬂ', /\) =
= (g2(72) = A)ya(@2, A),

Y (Zmy A) = (qm(Tm) — N)B1so1 (7, A)se2(m, A) .« . Som (T, A) =
= (gm(@m) = N)ym(@m, A),
y! (1, N) = (q1(z1) — X) B1So1(m, A)soa(m, A) . .. Som (7, \)+

Harlen) =N [T ol ey

n Srx1 (t, )\)501 (.Tl, )\)
I by ! l(t)dt] B

—fi(z1) = (qu(21) = MNya (21, A) = fi(2).

\

Otcioza ciaeyer coorHorenue (2).

Teopema 2 FEcau fi(x1) # 0 u fo(xe) =0,..., fr(2m) = 0, mo pewenue 3adavu Jupuzse
(1), (2), (3) moorcem 6vimob 3anucaro 6 6ude

( ~so1(@1, A)soa (T, A) - Som (T, A) Toso1(E A)spi (w1, A)
y1($1, >\) = — A(}\) ‘([ D1<t )\) fl(t)dt—i—
7r t )\ 87r1(l'1,)\) 87T1 t )\)801(271,)\)
{ DN fi(t dt+mf1 Dyt ) f1(t)dt,
. ( )SOQ(.TQ, )\) .. Som(’ﬂ', /\) n SOl(t, /\)Sﬂl (1’1, )\)
y2($27 )\> - A()\) ; D1<t,)\) fl(t)dt7
C Sor(m N)soa (1, A) < Som (@ A) T 501 (s ) (101, A)

\
2de A()\) = Z;nzl S01 (7T, )\) c. Sojfl(ﬂ', )\)Si)j<7T, )\>50j+1 (71', )\) c. 80m<7T, )\)
Proof. Cornacto coornomenusiv (7), Bropoe coorHomenue yciosuu (1) mpumer ciie tyonmii

BUI,

Z 501(, A) -+ 80517, \)s; (T, A) - .- Som (T, A) = — 218: ;ifl(t)dt. (10)

0

PaccmoTpnM cokpalieHHyIo cucTeMmy

Yo (9, A) = Bysor(m, N)soa(T2, A) . .. Som (7, A),

TFS()lt)\ .
{th (t)dt = (11)

= Bl z;rlzl 801(71', )\) e Soj_l(’ﬂ', )\)S6j(ﬂ', /\) e Som(’ﬂ', )\)
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Orcroza cieyer
501(7, ) sp2 (2, - Som/ (T, A) LA
Yo (@2, ) = — (T, ) OQ(AQ(A 0 / )dt.
0
AnasormaabiM criocobom u3 ypasuenus (10) u (7) mosyuum
Sgl(ﬂ', /\)802(71', /\) e Som(l'm, /\) r S01 (t, )\)
(T, A) = — t)dt.
0
PaceMOTpuM COKPAIIEHHYIO CUCTEMY
yl(arl, )\) = Blsol(xl, )\)802(71', )\) .. Som(’/T )\)
“ 801(75,)\)3771(3717)\) sx1(t, N)sor (21, A)
t)dt + t)dt,
of <t A [ ) (12)
801 t )\
BiA(N) = t)dt.
! f D (t, )\
BanuiiemM cucTeMy pelneHuii B Buie
( So1(x1, N)So2(m, A) ... Som(m, A) T s01(t, A)
== by MO
j«l s01(t, A)sr1(w1, A) T 5p1(t, A)sor (21, A)

L R TSY fi(t)at +xf1 ™ xRy fi(t)dt,
< y2($2, )\) _ _501(77'7 )\)SOQ(SL’Q, )\) . SOm(Tr, )\> f 501(? ;;

(13)

t)dt,
A I iy
801(7T, /\)802(71', /\) Ce Som(l‘m, /\) 7r S01 (t, /\)
| oo NP ! e n ™
Orcrona caemayer, 9To JJjisi IIPOU3BOJILHOTO fi U A fo = f3 = ... fi, = 0 pemenne 3a1a9u

(1), (2), (3) 3amaerca dopmymoit (13).

Teopema 3 Jlas npouszeoavuvir  fi(x1), ..., fm(Tm) Pynxyus puna 3adavu  Jupuzae

(1), (2) u (3) umeem npedcmasaenue

So1(1, A)So2(m, A) . .. Som (T, A)
1 So1(m, A)So2(xa, A) . .. Som(m, A)
AQY z )
So1(m, A)so2(m, A) . . Som (Tm, A)
So1(t, \) Som (t, A)
Di(t,\)"" 7 Dy(t, M)

+diag {GDl(xlv t, /\)7 GD?('IQa t /\)7 SR GDm(x’ﬂw l )‘)} )

G%(fata )‘) = =
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30decw
05 (t: )i (25, ) when 0<t<uz;
Gps(astN) =4 i) )
i\ b 5wt Nso (25, 0) o e =1
D;(t. ) S

Proof. Coornomenue (13) samminemM B MATPHIHOM BHJIE

g2, N) [ sor(@r, Nsoa(m, M) - sp (T, A)
N (1) 1 So (7?,)\)802(332,)\) . .Som(’/T, )\)
Vi(X)=| ¥ (mM) - / L | y
y%) (fﬂm, )\) 0 So1 (7T, )\)502 (7T, )\) . Som(l'm, )\)
- GDl(Jfl,t, )\)
801(t,)\) / 0
° 0

ecin fo(xo) = ... f(xm) = 0. )

TIpoBO/s AHATOIHUHbIE PACCY K IeHHs BhraucauM pemmenne Ya(X) samaun (1), (2), (3)

JUUISE TPOU3BOJIBHOTO fo # O u st fi = fs3=... fr=0
y§2) (le’ )\) - S01 (161, )\)802(7'(, )\) e Som(’ﬂ', )\)
Lo (2) So1(m, A)So2(xa, A) ... Som (T, A)
_ Yy (‘r% /\) _ 1 / 01\’ 02\+2, ’
Y2(X) . AV : x
y,(ﬁ) (Tm, A) ’ so1(m, A)so2(m, A) - .. Som (Tm, A)
_ 0
502 (t, )\) / GDZ (1727 t, /\)
t)dt t)dt
XDQ(t,)\)fZ(> + f1<)
‘ 0
U T.J. PeleHue ?m()? ) JUtst TPOU3BOJILHOTO [, ZOu st f1 = fo= ... fno1 =0
ygm) (1;17 )\) - So1 (1’1, )\)802 (’/T, )\) e Som(ﬂ', )\)
}7 ()?) _ yém) (x27 /\) _ 1 / So1 (71', )\)802(.1'2, )\) C Som(ﬂ', )\) y
m A(N) :
Y (s ) O so1(m, N)soz(7, ) - - Som (T, A)
_ 0
Sﬂm(ta )‘) / 0
—f.(t)dt m (t)dt.
S 1)t + 5 )
0 GDm(xma t? )‘)
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Torma jyist npou3BOIbHBIX f1(21), ..., fm () pemenne 3amaun (1), (2), (3) Mmoxer 6bITH
[IPEJICTABIICHA B BH/IE

V(X) = Vi(X) + Va(X) 4+ Y, (X) =

- 801(1‘17/\)802(71'7 /\) .. .S[)m(ﬂ', )\)
1 / So1 (7T, )\)SOQ(QTQ, )\) R Som(’iT, )\)

(A)

0

X
S01 (71', )\)502(71', )\) . Som(x'm, )\)

Som(t, )\)

mfl(t) - mfm(t) dt+

+/diag {Gpi(w1,t, M), Gpa(xa,t, N), ..., G (T, t, A) } - dt.
0

TeopeMa JOKa3aHa.

CaencrBue 1 Qynryus 'puna 3adavwu Jupuzae (1), (2), (3) umeem npedcmasaenue

Gg(l‘l, To, ... ,I‘m,tl,tz, e ,tm, )\) = diag{GD1<I1, tl, )\), ey GDm(xm,tm, )\)}—i-
s01(21,A)

+301(7T: A)soa(m, A) -+ Som (T, A) 301(:#’)\) so1(t1, A) Som (tm, A)

A(N) so1(m,A)7 7 Som(m, A)

SOm (mm:)‘)
SOm(ﬂ':)‘)

31ech Sqj(2;, \) JIHHEHHO HE3aBUCHMBIE PEIICHUST OHOPOIHOIO yPABHEHNUS
—y;(x)) + q;(@)y;(z;) = Ay; (), x;€(o,m),  j=Im (14)
c ycinopuaymu Kommm npu 2; =0n x; =7
s0;(0,\) =0, 50;(0,A) = 1, (15)
Spi(m,A) =0, spi(mA) = 1. (16)

3amMeTuM, 4TO

A(N) = % (so1(t, A) -+ Som(t, A)) Je=r -

3.4 BrruetHoe passoxkeHue B pan @ypee dyHknuu I'puna 3amaunm Jdupuxiie

B nacrosieM myHKTe n3ydaercs BoIpoc o pasiaozkernu B psag Pypoe dyukunu ['puna 3a1aqu
(1), (2), (3) mo cobeTBeHHBIM (DYHKIHSAM COOTBETCTBYIOMIEH CIIEKTPATIHHON 3a/1ax .

Teopema 4 (Hatmapx, 1969:90) Besakas — dynrkuus u3 — obaacmu — onpedeserus
camoconpasicernnozo duddepernyuanvrozo onepamopa padsazaemcsa 6 pad DPypve no
cobCMBEHHBIM PYHKUUAM IMO20 ONEPAMOPA.

Becrauk KasHY. Cepusi maremaruka, mexanuka Ne1(97)2018



78 Kanryxun B.E.

JlokaxkeM CJIeIy IOl ITPOMEXKYTOIHBIN Pe3y/IbTar.

Jlemma 2 Onepamop, coomsemcmeyrowud kpaesot sadave (1), (2), (3) asasemca
camoconpasicernoim, m.e. gynkyus I'puna Gg(Z,t,\) ecmov cummempusupyemoe 70po 6
npocmpancmee La()

Gg(l’l,l‘g, ce 7]7m,t17t2, ce ,tm, )\) = Gg\;(tl,tg, ce ,tm7l‘1,l'2, vy Ty /\) (17)

Proof. IIpeo6pasyem dyukmmio I'puna 3agaun (1), (2), (3) B mpejcraBieHnn U3 cJieCTBUS
1 cremyrormm obpazom

Ga(T1, T2, .o T,y toy ooty A) = diag{Gp1(z1,t1, ), ..., Gpm (T, tny A) }F
801($17 >\)802(7T7 >\) T 50m<77—7 )\)

so1(t1, M) Som (tm, A)
sor(m,A) 7 som(m, A)

A(/\) So1 (7_‘_7 )\)302(7T7 )\> e som(l'm, )\)

Orcrona nMmeeM
Gg(xlv T2y oy T, tl? t27 s 7tm7 >\) = diag{GDl(xlv tla )\)7 s 7GDm(xm7 25m7 A)}—i_

s01(t1,\)

s01(m,\)
1
+— : [s01 (21, A)So2(m, A) -+ Som (7T, A)y .oy So1 (7, A)Se2 (7, A) -+ - Som (T, A)] -
A()\) Som(tm,)\)
Som (m,\)

Paccmorpum sstementsl MaTpuibl G ¢ nomepoM (k, j)

Sok (te, \)
Sor(m, A)

W CDABHHUM €ro ¢ 37eMeHToM MaTpuilbl Gg ¢ HomepoMm (k, 7)

801(71', )\) te Sojfl(’ﬂ', )\)30j<xj7 )\)SOjJrl (7'(', )\) te Som(ﬂ', )\) (18)

s05(t, \)

S0, (T ) (19)

$01(7, A) -+ = Sok—1(7, A) ok (T, A) Sor1 (7, A) -+ - Som (T, A)
Eciu B Boipazkennn (18) mepeMeHHyIO ), 3aMEHUTD Ha Ty U IEPEMEHHYIO T; 3aMEHUTH Ha 1,
To BhIpazkenue (18) coBmasaer co sHadenneMm (19). Takum o6pazom goKa3aHO, UTO

Gg(Il,SL’Q, e ,Im,tl,tg, . ,tm,)\> = Gg(tl,tg, e ,tm,II,IQ, e ,xm,)\).

JleMMa, mokazaHa.

Takum  obpasom, ecau byskius [puna  Gg(Z, £, A) dABJsSIETCST  SPMUTOBBIM  (T.e.
CUMMETPU3UPYEMBIM) SIIDOM, TO Ha OCHOBauuu Teopembl ['mibbepra-IlIvuara u3 Teopun
uaTerpasibubix ypasuenuu (Ilerposckuii, 1948) nponsBosibHY0 (DYHKIMIO MOKHO PA3JIOKUTh
B DABHOMEPHO CXOJISIIIAICS Psijt 10 cobcTBeHHBIM (DyHKIMAM siipa G (T, £, A).

[ycrb 1 (x) = ... = gm(z) = q(2),0 < z < 7. Torma s,1(z, A) = ... = sa1(x, A) = sa(x, \)
mpu 0 < a < m uMeeMm

s0(t s (@A) fo g < g
GD,'(JJ',t',)\): s (£ \)s :p-;SO(“’)‘) J.— Jo
JATI I % f0r$j<tj, Jj=1...,m,
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rie
A(N) = % (s01(, A)™ = msm =L (1, \)sh (1, ). (20)

[Tokaxkem, uro dynkmusa ['pumna samaun (1), (2), (3) aBiseTcs caMOCOUPSIZKEHHOT.
Torya dynknua ['puna paccMaTpuBaeMoil 3ajja4u UMeeT TPEJICTABICHUE

Gg(ﬂfl,ﬂfg,...,xm,tl,tg,---,tm,/\) :diag{GDl(xbtla)\) GDm(xmv ms )}+ (21)

A
1 30<x1a )

+ms’ T, \)So(m : [s0(t1, A), - - S0(tm, N)] -
o(m, A)so(m, A) solm )

[Iyctb A\ siBiistercs mysiem yHKIuu So(m, A) kparHoctu kg, TO eCTb

dko—l dko
80(71', )\0) = d)\ko 1 (71', )\0) = 0, KISOS()(TF, )\0) 7é 0.
fAcno, Tro sy(m, Ag) # 0.
Boeranciimm Beraer MaTpuIibi
resy,Gs(Z,t, \) = resy,diag {Gpi(x1,t1, ), . .., Gpm (T, t, A} + (22)
1 1 80(1’17 )\)
+— : ti, A,y So(tm, A)].
T€S ) ’(71‘ /\)So(ﬁ )\) : [80< 1 ) 80( )]
S0(Tpm, A)
Hng  Berauciaenust Bbraera Marpuilbl Go(1, T, ..., Ty, t1,ta, ... tmy A) B TOUKe Ao
npuMeHnsieM (hopMyJTy
1 dro—1 % -
T68A0G$<x17 x27 e 73:77’1,7 t]_? t27 e 7tm7 )\> m )\11{1)\ d}\k‘O 1 |:<)\ — )\0) OG%(I‘, t, )\):| .
Takum obpazom, Hajgo BeaucauTb (kg — 1)-brii kosbdurnment Teiinopa dyHKIwit
(A — Xo)"Gg(Z,t,\) mpu pasmoxennm:m eé B OKpecTHOCTH TOukm A = NAg. C yderom
bopmyssr npencraptenns  (21) marpurpl Go(7,,\) | JUIsl HAXOMKIEHHS BBIYTa MATPHILBI
resy, Gs(, t, A) B TOURe A = )\0 cHadajla HaM H606X0,ZLI/IMO BBIYUCJIUTL BBIYETDI
So(tj,/\)S()(I], (tj,/\)sw(zj,)\)

resxGpj(Tj,tj, A) mresy, T . Baecn resy,Gp;(z;,t;, \) = npu t; < x;.

m,A)s0(m,\) —so(m,\)
C yuerom dopmynbl  (22) masg MaTPUIBL Gg(ﬂ?,t,)\), HAXOJUM CHadaja KodpOUIIeHT
ko 50(tj,A\)sx(x5,A)
—so(m,\)
TOYKH A = g upu t; < x;. IlosTomy pasiokuMm Kaxk1ylo (QYHKIHMIO IpousBejenus (A —

so(tj,\)sr(xi,A
)\O)k0 of J_So)(ﬂ-,(,\)] )

Teitnopa tponsseernst byHKIHA (A — \o) [IPU PA3JIOKEHNN €€ B OKPECTHOCTHU

B psJ Teilyiopa B OKpecTHOCTH TOUYKU A = Ao 11pu t; < @

1 dSO(tj, )\0)

1 dkSO(t]‘, )\0)
1 dAa

ARy (A=2Xo)"+... (23)

80<tj, /\) = So(tj, )\0) + ()\ — )\0) +
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u
1 dé%—(ﬂ?j,)\o) 1 d Sﬂ'(xjv)\o) k
Tak KaK g siBisiercst HyseM DYHKIWU So(7m, A) KparHocTH ko, MMeeM
CE L B 1
So(mA) B (A [, + (k0+1),dc§“;0*j1 50(T, M) aerg + - - -
1 dro 1 ot !
= (k—o!mso(ﬂ,)\)’)\:)\o + (k’ n 1)' d)\ko-i-l (71' )\)|)\ X T - > =
-1
1 (0) :
= 1 -+ C;: ()\ — )\0)]> s
ror e 50(m, ) a=x, < ]Zl ’
rJe

1 dko+1
A0 — Tho+1)1 dxFoF1 50 (7, M) x=xo

’ kt! dd)\’?() So(7, A) [ a=xo

[pumensist uzsectryto dbopmyrty cymmbl (1+z)™' =1 —x+2%— 23+ ... 14 nocnenuero
BbIPazKeHU MOy YUM

A— )k
(A—2)* _ - <1+Oz(°)(A—A0)+a§0)(/\—A0)2+...),
so(m, A) ]g_o!d)\_kOSO(ﬂ—7 M) r=x0
2
e ol =~ 0 =~ + (&) wnn
Takum obpazom, mosryduan pasjoxkenne B psi Teitiopa dyHKIIHT
A — \o)F
( 0) :Bo—i-ﬁl()\—)\0)4-52()\—)\0)2—1-..., (25)
80(7’(’, )\)

rae '
1 di (A= Ag)ko
Y AR |/\—/\o

bi = GUdN | so(m, N)
TOI‘,ZL& HaXO/IUM BbIYET IIPOU3BEIACHUA

(252

1
-
(ko — 1)l A5% dAGo—D —so(m, )

[Moxcrasisst B mocenHee BuipaykeHue (opMmysibl paszjiokenus: (23), (24), (25) u mocie
HECJIOZKHBIX BBIUUC/ICHUU, TIOJIYIUM

ko= {(A = Xo)*0so (L, N s (@, A)] .

ko—1 ;
so(tj, A)sx(xj, A)\ _ 1 dn
( —so(m N ) ;Tﬂd_m (@5 D hmsox (26)
]CO 1— 7,1 kO 1 i1—io )
1 d» L d# [(A—Xo)* .
)\ — —_— - _ A_)\ 7,3‘
X Z /1/2'dA1,2 R )|>\—)\0 ;} Z.3!d)\7’3 |: 30(71', A) |>\—>\0( 0)
i9=0 Ga=
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Tenepb 3alluieM BbIpa2KC€HHE Jid BbI€Ta

e (e ) = o

1 1 . dko—1) |:()\ — Ao)kOSQ(tr, )\)So(l'p, )\):| .

SR S
m (ko — 1)l Ao dA(Ro=1) sh (7, N)so(m, \)
ko 1 ko—1—i1

1 dn 1 d2
- Z 7/ ‘d)\ll )\>|/\:/\0 Z Ed}\m SO(tr, )\)‘)\:)\OX

i19=0

ko—1—i1—19 . ko—1—i1—isg )
1 d* 1 1 d ()\ . )\O)ko '
> i s | - PV “ao(A = Ao

§ izl d\® LE)(W,A)} = Z ig! N4 { so(m, \) = 0)

i3=0 4=0

Torna HOJIY YUM dopmy.ry BLIYHMC/ICHUS BBIYETA MATPUIBI
Ga(w1, 29, .o Ty, t1, Lo, oo T, A) B TOUKE A = Ao

resxGs(T1,Ta, oy Tmyt1 oy o b, A) = (28)

ko—1 ko—1—i1

1 d“ 1 diz
_leld)\zl )\)|A=Ao Z Emso(tﬁ)‘ﬂ)\:)\ox

11=0 i9=0

ko—1—i1—ig :
1 d® [(A= Ao)* .
— a0 (A —X)®
X SZ::O il dis [So(?ﬂ)\) A= ( 0)°+

LN S d®o=D (X = No)*osg(t,, N)so(xp, \) N
m (ko — 1)! x5x0 dA(ko—1) so(m, A)so(m, N)
k() 1 ko—1—11
1 dn 1 d»
— Z i s0(Tp Nharo D = PR S0(try A)|a=ro X
i2=0
ko—l—i1—i2 ; ko 1—i1—12 ;
1 ds 1 1 dis [(XA— Ao .
e —— | = — Cao (A= o).
. Z 3! d\is [56(77, /\)} =0 Z iq! dXis [ so(m, \) b= = 2o)

3=0 4=0

B ciyuae kg = 1 npusesennas dpopmya cranosaTcs 1npoctoil. K npumepy, npu t; < x;
nmMeeM

so(t1, Ao)sx(x1, o) S0(tms A0) S (Zm, Ao)

resy,Gs(Z,t, \) = diag{ ey HH
0 —&So(ﬂ, )\0) —d;;l\OS()(ﬂ', )\0)

1 1 50($1, )\0)

— [So(tl,/\()),...780(tm,)\0)] .

ms o)=L s A

o AT | (0,0, 20
S0 (x 1, /\o)
Brech GyHKIMIT : Ha30BeM OCHOBHBIMHU (DYHKIIUSIME, COOTBETCTBYIOIINE

S0 (a:m? AO)

cOOCTBEHHDBIM 3HaUeHUAM \g. OcHOBHBIE (DYHKINIT He ABJISIOTCH COOCTBEHHBIMU (DYHKITUSIMHU,
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TaK Kak JijIs HUX HapylaeTcs BTopoe cootHomenue yeaosun (1). eficrBurensro, sy(m, Ag) +
oo Fsp(m, Ao) # 0.

o sroro mbr paccmarpuBasu Hyin byHKIm So(m, A). Temepb paccMOTpUM HOJIOCHI
bynxmun Gg (7,1, A). Hycrs A, aensercs mytem dbyakman sh(m, \) KparHoern ki, TO €CTh

/ dkl_l / dkl /
SO(’/T, )\1) =...= WSO(T(’ )\1) = O, K]FSO(W, )\1) 7é 0.

Acno, uro so(m, Ag) # 0. Homoca bynximmn Gy (7, T, \) apisores myasyu byskman sp(m, \).

[Ipumensis  aHAJIOTMYHBIE — PACCY:KJEHUsl [P BBIYUCJIEHHNM  BbIYeTa  (QYHKIINM
Ga(z1, %2, .oy Ty ty,to, ooty A) B TOYKE  \g,  BBIUMCJUM  BbIUeT  (DYHKITHI
Ga(r1, %2, .oy Ty t1,to, oo sty A) B Touke Ap. g sroro npumensiem gopmysbl  (28).
OueBniHO, 9TO

resy diag{Gpi(x1,t1,A), ..., Gpm(Tm,tm,\)} = 0.

Ocraercst BBIYUCIUTH BBIYETHI B HYJIsAX yHKIMN So(7m, A)

1 80(9017 )\1)
T68A1G3<f,£)\) = a [So(tl,)\l),...,So(tm,)\l)] .
A1) 525! A
mso(m, M) so(m: Ar) 50(Tm, A1)
50($17 >\1)
3nech dyHKIII : ABJISIIOTCST COOCTBEHHBIMHU (DYHKITUSIMU, COOTBETCTBYIOIIIE
50($m7 )\1)

COOCTBEHHBIM 3HAYEHUAM Ap. [lelicTBUTE/IHHO, JIjIs HUX BBINOJHSIETCA BTOPOE COOTHOIIEHUE
yciouu (1).

CanemoBaresnibHo, 1o Teopemam 1 u 2 (Haiimapk, 1969:92) ciemyer pasioxkenne (yHKIUN
['puna

— —

Gs(Z, T\ Ga(Z, T\
G- Y IBGELY, S mGERY)

A0:50(m,A0)=0 A1:8((m,A1)=0

31ech epBoe CyMMHUPOBAHUE IPOM3BOIUTCA IO BCEM A, KOTOPBIE MOAIHHEHBI YCIOBHIO
So(m, Ag) = 0. AHAJIOPWYHBIN CMBICJI HMEET BTOpast CyMMaA.

Taxum obpazoM, crpaBeJIMBO CJIEJIYIONIee YTBEPXK ICHHUE.

Jlemma 3 Ecau ece cobcmeennvie sHnavwerus onepamopa N, nopooscdennozo ycaosusmu
Kupzxeopa (1) u kpaesvimu ycrosuamu (3), cymo npocmoie nyau dynruuu so(m, A)sq(m, A),
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mo daa pynryuu I'puna umeem mecmo padiodicerue

Gg(f,f} =
_ Z idiag{ so(t1, Ao)sx(x1, Ao) so(t m,)\o)Sw(ﬂﬁm,)\o)}_i_
A0:50(m,A0)=0 0 di 80(7'(' )\O) , 7 di SO(W /\0)
1 [ 50(1’17)\0) |
+ : [s0(t1, X0), -+, So(tm, Ao)] +
)\0380(77;\0):0 )\077186(77', AO)d;ijSO(ﬂ., AO) S0 (Q?m, )\0)
X [ so(z1, M) ]
+ : [so(t1; M) - v vy So(tm, A1) -
>\1286%;1) =0 Armso(T, Al)di o(m M) So(Tmy A1)

Teopema 5 ITycmo A onepamop, nopoosicdernuiti ycaosuamu Kupreopa (1) u kpaesvimu
yeaosuamu  (3), ece cobemeentvle 3HAMEHUA KOMOPO2O CYMb NPOCMbE NYAU GYHKUUY
so(m, N\)sh(m, N). Toeda ecaran eexmop-dynruyua F(X) us obaacmu onpedenerun Ly(S)
onepamopa N pasaazaemces 6 psad

F(¥) = (29
foﬂ fi(ty)so(ts, /\o)dt130(9€1, o)

1
- ¥ ~ :
! o) A
Ao:s0(m,A0)=0 SO(W’ O>d>‘0 So(ﬂ', 0) fO fm SO( m,)\o)dthQ(ﬁm, )\0)
eresni/ g
+ fi(t1)so(tr, Xo)dt+
/\O:SO%;\O)O ms{)(ﬂ,)\o)d So(m, Ao)
- 30(«1'1,)\0)
v fm<tm>30<tm,Ao>dtm] |
0 80($m7>\0)
1 [ /
+ fi(t1)so(ts, A\1)dt+
/\1156(71';\1)0 mSO(ﬂ', )\1)%56(71’, /\1) 0
- 50(3717)\1)
0 S()(x'mn A1)
50(331,)\0)
3decw : - OCHOBHDLE PyrryuL, COOMBEeMCmeyouue cobecmeerHbIM
So(xm,/\o)
SHAMENUAM Ao,  — e /\0)17080 o) Lo fi(t)so(t, Ao)dty + ...+ [o fn(tm)so(Em, No)dtm | —
KoappuyuerHmol Dypve PANOAHCEHUA no OCHOBHBIM pyrryuaM,
80($1;)\1)
coomsemcmeyrousue cobCcMBeHHHIM 3HAYEHUAM Ao, : —
SO(xrm A1)
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cobcmeennvie  GyrKyUL, coomeemcmeyloujue  CoBCMEENHLIM — 3HAMEHUAM i,
1 Uo fi(t1)so(t, \)dty + ...+ fo Jn(tm)So(tm,s A1) dtm } —  Koagpuyuermol

)\177’180(71' Al)—so A1)
Dypve PasodHCEHUA NO  COOCMBEHHBIM  DYHKUUAM, COOMBEMCMEYINOULUE  COOCTNEEHHBIM
BHAYEHUAM A1 .

HpI/IBe,ILeHHOG B TeopeMme 1 Pa3JIozKeHrne Mbl Ha30BE€M BbIYE€THLIM Pa3J/I0O2KCHUEM. O,ILH&KO
0OBIYHO HCIIOJIB3YETCA CIEKTpPaJIbHOE DPa3JIO2ZKEHHE, TO €CTb pPa3JIOZKEHHE II0 CcOOCTBEHHBIM
(l)yHKIlI/IHI\l. TTokazkeM Kak M3 BBIYIETHOI'O Pa3JIozKeHud II0JIYIUTH CIIEKTPaJIbHOE Pa3J/I02KCHUE.

3.5 CoekTpajsibHoe pazJjioxkeHue B psig Pypee pyukiuu 'puna 3agauu dupuxie

A1— cobcTBeHHOE [YmcI0 omepaTropa A, a Ag He sBjseTcs TaKOBbIM. Kak g IpeBpaTuTh B
cobcTBeHHOE UncIo oreparopa A?
CraygaJjia IoKaKeM, ITO

$:(0,Ag) = 0. (30)

Hawm msBectro uz (15) u (16), 1o s0(0, Ag) = 0 u so(m, A\g) = 0. D10 03HATAET, 9TO A = Ay
SIBJII€TCS COOCTBEHHBIM 3HavYeHneM 3ajaqn Jupuxie. 3agady Tupuxiie MOKHO TIOJYIUTH U
TaK S;(m,A) =0 u s,:(0,\) = 0 mra moboro A. Orcrona caeayer (30).

Paznoxkenue (29) mpepcraBuM B BHJIE CYMMBI

F(X) = F(X) + F(X), (31)
rjie
ﬁ1(X) = (32>
1 Jo Ja(t1)so(ts, )\o)dtlso(l‘ly o)
! d
Xo:s0(m,A0)=0 50 (71', /\0) dXo 50 (7]-7 /\0) f(] fm 80( ms Ao)dth()(l’m, )\0)

1
+ (t1)s0(t1, Xo)dty+
2 msy(m, Ao) g 50(7T, Ao) [/ flt)soltn, da)dts

)\0:80(71',)\0):0
0 So(xb AO)
+/ fm(tm)30<tm,)\0)dtm:| _
’ So(xma )\0)
pa3JIozKEeHUe 10 OCHOBHBIM (DYHKITUAM U
R0 = (33)
sl
+ fl t 50(t1, )\1)dt1—|—
>\1186(7T;\1)=0 mso (7]—7 /\1) d\ 7T )‘1
m So(xl, )\1)
+/ fm(tm)30<tm,/\1)dtm:| _
’ SO(xma )\1)
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pa3JI0yKeHUe 10 COOCTBEHHBIM (DYHKITUSM.

Teneps npeobpasyem (32) ciemyrormum 06pa3omM

ﬁl(X) =
—mso(z1, Ao) fﬂf (t1)s0(t1, Ao)dtq
B Z 1 —mso(z2, Ao) fo fa(t2)so(t2, Ao)dts N
Notst(rao)=0 o, mso(m, )\O)d;:l\oso(ﬂ, o) i} :
_mSO(xma /\0) fo fm(tm)SO(tmy /\O)dtm
1
+ X

Xo0:50(m,A0)=0 ms’o (7‘-7 )\0)%80 (7-‘-7 )\0)

Xo) (fy fr(tr)so(tr, Mo)dtr + [ falta)so(ta, Ao)dta + ...+ [ fon(tm) S0 (tms Xo)dtn,
o) (IOTr Ji(t1)so(t1, Ao)dty + f(;T fa(ta)so(ta, Ao)dta + ... + foﬁ Fn(tm) S0 (tmy Xo)dt

N—"——

80<C(Im, )\0) (foﬂ f1 (tl)S()(tl, Ao)dtl + foﬂ fg(tQ):Sg(tg, /\0)dt2 + ...+ fO fm 80( ms /\0)dt )

CxJ1a/ibIBast JiBe CyMMBI, TIOJTyIaeM

Fi(X) =
1
= X
Notsg (rho)— o, mso(, Xo) 7 ~50(T, Ao)
so(x1, o) [(1 fo fi(t1)so(te, Xo)dty +wa fa(ts (752,)\0)61752 + ...
y (.’13‘2, )\0 [f(] f1 tl So(tl, Ao)dtl —|— 1 — fO f2 tg, Ao)dtg —+ ...

$0(Tms Xo) [fy J1(tr)so(ts, )\o)dh + [y fa(t2)so(ta, Ao)dts + . ..
+f0 Fm(tm)S0(Em, Ao)diy ]
-+ f() fm SO( my)\O)dt }

fO fm 80( m,)\g)dt }
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[locnennee BbIpazkeHUe 3alMIleM B BHJIE
F(X) = s
1
- Z ’ d X
AO:SO(W7>\O):O mSO(ﬂ-7 )\O>d—>\080(7r7 )\0)

( (1 —m)so(x1, Ao)
80(5172, )\0)

/ " fult)soltr, Aot +
0
80<Im7 >\0)

80(331; /\0)

+ - m)s:O(x27 ) / fa(ta)so(ta, Ao)dtz + ... +
: 0

SQ(.Tm, )\0)

80(33'17 )‘0)

. sO(I?, Ao) / Jon(tm) S0 (tms Ao)dt o,
: 0

(1 —m)so(Zm, o)

ﬂﬂﬂ KpPaTKOCTHU BBOJAUM CJI€AYIOHIINE 00603HAYEHNIA

1 1 1
(1- T)SO So ) 3(2)
. 80 S (1 —m)sp - S0
€1 = , €2 = ) y Em = ; (35>
s sq" (1 —m)sy
1 __ 2 __ mo__
rie s5 = So(21, Ao), S5 = S0(T2, Ao), - -+, S5° = S0(Tm, Ao)-
Tak Kak
1 1 1
(1— 7271)50 o , sg
S5 (1—m)sg ... Sg
= ()’
sg" sg (1 —m)sy
0 0 DY 0
TO CHCTEMa BEKTOPOB €1,€3,. . .,Ep, ABJIAETCs JUuHeiHo 3aBucuMoil. Ho BeKTOpHI €7,65,. . .61

00pa3yioT JIMHEHHO He3aBUCUMYIO cucremy. JIerko I[poBepuTh, YTO BeKTOP-MYHKIMT
€1,€2,. . ,€m—1 ynosieTBopstor yciaoBusam (1) u (3). Orcioma ciemyer, 9YT0 OHH SBJISTIOTCSI
cobcTBeHHBIMY (DYHKIMsIME orepaTopa A. A BeKTOP-(DYHKIUSE,, BbIPAYKAETCA Yepe3 HUX

— —

—€m:€1+gg+...+€m_1,

158051
1 1 1 [ 3(1) ]
S S 1—m)s
_ 0 _ 0 + ( _ )5 +...+ : (36)
m . . 1—m)sm !
(1 —m)sg 50 So ( 582 0
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C yuerom (36), paznoxkenne (37) MOXKHO 3amucarh depe3 cOOCTBEHHBIE (DYHKITHI

—

Fl()?) - (37)

- 1 “
(m,X0)

ms(T, Ao)&so(ﬂ, Ao)

A0:80 =0
(1 —m)so(w1, Ao)
30(3:27)\0) 4 ™
Ao)dty — m\tm m,)\ dm
X : (/0 Ji(t1)so(t1, Ao)dty /O Fon(tm)S0(tm, Xo)dt >+
80<xm7>\0)
s0(21, Ao)

n (1= m)fo(xg’)\o) (/OW Falta)so(ta, Ao)dts — /DW fm(tm)so(tm,/\o)dtm) T

So(iﬁm, >\o)

30($1> )\o)

* | (1 = misntoms o </oﬂfm1“’””S“(t’"”“)dtm1_/owf’”<t’”>s°(tm’wtm>

So(l’m, /\0)

Takum obpaszoM, JJoKazaHa TeopeMa B KOTOPOU IPeJICTaBIEHO CIEKTPAJILHOE Pa3JIOyKeHIe
[IPOU3BOJILHON BeKTOP-PyHKINi n3 obactu onpejeienns audepeHuajabLHOr0 onepaTopa

3aJIaHHOTO0 Ha Tpade-3Be3/e ¢ yeaoBusaiMu Kupxroda Bo BHyTpeHHEH BEPIINHE U C YCIOBUIMEI
Jlupuxjie Ha BepmmHax rpada.

Teopema 6 I[Tycmv A onepamop, nopooswcdennviti yeaosuamu Kupzrzopa (1) u kpaesvimu
yeaosuamu  (3), 6ce cobemeennvie 3HAMEHUA KOTMOPO20 CYMb NPoCmvle MYl GYHKUUU

so(m, N)sh(m, \). Tozda ecaran sexmop-gynryua F(X) us obaacmu onpedenenua Ly(S)
onepamopa A pazaazaemes 6 pad no cobemsennvim Gynryusm onepamopa A

F(X) = (38)

- 1 “
(m,20)

-0 ms{)(?-‘-? AO)&SO(/]R >\0)

A0:80
(1 —m)so(x1, Ao)
so(2, o) T 4
)\ d - m\m ma)‘ dm
X . (/0 Ji(t1)so(t1, Ao)dty /0 S (tm)s0(tm, Ao)dt >+
80($m7>\0)
80($1,>\0)

n (1= m)io(xg’)\o) (/OW Falta)so(ta, Ao)dts — /DW fm(tm)so(tm,/\o)dtm) T

So(iﬁm, >\o)
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80<x17)\0)
+ s ([ fmestmsattnessddtns = [ b )sottn )it ) ¢+
0 0

(1 —m)so(Tm—1, Xo)
So(l’m, )\0)

+ Z ! /” Ji(t1)so(te, Adr)dt1+
LJ O

mso(m, A )% o(m, A1)

A1:5((m,A1)=0
. - 50(551, )\1)
+/ fm(tm)SO(tm,)\l)dtm :
0 ) So (xma )\1)
3decw
(1- m)so(:ﬂl, o) 30(931, )\0)
30(»’172, )\0) :
. ’ .7 (1 — m)so(xm,l, )\0)
SO(IW )\0) So(Im, >\0)
- cobemeenHvLe PyrrUu, coomsemcmeyouue cobCcmBeHHbHIM
3HAYEHUAM Ao, (fo f1(t1)so(t1, No)dt; — fo Jn(tm) S0 (tm, Ao)dtm )

(fo fn—1(tm—1)So(tm-1, No)dtm—_1 — fo Jn(tm)So(tm, Ao)dts, ) %03¢¢uuuenmm Dypove
PABNOACEHUA NO COOCTNEENHBIM HYHKUUAM, COOMBEMCMBYIOUUE COOCTNEEHHBIM 3HAMEHUAM

80(1'17)\1)

o, : —  cobemeennvie  Pynkuul,  coomeememeyouwue  CoBCMEEHHbIM
80($m7)\1)

SHAMEHUAM A1, L Uo fi(t1)so(ts, \)dty + .. —i—fo Jn(tm)So(tm, A1) dtm, }

mso(m, Al)dx sp(m,A1)
rxoappuyuernmovt Dypve passoAHCEHUA NO COOCMBEHHBIM OYHKUUAM, COOMBEMCMBYIOULUE
COOCMBEHHBIM 3HAYEHUAM .

4 PesynbTaThl u 006CyXK/IeHUE

B mamnoit pabore ucciemyercsa cucrema anddepeHnaIbHbIX yPpaBHEHIT BTOPOro MOPSIKa,
ABJISIONIENCT MOJEIbIO KOJIE0ATEIbHBIX CUCTEM CO CTEePXKHEeBO# KoHCTpykiueil. B mannoit
cratbe BbiBesieHa dyHKIMs ['puna 3amadan dupuxie mpis auddepeHnuaibHOro orneparopa
Ha 3Be3/1000pasHoM rpade. SHAUUTEIbHYIO TPYIHOCTD IIPEJACTaB/IsIeT IOCTPOeHHe (DYHKITIN
['puna ma reomerpudecknx rpadax mpu 3HAYEHUSAX HE3ABUCUMBIX MEPEMEHHBIX OJU3KUX K
BeplIIMHaM Fpacba. HaMI/I HCIIOJIb30BaHbl CTaHJapTHBIE YCJIOBUA CKJIEIKI BO BHYTPEHHUX
BeplMmHax © KpaeBble ycjiaoBus Jlupuxiyie B rpanudHbiX BepmuHax. IIpejraraercs
KOHCTPYKTHBHas cXeMa IocTpoeHus: (yHKiuu ['puHa KpaeBoil 3ajadu JJid ypaBHEHUS
[Mrypma-JInysuiins. JlokaspiBaeTcss caMOCOIPSKEHHOCTD i depeHInaaIbHOro omneparopa,
IIOPOZK/IEHHOI0 KpaeBoil 3amadeit g ypasHenns [lrypma-JInyBuins wHa rpade-3Bese.
A Tak:Ke TPOBOIMTCS CIIEKTPAJIbHBIN aHaIn3 AuddepeHnnaabHOro oneparopa Ha rpade.
YCTaHOBJIEHO CYIIECTBOBAHUE PA3JIOKEHUS BCAKON (YHKIUN U3 00JIACTU OIpeeIeHus
paccMmaTpuBaeMoro JinddepeHImaIbHOro oneparopa Ha rpade B psag Oypbe 110 cobCcTBEHHBIM
GYHKIUAM JaHHOW KpaeBOil 3a1a4u.
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5 3akJjroueHue

Ha mtockom rpade, cocrodinemM u3 HECKOJIbKHUX JIyI' ¢ OJHUM OOINUM KOHIIOM CTPOHUTCS
dyukius 'puna kpaepoit 3ajaun jjsd ypaHenusa [Iltypma-JInyBusis. 3ajgada dBjseTcs
MOJEIbI0 KOJeOaHUU IPOCTON CHCTEMbI M3 HECKOJBKUX CTEpP:KHEH € HPUMBIKAIOIIIM
koH1IoM. B pabore BoiBegena dopmyria dpyuknuu ['puna 3amaun dupuxiie g ypaBHEeHUS
BTOPOTO TOPsIKA Ha opueHTHpoBaHHOM rpade. JlokasbiBaeTcs CyIiecTBOBaHIE PA3/IOKEHUST
MIPOU3BOJILHON (DYHKIINU, 3aJJaHHOrO Ha rpade, mo coOCTBEeHHBIM (yHKIMAM. Borpock u3
CIEKTPAJIbHOIM Teopuu, Kak rocrpoenne dynkinuu ['puna um pasjoxKeHnue 10 COOCTBEHHBIM
byHKIUAM JUId  MOJiesieil U3 COeIMHEHHBIX CTepKHeil I0Ka elne MaJio U3ydeHbI.
CrekTpaJibiblit anaan3 guddepeHnnaabibIX OlIepaTopoB Ha TIeOMEeTPUUIecKuX Ipadax
SIBJISIETCST OCHOBHBIM MATEMATHIECKUM AIllapaToM IIPU PEIIeHUN COBPEMEHHBIX MTPo0JIeM
KBAaHTOBOU MEXaHUKU.

Baaromapraoctsb

Pabora BbINoOJIHEHA NIpU TOJJIEPYKKE TPAHTOBOIO (DUHAHCUPOBAHUS HAYIHO-TEXHUIECKIX
nporpamm u mpoektoB Kommrerom mayku MOH PK (mpoekr na temy «Koneunomepmbre
BO3MYyIIIeHNsT (DPEJINOIBMOBBIX OIIEPATOPOB U UX CIEKTPAIbHBIN anamu3y», 2018-2020 rr.).
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2-6eJ1iM Pazgen 2 Section 2

Mexanuka MexaHnuka Mechanics

IRSTI 27.31.21, 27.35.33

Modelling of drill string nonlinear dynamics with a drilling fluid flow

Askar K. Kudaibergenov, Al-Farabi Kazakh National University,
Almaty, Kazakhstan, +77016567555, E-mail: askarkud@gmail.com,
L.A. Khajiyeva, Al-Farabi Kazakh National University,
Almaty, Kazakhstan, +77072346500, E-mail: khadle@mail.ru

In this work the development of mathematical models of drill string dynamics under the influence
of internal drilling fluid flow, which is of great importance for ensuring fast, cost-effective and safe
process of oil and gas well drilling, is conducted. It is a reason for in-depth research of the drilling
fluid influence on the motion of drill strings. The modelling is complicated by consideration of ge-
ometric nonlinearity, rotation of the drill string and the effect of external force factors. Relations
of Novozhilov’s nonlinear theory of elasticity form the model framework. Ostrogradsky-Hamilton’s
variation principle is applied for derivation of the drill string governing equations. It is assumed
that the drilling fluid flow moves at constant speed. The obtained nonlinear mathematical models,
describing lateral vibrations of the drill string as a compressed rod, generalize well-known linear
models taking into account the effect of the drilling fluid. These models will enable to solve a wide
range of problems concerning the drilling equipment nonlinear dynamics on a qualitatively new
and mathematically valid level.

Key words: drill string, mathematical model, geometric nonlinearity, drilling fluid, lateral vibra-
tions.

2KyaTbIH CYNBIKTBIK, aFbIHbI €CellKe ajlyMeH OyprbLIay GaraHachl ChI3BIKTbI €MeC
OUHAMUKACBIH MOIEJIIEY
Kynaitbeprernos Ackap K., Osi-@apabu arbiagarsl Kazak yaTTeiK yHEBEPCHTETI, AJIMaTHI K.,
Kaszakcran Pecnybiukacer, +77016567555, E-mail: askarkud@gmail.com,
Xamxuesa JI.A., On-Papabu areiHgarsl Kazak yaTThIK yHUBEPCUTET], AJIMATHI K.,
Kazakcran Pecnybaukacer, +77012346500, E-mail: khadle@mail.ru

Ocbl  KYMBICTA  KyaTbIH CYHBIKTBIK 1IIKi aFbIHBIHBIH ~OCepiHeH Oyprbuiay — OaraHaCh
JIMTHAMUKACHIHBIH, MaTeMAaTUKAJIBIK MOJICJH 93ipJjey Kypriziiemi. 2KyaTblH CYyWBIKTBIK THIMI,
YHEM/II YKOHE Kayilciz MyHail yKoHe ra3 YHFbIMAJIAPBIH OYPFBLIAY VIEPICIH KaMTaMaChl3 eTy YIIiH
MaHBI3/Ibl POJI aTKAPaIbl. By Oyproiay OaraHaapBIHBIH KO3FAJIBICHIHA OYPFbLIAY €piTiHiCiHIH
BIKIIAJIbIHA OAMJIAHBICTBI TEPEH 3epTTeysiep Kyprisymi kaxker eremi. Momesaey reoMerpusiibik
CBI3BIKTBI €MECTIKTI €eCKepe OTBIPpYbI, Oyprbliay OaraHACBHIHBIH affHAJybl 2KOHE CBIPTKBI KYIII
daKTOPJIAPBIHBIH, 9cepiHeH KublHAaThLIaabl. B.B. HOBOXMIOBTBIH CBIZBIKTHI €MeC CEepIMILIK
TEOPUSICHl MATEMATHKAJIBIK, MOJICJJIH Heri3i KypacTbIpa/bl. Byprbuiay OaraHaChIHBIH KO3FAJIBIC
TeHeysiepin mbrapy yurie Ocrporpaickuii-I'aMuIbToH BapuausIbIK, TPUHITAI KOIAHBLIAIBI.
2KyarbiH CYHBIKTHIK, AFBIHBI TYPAKTHI KBLIIIAM/IBIKIIEH KO3FAJIa bl Jen yitrapbuiaabl. ChIFbUran
CBIDBIKTBIH, peTiHZie Oyprbuiay OaraHACHIHBIH KOJJIEHEeH TepOesicTep CHMATTANTHIH aJIbIHFAH
CBI3BIKTBI €MecC TeHJeyslep Oyprbliay epiTiHgici opekeTiH eckepe OTBIPHIN, OaraHACHI KOJIJIEHEH
TepbesticTep/TiH, 6eris ChI3BIKTHIK, MOJIEJIEPIH KIUHAKTAI KOpbITaabl. Oyap camasbl KaHa KOHE
MaTeMaTUKAJIBIK Heri3Jiejired jeHrefifge Oyprbuiay KaOMbIKTapbl CHI3BIKTHI €MeC JIUHAMUKACHI
eCenTeP/IiH KeH, KJIACCHI IIenTyre MyMKIH/IIK Oepe.

Tyitin ce3mep: Oyprouiay 6araHACHI, MATEMATUKAJIBIK, MOEb, T€OMETPHUSIIIBIK CHI3BIKTHI €MECTIK,
KOeJIJIeHeH TepbeicTep.
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MoaenupoBatue HeJIMHENHOW AUHAMUKN OyPUJIBHON KOJIOHHBI C Y4Y€TOM MOTOKA
HPOMBIBOYHOM >KUJKOCTH
Kynaitbeprenos Ackap K., Kazaxcknii HalmoHaJIbHBIN yHUBEpCUTET UM. ajib-Papabdu, r. AamarTsl,
Pecny6iuka Kasaxcran, +77016567555, E-mail: askarkud@gmail.com,
Xamxkuesa JI.A., Kazaxckuii HarmoHa/IbHBIN yHUBepcuTeT uM. ajab-Papabu, 1. AjiMmarsl,
Pecnybinka Kasaxcran, +77012346500, E-mail: khadle@mail.ru

B nmannoit pabore mpoBoauTcs pas3spaboTKa MATEeMATHIECKOW MOJEIN JIAHAMUKHU OypUIHHON
KOJIOHHBI [0/l BJIMSIHUEM BHYTPEHHErO IIOTOKA IIPOMBIBOYHOM JKUIKOCTH, KOTODBIf HIpaeT
OOJIBITIyI0 pOJIb B obecrmedeHun 3POEKTUBHOTO, IKOHOMUIHOTO U 0Ee30MacHOro IIPoIecca
OypeHusi He(MTSHBIX U Ta30BBbIX CKBaXKMH. IJTO ODYCJIABJIMBAET HEOOXOAUMOCTH IIPOBEIEHUS
ryOOKHMX MCCIEJOBAHUN 110 M3YyYEHWIO BJIMSHUS OypPOBOIO pacTBOpa Ha JIBUXKEHUE OypPUIbHBIX
KOJIOHH. MojeimpoBaHue OCJIOXKHSIETCsT YIeTOM T[eOMeTPUIECKONW HEeJIUHETHOCTH, BpalleHneM
OypW/IbHON KOJIOHHBI W JEHCTBHEM BHEIMHUX CHJIOBBIX (hakTopoB. OCHOBY MAaTeMaTHYIECKOH
MOJIEJTN COCTABJISIIOT COOTHOIIEHWSI HeJuHeiHoi tTeopun yupyroctu B.B. Hosoxxwmmosa. s
BBIBOJIa yDABHEHUH [IBM2KEHUsI OyPHUIbHOI KOJIOHHBI IIPUMEHSIETCsl BapUAIMOHHBIA TPUHITUI
Ocrporpajickoro-Lamuibrona. Ilpesmosaraercst, 9To MOTOK IPOMBIBOYHOMN YKUJIKOCTH JIBUYKETCS
C TIOCTOSIHHOW CKOpOCThIO. llosiyueHHBIE HeMHeHble ypaBHEHUsI, ONUCHIBAIONINE IIOIEPETHbIE
KoJyiebaHusi OYPUJIBHON KOJIOHHBI KaK CXKATOTO CTEPXKHsI, 0OOOIMAIOT M3BECTHBIE B JIUTEPATyDE
JINHENWHbIE MOJEIN IIOMEPEYHBIX KOJeOAHUI OypPHUIbHBIX KOJOHH C YIeTOM IeficTBhsi OypOBOroO
pacrBopa. OHEH MO3BOJIAAT peNiaTh IMIMPOKUN KJACC 3a/a9 HEJUHEHHOW IWHAMUKHA OYypOBOIO
060pyI0BaHUs Ha Ka4eCTBEHHO HOBOM M MaTeMaTUYeCKu 0OOCHOBAaHHOM yPOBHE.

KitoueBbie cjioBa: OypusibHasi KOJIOHHA, MATEMATHIECKas MOJEJIb, T[eOMeTPUIEeCKast
HEJINHEHHOCTh, ITPOMBIBOYHAS YKUIKOCTD, [TOTIEPEYHbIE KOJIEOAHNUSI.

1 Introduction

In the process of drilling of oil and gas wells by the use of rotary technique, a fluid flow,
which is reffered to as drilling mud or drilling fluid, is constantly circulating in the borehole.
At present, it is considered not only as a means for removing the products of destruction
(sludge), but also as one of the main factors ensuring the effectiveness of the entire drilling
process.

When drilling, the balance of the rocks that form the walls of the wells is disturbed.
The stability of the walls in turn depends on the strength characteristics of the rocks, their
changes over time under the influence of various factors. In conditions of violation of the
integrity of the rock, the rock pressure plays a substantial role. In the near-well part of the
well, it occurs in two directions: in the vertical and horizontal one. The lateral pressure is a
consequence of the vertical pressure and causes tangential stresses, the magnitude of which
also depends on the pressure of the drilling fluid. They lead to buckling of rocks, narrowing
of the wellbore and the occurrence of collapses.

In drilling, the rock pressure always exceeds the hydrostatic pressure of the drilling fluid
and results in the destruction of the walls of the well if the rock strength is insufficient or it
is weakened by the action of the drilling fluid. The most significant deformation of the rock
directly at the walls of the well, where there is no balancing of the lateral pressure by the
hydrostatic one and the forces of cohesion of the rock. The main negative effect of the drilling
fluid on the strength of rocks is manifested in the physico-chemical change in their structure
under the effect of the filtrate. The process is also enhanced by the mechanical action of the
drill string on the walls of the wells.

When the drilling mud interacts with the rock, the following types of disturbances in the
integrity of the well walls are identified: collapses (screes); swelling; plastic flow (creep);
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chemical dissolution; erosion (Oil and Gas Mining. URL: http://oilloot.ru/78-tekhnika-i-
tekhnologii-stroitelstva-skvazhin /167-burovye-promyvochnye-zhidkosti).

For this reason, studying the composition of drilling fluids, assessing their impact on rocks
and the entire drilling process are a relevant problem and require more in-depth studies to
prevent mentioned unwanted effects.

2 Literature review

A number of studies have been devoted to the problem of drilling of oil and gas wells taking
into account the effect of drilling fluid. It is well-known about the works of (Gulyayev et
al., 2009: 141-142), (Gulyayev et al., 2011: 760-761), which provide a derivation of linear
mathematical models of the drill string lateral vibrations, taking into account the internal
flow of the drilling fluid as an added mass. In the work (Ritto et al., 2009), the influence
of drilling fluid on the drill string dynamics was studied using direct well flushing when
the fluid moves down inside the drill string and then is directed upward in the annulus of
the well. The authors used the Timoshenko beam model and the finite element method for
system discretization. The impact of the internal and backward external fluid flows on the
vibrations of the flexible cantilever pipe, which can be regarded as a drill string, has also
been studied (Moditis et al., 2016: 120-138). It was found that the external flow of fluid
could cause a loss of stability of the divergence type system. The stability problems of the
drill string motion are studied in the work (Liu et al., 2015), where the linear model of
coupled longitudinal and transverse vibrations of the "Bottom-hole assembly - upper drill
pipe"system was investigated, and (Kudaibergenov et al., 2017: 93-99), in which the study
of resonant phenomena and dynamic stability of drill columns was complicated by taking
into account geometric nonlinearity. The results of the research showed that the geometric
nonlinearity in the models made significant corrections to the results of the dynamic analysis
of the drill string stability. The effect of mud properties, flow velocity and angular speed of
rotation on the nonlinear behavior of drill strings in an unconventional horizontal well was
studied by (Wilson et al., 2016). It was shown that the correct modelling of the fluid forces
acting on the drill string allows explaining the process of safe operation of BHAs within
resonance frequencies.

As it is known, gas or compressed air is also widely applied as the circulating medium in
the rotary method of well drilling. This technology, called gas drilling, allows in a number of
cases to increase the rate of drilling and opening of oil bearing horizons, ensure the integrity
of rocks (Lian et al., 2015: 1412), reduce drilling costs and increase the life of bits (Meng
et al., 2015: 163). However, unlike drilling with fluid, the gas drilling leads to much more
serious vibrations of the drill string due to the low damping effect of the gas as drilling mud
(Li et al., 2007). At the same time it was found that the correct choice of gas parameters not
only preserves the stability of the drilling system, but also enables to reduce the amplitude
of lateral vinrations of the drill string (Khajiyeva et al., 2018: 573-578). In addition, it was
established that, assuming the smallness of the drill string deformations in the absence of the
gas flow and in its presence, instability of the solution for the considered value of the axial
load was observed. The refinement of the model by removing restrictions on the magnitude of
the deformations leaded to stabilization of the solution, as well as in the case of nonlinearity
taking into account the gas flow. This confirmes the fact that nonlinear models give a more
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accurate description of the studied processes, whereas linear models in most cases result in a
rough approximation.

The aim of this paper is modelling of the nonlinear dynamics of a drill string under the
action of an internal incompressible fluid flow. The focus is on the lateral vibrations of the
drill string, because they can exhibit their destructive effects leading to the destruction of
the borehole walls and their distortion without appearing on the surface (Saldivar et al.,
2014). The obtained model generalizes the model of (Liang et al., 2018: 65-69) to the case of
geometric nonlinearity and allowance for the effect of external forces.

3 Material and methods

3.1 Elastic potentials

For modelling of the drill string nonlinear dynamics allowing for the influence of the drilling
fluid flow two right-handed coordinate systems are introduced: a global system OX;X5X3
related to the drill string lateral displacements and the local one Oxix5x3 to include the drill
string rotation. The drill string is considered in the form of an isotropic elastic rod of length
[. The rod is rotated along the zs-axis with the angular speed €2 and is under the effect of
a compressing force N(z3,t) and a torque M (x3,t). The direction of the X3 - and x3-axes
coincide with that of the rod axis.

Let Uy be the elastic energy per unit volume of the rod. The condition according to that
the elastic energy U, represents the stress potential is written as follows (Rabotnov, 1988):

e
N fkij’

Oij ’l,j = 1,2,3. (1)
Applying the Legendre transformation, i.e. assuming that ® = o;;6;; — Uy = ®(0y;), we
have
0D

= 1,7
80-2] Y Y

Eij = 1, 2, 3. (2)
From the mechanical point, the potential U, is the potential energy of elastic strain
accumulated in the rod, whereas the quantity ®, referred to as the strain potential, is the
additional work. As the linear elastic material is considered in the paper, the potential ®
numerically equals Uy and hence we can write
d@(gij) d@(UU)

7;.:—7 i«:—’ ".:172,3. 3
UJ dsij 8] do—ij 4] ( )

The strain potential can be also rewritten in the form:

1

The equations of generalized Hooke’s law for a linear elastic homogeneous isotropic solid
body in terms of Lame parameters are given as

045 = 2G62] + /\5ij€/€ka iaj) k= ]-a 27 37 (5)
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E
where G = —2<1 ) is the shear modulus, A = a +u)(:— ) E Young’s modulus, v
Poisson’s ratio, d;; = L, "= the Kronecker delta.
0, 1#7

Substituting stress components (5) into expression for the strain potential (4), we have

A
P = (1 + 5) (5%1 + 532 + 533) + A(e11892 + €90833 + €11633) + 2G(5%2 + 533 + efg). (6)

3.2 General relations underlying the model

The research performed in (Khajiyeva et al., 2018: 573-578) showed the benefit of using
nonlinear models instead of linear ones that mostly give a rough approximation of studied
processes. Therefore, the modelling of the drill string dynamics under the effect of the drilling
fluid flow will be carried out with taking into account geometric nonlinearity.

According to the second system of simplifications of Novozhilov’s nonlinear elasticity
theory (Novozhilov, 1999), the strain components are given as follows:

1
Eis :€”+§ (W?‘FW}%) ) 8ij = €4 — Wiy, 'L.ajvk: 1a2737 (7)
where
U, ou, U, (—1) U, O,
€i; = y o € = + , Wi = - ;

i,5,k=1,2,3, i #£j#k,j<k).

Here e;; mean the relative elongations, e;; shears, and w; the rotation angles of the rod fibre.
Acceptance of the displacement hypothesis for the case of spatial lateral vibrations (more
general form can be found in (Filippov, 1970) and (Bobrovnitskij et al., 1983: 428)) yields

Ul(xh T2, T3, t) - u1($37 t)a

UQ(SE17$27'T37t> = Ug(x:;,t), (9)
Ouq(x3,t Ouq (x3,t
U3($1,9527$3;t> = - 1c9(x§ ) - la(xj )

Then the position vector of an arbitrary point P(z3) of the rod is defined as

. - - Ouq(x3,t Ous(x3,t -

s, t) =y (3, )i + ug(ws, )] — ( ng Doy + 28(x§ )x2> k, (10)
wherein the unit vectors i = i(t), ] = j(t), k = k.
Given that @ = wf,a—j = —wa% = 0, from (10), we can find the velocity of the

dt dt dt

rod:

5 or 8u1 - 8“2 - 82U1 82'&2 -

=—=(— -0 — 4+ Q — k. 11
U= = G — Q)i Gy + ) = (5o & oo™ (1)
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The velocity of the drilling fluid, according to (Liang et al., 2018: 67), is expressed as

Uy = U+ V4T, (12)
where

- 8? 8u1 - 8u2 - 621,61 (92u2 g

g 0xs 8x32 + 8;1:3‘7 ( 3 T 03 72) (13)

Here 7 is the direction vector tangential to the rod axis, Vy the fluid speed.

On substituting the displacement projections over the corresponding coordinate axes (9)
into the strain components (8), we can find new relations for (7), which, using (6), give
the expression of the elastic potential @ for the rod spatial lateral vibrations. After that,
introducing the following inertial characteristics

Sy, = /xgdA, Spy = /xldA, I, = /x%dA, Ipyw, = /xlxgdA, I, = /x%dA, (14)

A A A A A

one can determine the expression for the potential energy of the rod deformation.

3.3 Ostrogradsky-Hamilton’s variation method

For derivation of the governing equations of the drill string dynamics with the drilling fluid
flow, Ostrogradsky-Hamilton’s variation principle is utilized:

[2)
5:/(T—U0+H)dt:0, (15)
t1

where T is the kinetic energy of the system, U, the potential energy, II the potential of
external forces, ¢ the variation, t1,t arbitrary time moments.
The potential energy of the rod can be found from the Clapeyron formula:

l

Uy = /// dVy = //@dAdxg,, (16)

0 A

where Vj is the rod volume, A the cross-section area of the rod. Finally, we have
()3 (o) (o) () (G2 )-
g () () m
drs +2GA | (?ﬁ,)Q (g—zZ)deg.

2 or2 T Oa
13 8u1 2 8U2 2
8x3 8x3
It is worth noting that the x3-axis coincides with the rod neutral line, and thereby the
static moments S,, = S;, = 0. Moreover, due to the fact that the z;- and z,-axes are the
symmetry axes of the rod, the centrifugal moment is also zero, i.e. I,,, = 0.
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Kinetic energy of the system is given as the sum of those of the rod motion 7 and the
drilling fluid motion 7 (Liang et al., 2018: 68):

T =1Ty+1Ty, (18)
where
X l
=3 // (U,7) dAdxs, (19)
0
X I
Ty = épf//(v_},v_}) dAsdxs. (20)
0 Af

Here py the flow density, Ay the internal cross-section area of the drill string.
Substitution of expressions for the rod and drilling fluid velocities (11)-(12) into (18)-(19)

yields
ouq Ous 2 Ous Ouy
= — _Z 20) _ QQ 2 2
pf[ ((8t>+(8t)+ Ul U | (ui +u3) | +
82u1 2 82u2 2
]1- ]z a. a9 d )
e (8903325) i (8:103825) 3
our \? Auy\” Oy Ouy 2.9 | 9
Af((ﬁ) +(E + 20 | ug—— a1 _UQW +Q (u1+u2) +
Our ((Ouy Ay (Duy our\?  [Ouz\?
Vil =— | — —Q — | = -9 V2 =— —
N f(axs ( ot “) + o, < ot “>) i <(8w) T\om) )T o
) 2 ?
I,
e (0x38t D0t 022 | \ 02 ) *
82’&2 82U2 82’&2 82U2 2
T a. A 2 d )
: (8:63815) T w0t 022 ( 022 ) s
In the process of drilling the drill string is subject to the action of the axial load N(z3,1),
resulting in the rod compression in the axial direction, and the torque M (z3,t), causing the
torsion deformation. In order to take into account their influence and the gravitation energy

of the drill string and the fluid flow pressure in the model, the potential of external forces 11,
consisting of the sum of three external potentials, is introduced:

(21)

+2

T
S
NN
Q
S
Q
T
g
VRS
(S5
O
&

IT =11, + I, + 11, (23)

where 1I; is the potential allowing for the effect of the axial load, II; brings the action of
the torque, and Il contains the gravitation energy of the system. Their expressions read as
follows:

l
1 8U1 2 8u2 2 8u1 2 8u2 2
I, =—— | N — — L., | — I, | — 24
: 2/ (xS,t) [(8353) + (8353) + . 8.’133 * . (9.1'3 dx3, ( )
0
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—_

Ht:

l
2 2
5/]\/[@U?)’t) (3 uy Ougy n 0%uy 8U1) ds, (25)
0

0x3 dxs ~ 0x3 Oxs

= Soaeoaa [0 () 4 (22) o 2

4 Results and discussion

The nonlinear mathematical model of the drill string lateral vibrations, taking into account
the influence of the drilling fluid flow and the external loadings, is finally obtained by substi-
tuting (21)-(23) into (13) with turn to Young’s modulus and using the integration by parts
technique while calculating the variation of the energies and the potential of external forces.
It is worth noting that the axial load N(x3,t) and the torque M (z3,t) are assumed to be
distributed along the rod length. Thus, we have the following mathematical model:

64u1 84U1 62

8U2
El.,— —pl
2 axél p

8 (9u1
g g (M) + g (Vs ) -
B EA 0 [ou\® B EA(b—6v) 0 [ 0Ouy [Ousy 2 N
1—voxs \ Oxs 2(1—=v) Oxz \ Oxs \ Oz3

0wy Ous 'y 0wy 0"y
AtppAp) (S — 2022 — Oy | — 2
+(pA+prAy) ( o1 ot “1) i (axg " oagor * ax§8t2)
82'&1 32u1 (?ug
A V2" 419V, —— 9V, O0—= | —
TPf f( 922 Y st d 6x3)

(At A g (2 =y (2 o
p pf fg 8.7/'3 3 81'3 - Y
84U2 84U2 82

ouq 0 Ouy
Efma—x% - PLUW e (M(x&t)a—%) + Oy (N(ﬂﬂg,t)a—xg) -
EA 0 (8u2>3 _EBA(B—6v) 9 [ 0u (8u1>2 N

1 —v0x; \ 013 2(1—v) Oxz \ Oxz \Oz3
82U2 8’&1 9 84’&2 64U2 84U2
A+ prdy) ( TR TR “2> g ( ot | “onior aﬁa#) i
82U2 (92u2 8U1
A 2~ 49 2V Q— | —
TPty (Vf 922 2V oo T2V 8x3>

—(pA+ prAy) %—(l— )%2 0
P Prs) 9 81‘3 3 al‘g -

Each of equations of the mathematical model (27) includes terms containing the geometric
nonlinearity and the effects of the axial load and the torque. Neglecting these terms, we arrive
at the model derived in (Liang et al., 2018: 68-69). Retaining the influence of the external
forces and at the same time neglecting the geometric nonlinearity and not considering the
energy of gravitation, the model of (Gulyayev et al., 2011: 760-761) can be obtained. As a
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result, the derived nonlinear mathematical model of the drill string dynamics is more complete
compared to the mentioned linear ones and is more adapted to the real conditions of oil and
gas well drilling with the use of the drilling fluid.

5 Conclusion

A nonlinear dynamic model of drill string lateral vibrations taking into account the effect of
the drilling fluid pressure was developed. Lifting restrictions on magnitudes of the drill string
displacements, allowing for the influence of the drilling fluid on the drill string dynamics, and
representation of the drill string deformation as spatial that of a rod result in the refinement
and generalization of the model. It is verified by the comparison with known linear models
of the drill string lateral vibrations.

Presented in this work methodology of development of the drill string motion mathe-
matical model will enable to solve problems of the drilling equipment nonlinear dynamics at
qualitatively new and mathematically valid level, and can be applied for dynamic modelling
of various rod elements. To further our research, we intend to carry out the numerical analysis
of the derived model and generalize it for the case of spatial drill string vibrations of different

types.
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On dynamic stability of drill strings in a supersonic gas flow
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In this work stability of the drill string nonlinear dynamics, complicated by the effect of an ex-
ternal axial load, initial curvature of the drill string, geometric nonlinearity and the influence of a
supersonic gas flow as a circulating medium is studied. The drill string is modelled as a rotating
elastic isotropic rod with constant cross-section. Pressure of the gas flow used to clean the borehole
from drill cuttings and to transport them from the bottom to the surface is determined by the
nonlinear dependences of the piston theory in the third approximation. Utilization of the Galerkin
method allows to reduce the drill string mathematical model to an ordinary differential equation
for the generalized time function, containing an asymmetric nonlinear characteristic, which is fur-
ther eliminated by introducing the corresponding substitution. Considering a small perturbation
to the system and applying the harmonic balance method, characteristic determinants are con-
structed. Equations describing boundaries of instability zones of basic resonance, which allow to
determine the range of dangerous frequency regimes and to increase safety of the drilling process,
are obtained.

Key words: drill string, stability, nonlinearity, gas flow.

JbIObICTaH Ta3 aFbIHBIH/IA OYPFhLIAY OAaFaHACBIHBIH, JUHAMUKAJBIK, TYPAKTBLIBIFbI TYPaJIbl
Kynaitbeprernos Ackar K., Oin-Papabdbu arbingarbl Kasax yiarTelK yHuBEpcuTeri, AJiMaTh K.,
Kazakcran Peciybsukacer, +77014998825, E-mail: askhatkud92@gmail.com
Xamxuesa JI.A., On-Papabu areimarsl Kazak yaTThIK yHUBEpCUTET], AJIMATHI K.,
Kaszakcran Pecriy6iukacer, +77012346500, E-mail: khadle@mail.ru

Ocbl KyMmbIcTa OUTIKKE TYCETIH CHIPTKBI YKYK-CAJIMAKTBHIH OpeKeTi, Oyprbuiay OaraHaCHIHBIH,
O6acTanKbl KHCBIKTHITBI, T€OMETPUSIIBIK CHI3BIKTHI €MECTIK KoHe affHAJBICTAFbI OpTa TYPIHIe
JIBIOBICTAH Ta3 arbIHBIHBIH OCEPIH €ecKepe OTBIPBII Oyprbliay OaraHachl CBI3BIKTBI €MeC
JUHAMUKACBHIHBIH, TYPAKTBUIBIFBIH  3epTTejedi. Dyprbiiay OaraHachl TYPAKTbl  KOJJICHEH
KAMAaChIMEH affHAJIMaJIbl CEepIMIl W30TPONTHIK, OUINK TYpiHJEe Kapasajbl. YHFBIMAHBI Ta3apTy
JKoHe OYprblaay ILIAMBIH KeHXKapAeH Kep OeTiHe TachIMajaay VINH KOMIAHBIIATHIH Tal
AFBIHBIHBIH, KbICHIMbBI TTOPIITEH/Ii TEOPUSHBIH, YIITIHII KYBIKTAY/Ia CHI3BIKTHI €MeC TOyeJJIiJIIKTepiHeH
aHBIKTAIIbl. [aJepKuH oJiciH ThaigaaHy yaKbITTBHIK (DYHKIUSHBI Kail auddepeHmasiibiK
TeHJeyTre aybicyra MYMKIiHmIK Oepemi. TwuicTi aybICTBIpY €Hri3y 2KOJbIMEH OYJI TeHJIEYIiH
CAMMETPHUSIBI €MeC CBI3BIKTBI €MeC CHIIATTAMACHIH IIbIFapbLIaabl. [IIarbiH yHTKY aHbIKTasIail
JKoHE TapMOHUKAJBIK OajaHc 9mici KOJJaHbLIai, CHIATTaMajblK AHBIKTAYBIIITAD KYPbLIaIbl.
KayinTi xuigikTik peximM ayKbIMbI aHBIKTayTa YKoHe OyprouIay yAepiciHin Kayimncismirin ketepyre
MYMKIHIIK OepeTiH Heri3ri pe3oHaHC JAMHAMHUKAJILIK OPHBIKCHI3ALIFLI aifiMaKTapbIHLIH ITEeKTEePiH

TeHJIeY1ep TaObLIaIbI.
Tyitin ce3aep: Oyproliay OaraHachl, TYPAKTBIIBIK, CHI3BIKTHI €MECTIK, r'a3 arbIHbI.

O auHaMUYECKOl yCTOWYNBOCTA OypPUJIBHBIX KOJIOHH B CBEPX3BYKOBOM IIOTOKE rasa
Kymnaiibeprenos Ackar K., Kazaxckuili HarmoHa bHbIH yHUBEpCcUTET UM. ajib-Papadbu, r. AjMaTsl,
Pecnybnuka Kazaxcran, 477014998825, E-mail: askhatkud92@gmail.com
Xapkuesa JI.A., Kazaxckuil HAIlMOHAJIBHBINA yHUBEpCUTET UM. ajib-Papabdu, T. AMaThI,
Pecnybuinka Kazaxcran, 77012346500, E-mail: khadle@mail.ru

Becrauk. Cepusi maTemaTnka, Mexanuka, uadopmaruka Nel1(97)2018



102 Askat K. Kudaibergenov, L.A. Khajiyeva

B pabore m3ydaercsi yCcTONYMBOCTD HEJUHENHONW JIUHAMUKU OyPUIBLHON KOJIOHHBI, OCJIOKHEHHOMN
JelicTBMEeM BHeIIHell o0ceBOl Harpy3KHd, HaJaJIbHOM KPHUBU3HOW KOJIOHHBI, T'€OMETPHUYECKON
HEJIMHEHHOCTBIO W BJNAHUEM CBEPX3BYKOBOI'O IIOTOKAa Tras3a KaK IHUPKYJIUPYIOmeil cpenbl.
Bypuibnas KojoHHA MOmeJMpyeTcss B BUJE BPAIIAIONIErOCS YIPYTOro W30TPOIHOIO CTEPXKHSHA
IIOCTOSTHHOT'O ~ TIOTIEPEYHOTO ceveHus. JlaBieHme mOTOKa Tras3a, KOTOPBIA MPUMEHSETCS JJIs
OYMCTKM CKBaXKMHBI U IIEpEHOCa OypOBOro IjiaMa ¢ 3a00si Ha IIOBEPXHOCTD, OIPEJIEJIsIeTCs
HEJINHEHHBIMU 3aBUCUMOCTSIMUA TIOPITHEBOW TEOPUU B TperheM mnpubsmkennn. Vcmosb3oBanue
merona lasepkuHa MO3BOJIsIET TEpeiiTh K OOBIKHOBEHHOMY M epeHIInaIbHOMY yDABHEHUIO
OTHOCHUTEIFHO ODODIIEHHON BpeMEHHOH (DYHKITNH, COJEePKAIIEMY HECUMMETPUIHYIO HEJTHHEIHYIO
XapaKTEePUCTUKY, KOTOPYIO YyJaeTCd WCKJIOYUTbL BBEACHHEM COOTBETCTBYIOIICH 3aMeHBbI.
BajaBasg cucTeMe MaJioe BO3MYINEHHE U [PUMEHsisi MeTOJI TapMOHWYECKOro OaJiaHca,
CTPOATCA XapaKTEePUCTUUECKHUE ONpeNe/IUTENN, JAlolue ypPaBHEHUs TI'PAHUI] 30H JUHAMUYECKON
HEYCTOMYMBOCTH OCHOBHOTO DPE30HAHCA, KOTOpPBIE IIO3BOJIAT OIPEAC/JUTh JUANa30H OIACHBIX

9aCTOTHBIX PEXKUMOB U ITOBBICUTH 0OE30IMACHOCTD IIPOIecca OypeHnsi CKBAXKUH.
KiroueBbie ciioBa: OypuiibHas KOJOHHA, YCTONIMBOCTD, HEJIMHEHHOCTD, TOTOK Ta3a.

1 Introduction

Active development of oil and gas fields today makes the oil and gas extracting industry one
of the largest and dynamically developing industries in the economy of modern Kazakhstan.
Speed of driving and fail-safety of works when drilling oil and gas wells depend significantly on
quality and modernization of drilling equipment, technological imperfections of drill strings,
elaboration of the drilling modes for different types of soil rocks, influences of complicating
external loads and factors of the environment, etc.

High-amplitude flexural vibrations, axial displacements and torsional stick-slip motions of
drill strings caused by their difficult dynamic behaviour during the drilling process can result
in serious technical failures of the drilling equipment (Nandakumar, 2013: 1), (Jansen, 1993).
Therefore, there arises a problem of carrying out the dynamic analysis of the drill string
stability, which is important for the increase in efficiency of drilling operations, protection of
expensive components of the drilling equipment against undesirable vibrations and prevention
of collapse of borehole walls while drilling.

Moreover, the drill string dynamics is highly nonlinear by its nature, and it is necessary to
consider a system of nonlinear differential equations for its investigation (Al-Hiddabi, 2003:
1-2). Tt is caused generally by flexibility of drill strings due to their large length and the
impact of the axial compressing load that can result in finite deformations of the drill strings
(geometric nonlinearity).

This paper aims at dynamic stability of the drill string, modelled in the form of a rotating
elastic rod, taking into account a supersonic gas flow circulating from the drill string outer
side. A mathematical model studied in (Kudaibergenov, 2017) is complicated, in addition
to the variable compressing load, initial curvature of the drill string and nonlinearity of the
model, by the nonlinear influence of the gas flow in the third approximation that brings the
dynamic analysis of stability of the drill string vibrations closer to real conditions of drilling.

2 Literature review

Research of quasistatic stability of a rotating drill string, carried out in (Gulyaev, 2006:
692-697), enabled to find critical rotary speeds of drill strings. The obtained buckling mode
shapes, in turn, could be useful to determine points for installing centralizers to avoid contact
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with borehole. In (Aarsnes, 2017: 2-3) importance of using the distributed models to analyze
stability of the linearized axial-torsional dynamics of drill strings with subsequent determi-
nation of the normalized inverse of the system gain margin is shown. Coupled axial-torsional
vibrations of a drill string taking into account state-dependent time delay and nonlinearity
from dry friction and loss of contact are studied in (Liu, 2014: 1-8). The carried-out stability
analysis established that self-excited oscillations of the drill string owing to the delay time
effects could arise with high probability.

Amongst axial, lateral and torsional modes of vibration, the lateral mode is said to cause
about 75% of drilling failures (Ghasemloonia, 2012: 948). In (Sahebkar, 2011: 743-759) the
authors examine a nonlinear model of drill string lateral vibrations, obtained with application
of Hamilton’s principle, and employ the method of multiple scales to define the steady-state
response and instability regions. Research of lateral dynamic behaviour of the drill string in a
horizontal borehole taking into account continuous contact with borehole wells revealed that
studied vibrations have snaking or whirling nature (Heisig, 2000). Simultaneous appearance
of parametric resonance and whirl vibration phenomena, resulting in high-amplitude lateral
vibrations of a rotating drill string, within the range of drilling operating conditions is shown
in (Christoforou, 1997: 256-259).

Successful application of the Galerkin method to the analysis of drill string dynamics,
particularly, to their dynamic stability in vertical holes was indicated in (Vaz, 1995: 437-440).
Utilization of the Galerkin technique along with the harmonic balance and pseudo arc-length
continuation methods to investigate steady-state frequency responses and stability branches
of beam-like structures with polynomial-type nonlinearities were studied in (Bhattiprolu,
2016: 28-37). Such a combination of techniques allowed to quickly determine the harmonics
needed for convergence of a periodic solution of the system.

At present gas drilling technology involving air, nitrogen or natural gas as circulating
media is widely applied in oil and gas industry (Lian, 2015: 1412). In (Meng, 2014: 163-
170) a simple and reliable theoretical model describing the propagation and attenuation of
a pressure wave through pipes was created. It was established that static pressure had more
influence on the attenuation factor than on wave speed.

At the same time, a large number of works are related to the nonlinear dynamics of
cylindrical structures in a supersonic gas flow. Influences of the critical Mach number on the
flutter emergence and limit cycle oscillations, existence of bifurcation and chaotic motions of
a composite laminated plate under transversal aerodynamic pressure modelled by the first-
order piston theory is given in (Chen, 2015: 1-8). The use of the third-order piston theory
and shock wave aerodynamics is described in (Librescu, 2002: 802-810), whereas in (Kiiko,
2009: 135) the authors derive an expression for the excess pressure, essentially different from
the piston theory formulae, and obtain purely investigated eigenvalue problems.

3 Materials and methods

3.1 Mathematical model

Let us consider a nonlinear mathematical model of the drill string lateral vibrations (Ku-
daibergenov, 2017), based on Novozhilov’s nonlinear elasticity theory (Novozhilov, 1999)
taking into consideration the plane section hypothesis and obtained with application of Hamil-
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ton’s variation principle. The Cartesian coordinate system Ozyz (z-axis coincides with the
drill string axis) is used. Vibrations of the drill string, presented as a rotating elastic isotropic
rod with symmetric cross-section, in the Oyz-plane are studied.

In order to take into account the effect of a supersonic incompressible gas flow on the
drill string dynamics relations of the piston theory (Volmir, 1967), connecting the aerody-
namic pressure of the flow with speed of sound, are applied. According to them, we have the
following:

k—1U, =
P=F(1- — 1
(-5 8) )

where U, is the normal projection of the gas flow speed on the drill string surface; Cy the
sound speed for the unperturbed gas flow; Py the pressure of the unperturbed flow; x the
polytropic exponent.

The gas is supposed to move in the upward direction, i.e. in the opposite direction to the

drill string motion. Considering the stationary gas flow, when U, = Vga—v (Kudaibergenov,
z

2018: 570), and expanding (1) into a power series up to third order, we arrive at the following
expression for the excessive pressure of the supersonic gas flow:

—Ov k41—, (0v ? K+1 5 (0v

- v
The use of nonlinear expression (2), containing the cubic power of M — allows to get

sufficiently exact values of pressure. At the same time, the process of perturbatfon distribution
in gas can be considered as isentropic (Volmir, 1967).

Hence, the nonlinear mathematical model of plane lateral vibrations of the rotating drill
string allowing for the nonlinear effect of the supersonic gas flow is written as follows

8%v v v d (v + o) EA 0 [ov)®
YA LY O (N oty B4 0 (0v
g TP TP egaae s ( (=0 =5, ) 1—vo- (82)
 pAw*u + hAP =0, 3)

where p is the mass density, A the cross-section area of the rod, v (z,t) the displacement of
the flexural center of the cross-section along the y-axis owing to bending, £ Young’s modulus,
I, the axial inertia moment, v (2) the initial curvature of the rod, v Poisson’s ratio, w the
angular speed of rotation of the drill string, A the drill string wall thickness.

Boundary conditions for the simply supported rod are given by

v (z,t)
02?2
The external loads having generally variable in time nature significantly influence the

drill string dynamic stability. Accepting that the harmonic effect corresponds to the loading
regime, the variable axial compressive load can be presented as

v(z,t)=0, FEI, (z=0,z2=1). (4)

N = Ny + N, cos U, (5)
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where Ny and N; are the constant and variable in time components, respectively; Q) is the
frequency of the external effect.

When investigating natural and resonant oscillations of construction elements with non-
linear and elastic characteristics a sought solution is often approximated by a finite number
of normal modes with subsequent reduction of an initial partial differential equation of mo-
tion to modal equations of motion, applying the Galerkin method. Studying oscillations of
continuous systems with large amplitude such as rods, beams and shells the single-mode
method which assumes independence of the modal form of oscillations from the influence of
nonlinearity is effectively used (Szemplinska-Stupnicka, 1983).

Using the Galerkin method, consider the general form of the drill string nonlinear vibra-
tions. In the given case, the lateral displacement v (z,¢) and initial curvature vy (2) can be
approximated by periodic functions of the form:

v(z,t) = f(t)sin (7?72> , vo (2) = fo (t)sin (?) : (6)

On substituting expression (6) into governing equation (3), after integration under meeting

Tz
the requirement of orthogonality of the substitution result to the basis function sin (T) and

introducing the dimensionless time 7 = (yt, the problem reduces to the nonlinear ordinary
differential equation for the generalized function f (7):

%—i—(l—ZﬁcosQT)f—i—me-Fan?’:Fo—i-FlcosQT, (7)
where

6—%, Q:%, %_g%’ E; QE%’ 1=1,2;

b= (B1(3) =M (5) - pa), m=T =2

o2 (o)) e e e

=, F= i

Here )y is the frequency of the drill string natural vibrations allowing for the constant
component of the axial load, 8 the excitation coefficient.

It is worth noting that the influence of the supersonic gas flow is taken into account
in the term with quadratic nonlinearity, in contrast to the authors’ works (Kudaibergenov,
2014: 594), (Kudaibergenov, 2016: 496) where the flow of gas appeared in the term with
cubic nonlinearity. Cubic term in equation (7) arises due to nonlinearity of the mathematical
model of the drill srting.

Moreover, the nonlinear characteristic in equation (7) is asymmetric because of existence

of the quadratic term o f2. Making the substitution f = f — ;—I(Hayashi, 1986) we obtain
&%)

the equation with symmetric nonlinear characteristic:

d2A . . R A
d—TJ;+(’y—QﬂCOSQT)f+Oéf3:F0+FlcOSQTa (8)
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where

2 3
o ~ ! 200 ~ 2000
=l—-—, a=« Fo=Fry+———==, Fi=F— .

3.2 Stability analysis

For stability investigation let us suppose that fo is the periodic solution of equation (7), and
introduce a small variation df:

f=Ffo+df. (9)

If the variation 0 f rises indefinitely at 7 — oo, then the solution fo (7) is unstable. In the
case when ¢ f remains limited at 7 — oo, the solution fo (1) is stable.

On substituting (9) into equation (8), eliminating fy, and neglecting the powers of 4 f
higher than one, the following linearized equation in terms of the variation 0 f is obtained:

A5 f -

7 +<’7—2/BCOSQT +3afo>5f—0. (10)
Considering the case of basic resonance for the periodic solution fo (1):

fo (1) = r1cos (O — ¢n), (11)

where 7 is the amplitude, ¢, the phase of the periodic solution; we arrive at the generalized
Hill type equation in variations:

A% f 2 ,
72 + | 6o+ Z (Ope cos nQT + O, sinndr) | §f =0, (12)

n=1

where

3 3 3
O =7+ 5047’%, 0. = =208, 015,=0, b= 5047“% oS 2¢1, by = 5047"% sin 2¢1.

In order to determine zones of instability, the particular solution of equation (12) is given
by a spectrum of vibrations (Szemplinska-Stupnicka, 1983: 19):

5f:e"TZcos(kQT—¢k), k=1,3,5,...,00 or k=0,2,4,...,00, (13)
k

where 7 is the characteristic exponent that can take a real or imaginary value.

Hence, the behaviour of the quantity 0 f depends on the behaviour of the function e,
which, in turn, depends on the behaviour of the characteristic exponent 7. Thus, if

1) the characteristic exponent has a negative real part, i.e. Re (n) < 0, then the solution
0f — 0 at 7 — 0, that means the solution is stable;

2) Re (n) = 0, we get the solution on the boundary of stability and instability zones;

3) Re(n) > 0, then the solution Jf is unstable since it increases indefinitely at 7 — 0.

The method of harmonic balance according to which coefficients at the corresponding
cosines and sine are equated to zero is applied to find the zones of dynamic instability. At
the same time, the order of the corresponding characteristic determinants depends on the
number of harmonics retained in solution (13).
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4 Results and discussion

Transition to the symmetric nonlinear characteristic in equation (8) allows to restrict our-
selves by finding the instability zones of the odd order, which involve the terms corresponding
to the odd harmonics in expression (13).

Assuming that the frequency of the small perturbation d f coincides with frequency of the
periodic solution fo, the first instability zone is determined. Then the solution of equation
(12) can be written as

df =€"by cos (1 — 1) . (14)

On substituting solution (14) into the equation of perturbated state (12) and applying
the method of harmonic balance, we get the following characteristic determinant:

n2—§22+90+@ 2779—!—%
A(n) = 0, 2 2 0 | (15)
—2779+§ n2—92+00—§

that provided A (n = 0) = 0, defines the boundaries of the first instability zone of the basic
resonance:

(Ao — 92) + (By — Bi?) 12 + Cyrt = 0, (16)
where
27
T
16
Existence of cubic nonlinearity in the model supposes finding the instability zones of higher

order. When determining the third zone of instability of the basic resonance the expression
for the small variation ¢ f is given by

df =€ (bycos (Q1 — 1) + by cos (3QT — 1)3)) . (17)

AO =7 BO - 30‘77 Bl - —304, C'1 -

Similarly, on substituting (17) into (12), we apply the method of harmonic balance and
take into consideration that the results of substitution have to be satisfied at any nontrivial
values of by, ¥y, k = 1,3. Assuming that b1 = b3 = 1, we come to the fourth-order character-
istic determinant of the form:

B, 0 B 02
772—Q2+90+% 277(2—1—% é 921
0 0
—m0 4+ 2 =24y — - et
A(n) = 2 2 2 2 - (18)
% _% P90 46, 6nQ
g 0
% % —6n9) n? — 902 + 6,

Then the boundaries of the third zone of instability can be described by the following
equation, satisfying the condition A (n =0) = 0:

(A[) — AlQQ + AQQ4)2 —|— (BO + 31(22 —f- BQQ4 —|— BgQG) T% —I— (OO + 0192 —f- 0294) Til
+ (Do 4+ D:1Q%) 1} + Eor{ = 0, (19)
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where

AO = 72a Al = _10’% AQ - 9a
By =6av®, By = —-90av?, By =354ay, B;= —270a,

189 909 3357
O 7 2 2 CY 777 2 Cr _ v 2
0 16 a Y, 1 ] a7y, 2 16 o,
135 567 405
Dy = —a? Di=—-——"0a® E=——ao
0T e 167 707 256

The third zone of instability allows to refine the solution of the problem and to determine
the frequencies at which ultra-harmonic resonant oscillations resulting in loss of the drill
string stability can arise.

5 Conclusion

The dynamic model of the drill string flat bending, developed by the authors, refines the
known models and brings them closer to a real physical process. It becomes possible due to
introducing to the model of the drill string vibrations their nonlinearity of geometric nature
(finiteness of deformations, initial curvature of the drill string), and nonlinearity from pressure
of the supersonic gas flow.

In this work, the methodology of the dynamic stability analysis of the systems without
imposing limits on the magnitudes of their nonlinearity and nonautonomous terms is pro-
posed. It is based on determining the instability zones of resonant vibrations and finding the
corresponding characteristic determinants with application of the harmonic balance method.
Completeness of the mathematical model allows to predict the drill string behaviour with
high accuracy, eliminating dangerous resonant frequencies from the range of their operating
regimes, thereby increasing efficiency and reliability of the drill string operation. Despite the
fact that the proposed techniques were used to research stability of the system basic reso-
nance, they can be successfully applied to the analysis of resonances on higher frequencies as
well.

In future, the results of the work will be generalized to the case of spatial vibrations of
the drill string with conducting their detailed numerical analysis.
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Data processing in electrocardiographs by wavelet transformation for early
forecasting of parossysmal arthritis

Abdiakhmetova Z.M., al-Farabi Kazakh National University, Almaty, Kazakhstan,
477018998833, e-mail: zukhra.abdiakhmetova@gmail.com,
Nurmakhanova ZH.M., S.D. Asfendiyarov Kazakh National Medical University,
Almaty, Kazakhstan, +77017393809,
e-mail: zhannal2932@Qmail.ru

ECG analysis is widely used to diagnose many heart diseases, which are the leading cause of death
in different countries. The quality of the ECG signal can be affected and worsened by various
sources, such as the patient’s condition, basic walk, electrocardiogram contact, and others. In
addition, if the ECG is visually monitored, the probability of human error is high, each 10-result
is interpreted with an error (Brikena Xhaja, 2015: 305-312) And also for many ECG images it is
simply not possible to conduct a visual analysis of the frequency data of the signal. The morphology
of low-amplitude high-frequency signals, the so-called P waves, hides valuable information for early
preclinical disease prediction. That is, the need to search for new methods of early preclinical
diagnosis is still relevant. Since the majority of clinically useful information in the ECG is found
in the intervals and amplitudes determined by its significant points (characteristic peaks and wave
boundaries), the development of accurate and reliable methods for automatic ECG delineation is
a matter of great importance, especially for the analysis of long records (Juan Pablo Martinez,
2014: 570-581). The problems of retrieving information from the electrophysiological signal that
can not be obtained by visual analysis of the recording, as well as the problems of automation
of traditional algorithms of medical analysis are relevant in connection with the lack of research
in this field. The aim of the research is to search for new areas of application of the wavelet
transform method in signal processing. Wavelet transformation, obtained widely in 2000 in the
study of signal properties, allows us to "discern"hidden frequency-time signal data with the help of
approximating and detailing coefficients. The obtained results show that the proposed algorithm
provides real efficiency in the processing of primary signals for the task of isolating the detailing
coefficients of the ECG signal. Our study shows that Morlet’s wavelet analysis of P intervals, which
can be applied easily and inexpensively, can reliably predict the incidence of symptomatic episodes
of paroxysmal atrial fibrillation in patients without clinically and echocardiographically expressed
heart disease. Wavelet analysis can contribute to our understanding of the electrophysiological
mechanisms underlying the generation and recurrence of paroxysmal atrial fibrillation and can
identify patients at high risk of increased relapses of paroxysmal atrial fibrillation, thereby creating
the prospect of early application of non-invasive and invasive therapeutic strategies to prevent
future events of paroxysmal ciliary arrhythmias.

Key words: electrocardiogram, wavelet transformation, paroxysmal atrial fibrillation.
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Kenreren emmepae emmuiH, 6acThl cebeb1 OOJIBIT TAOBIIATHIH XKYPEK aypy/IapblH OOJIKay YIIIH
KT rammaysr keHiHeH Kormanbuiaasl. DK curaababiH camackl Typsal ceberrTep/ieH HAap Iay bl
MYMKIH, OFaH eMJIeJIyIHIH Kyii-2Karaaibl, DK a/1eKTpoIrapbIHbiH, GailJIaHbICHl CHSIKTBI ceberrrep
xaranpl. Opan backa, erep DKI' GeitHec: Bu3ya bl Typje MHTePIPeTalusijIaHaTbIH 60JIca, OHIA
aJlaMU KaTeJIKKe YPbIHY BIKTUMAJJIBIFBI YKOFAPBLIAl TyCcelll »KoHe CTATUCTUKAJIBIK MOJIMETTED
GolibiHIa Bu3yaJabl TajganraH JKI' OeifHeHIH Op OHBIHINBICHI KATe€ WHTEPIPeTaIUsIaHa bl
(Brikena Xhaja, 2015: 305-312). Conbimen karap kenrered DKI' Geitrenep apKbLibl CUTHAJIBIH,
JKUAUTIKTIK MOJIIMETTEPl TYPaJbl AKIMApPATThl BHU3YAJIbl TypIe Kypridyre Oonmaiiabl. Temen
AMILIATY/IAJIBI YKOFAPBI XKUALTIKT] CUTHAJIAPBIH MOP(OIOTHSACHl KOITEreH aypPyJIap/Ibl aJlIbIH aJIa
bGoKayra KOJJIAHBUIATBIH KYHJIbI MajiMeTTepre ue. COHJBIKTAH epTe KINHUKAJBIK, OOJIKAYIbIH
JKaHa OJIICTEPIH 13JIey KAXKEeTTLIr1 ol jge e3ekrl wmocese. IDKI' OeitHeciHmer: maiimaJibl
aKIMapaTThIH KOIIILITMAHbBI3Ibl HYKTEJIEPIMEH aHBIKTAJIATHIH HHTEPBAJIIAD MEH aMILIUTY1a1apia
opuHajackauabikTan, OKI-ma ockl afiMakTapibl HaKTBI JKOHE CEHIMIl OOJIeTIH aBTOMAaTThI
9JIICTEP/Il OHJEY OTe MAHBI3IABI Macese GOJIBII TabbLIAJIBI, dCIPEce Y3BIHIBIFBI MAMAJIBI OOJIATHIH
xkazbamapaa(Juan Pablo Martinez, 2014: 570-581). DieKTpodU3MOIOTUAIBIK CUTHAIIADIAH
BHU3yaJIIbl TypJe aJiyFa OOJMAaifiThIH aKIaparThl aJly Mocejejiepl, COHBIMEH KaTap JI9CTYpJIl
JOPITEPJIIK TAJIayAbl aBTOMATTAHIBIPY MOCceJeepl OChI OOJIBICTAFbl 3ePTTEYJIEPIIH a3 IbIFbIHAH
©3eKT1 OOJIBII TAOBLIAIBI. 3EePTTEY/IIH MAKCATHI CUTHAJIIAPIbI OHJIEYE BEHBIET TYPJICHIIPY OIICIH
KOJITAHY/IBIH, YKaHa OarbITTapbiH 1371y 60J1bIn Tabbutaabl. 2000 KbLIIAPl CUTHAJIBIH, KACHETTEPIH
3epTTeyle KeHIHeH KoJmaHblia Oactaran Wavelet Tpamcdopmanusachl 013re ammpOKCHMAITAS
KoHe OeJiekTey Ko3(M(MUIMEHTTEPl aPKbLIbI 2KACBIPBIH JKULIIK CUTHAJBIHBIH JIePEKTEPIH
«afiBIPBINTy aJlyFa MYMKIHJIK Oepe/l. AJIbIHFaH HOTHXKEJIED KOPCETKEH e, YChIHBLIFaH aJIlOPUTM
OKI' curHajbHBIH erKeh-Terkeiyn  KOdMOUIMEHTTEPIH OKINay/Iay MAaKCAThl YIMH OaCTAIKBI
CUTHAJIIAP/IBI OHJIEY/Ie HAKTHI THIMJILUIIKTI KAMTAMAChI3 eTe/ll. BI13MH 3epTTeyIMI3 KOPCEeTKEH e,
Mopaer BeiiByieTIH KOJTaHyMeH P apasibIKTapblH Tajaya OHAll JKoHe ap3aH Typje KOJJIAHyra
6ONIATHIH KIMHUKAJIBIK, YKOHE IXOKApPIUOrPadUsIbIK KyPEK aypybIMEH aybIPDATBIH HAyKACTapIa
MapPOKCU3MAJIbIIbl aTPUAJIBIl  (DUOPHILIAINUSHBIH SIU30TAPBIHBIH CUMIITOMIBIK, SIUIEMUSICHIH
cemiMI1 Ooskayra Oosanbl. BeitBier Tajgaybl MapOKCH3MAJBIL aTPUAIbIl  (DUOPUIISISHBIH
PeHepAIUsIChl MEH KAWTAJaHybIH HErI3IEATIH 3JIEKTPOMUNOJOTUSIIBIK, MEXAHU3IMIEPl TYCIHYTe
BIKIIAJ €Te AJIaJibl YKOHE MNAPOKCU3MAJIbJbl aTPUAbIl  (DUOPULISIMSHBIH, KANTAJAHY bIHBIH
JKOFApBLIaybl XKOFAPBI eMJIETYIIIEP/l AHBIKTAN aJa/Ibl, OCBLIANIIA, TAPOKCU3MAJIBI IMBIPBIIITHI
OoJlalllaK, OKWUFaJapIbIH aJJIblH aJjly VIIH WHBA3UBTI €MeC JKOHE WHBA3UBTITEPAIEBTIK
CcTpaTerusiapibl €prepek KOJJIAHy MyMKIHIIK Oepes.

Tvyiiin ce3aep: 31eKTPOKApANOrpaMMa, BEHBIETTIK TYPJICHIIPY, TAPOKCU3MAJIIbI APUTMUS.

OGpaboTka JaHHBIX B 3JIEKTPOKAPAMOrpaMMax MeETOAOM BEMBJIETHOrO Hpeobpa3oBaHus JIJIs
HCCJIe/IOBAaHUS PAHHEr0o MPOrHO3MPOBAHMUS MAPOKCU3MAaJIbHON MepIaTeJbHON apuTMUN
Abmaxmerosa 3.M., Kazaxckuii Harmonaabubiil yausepcurer umenn ajib-Papadbu, Anmarsr, Kazaxcram,
477018998833, e-mail: zukhra.abdiakhmetova@gmail.com,

Hypmaxanosa 2K.M., Kazaxckuit narmonaabubiiit Mmeaumuackuii yausepcurer umenn C.2K. Acdennuspona,
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Ananuz KT mupoko ucrnosb3yercs JJjist JUarioCTUKA MHOTUX CEPJEYHBIX 3a00JIeBaHUN, KOTOPbIE
SIBJISIFOTCSI OCHOBHOU IIPUYWHON CMEPTHOCTH B Pa3HbIX cTpaHax. Kadecrso curtana DKI' moxer
OBITH 3aTPOHYT M YXY/IIEH PA3IUIHBIMU UCTOTHUKAMEI, TAKMME KaK COCTOsTHUE MAleHTa, 6a30BOe
6ayxmanue, koHTakT 37eKTpooB IKI' um npyrme. Kpome toro, ecm DKI' xorTposmpyercs
BU3YAJIbHO, BEPOSATHOCTDH IIOJyYEHWS 9YEJOBEUECKON OIMMOKN BBICOK, KaxKIblil 10-pesysbrar
unrepuperupyercs ¢ omubkoit (Brikena Xhaja, 2015: 305-312). A rakzke o muorum DKI' caumkam
IIPOCTO He BO3MOXKHO IIPOBECTU BHU3YAJIbHBIN aHAJIN3 YaCTOTHBIX JAHHBIX curxasa. Mopdosorus
HU3KOAMILJIUTY/IHBIX BBICOKOYACTOTHBIX CHTHAJIOB, TaK HA3bIBaeMbIX P BOJIH, CKPBIBAeT IEHHYIO
nHMOPMAIUIO [IJIsi PAHHETO JOKJINHUYIECKOIO TPOrHO3UpOoBaHus 60jie3neil. To ecTb HEOOXOIUMOCTD
MIOMCKa HOBBIX METOJIOB DPAHHEH MOKJINHUIECKON IMATHOCTUKHU BCE €Ile aKTyaJbHa. 10CKOIBKY
GOJIbITIAsT 9aCTh KJIUHIIECKH 1oJie3H0i nadopmarn B DKI' 0bHapyKUBAeTCS B HHTEPBAJIAX

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne1(97)2018



Data processing in electrocardiographs ... 113

n aMIUIUTyJdaX, OIIpeJe/IsddeMbIX €€ 3HaYUMbIMU TOYKaMMU (XapaKTeprIe IINKN W TI'DaHUIbI
BOJIH), Pa3paboTKa TOYHBIX M HAJEXkKHBIX METOJOB aBTOMAaTHYECKOro pasrpanudenus KT
SABJISIETCSI TIPEJIMETOM CEePhe3HON BAXKHOCTH, OCODEHHO JJIsi aHaJu3a JJIMHHBIX 3amucei
(Juan Pablo Martinez, 2014: 570-581). IIpoGiembl u3BjIeYeHUs U3 JIEKTPOMDUIAOIOTAIECKOTO
curajia wHdOpPMAINN, KOTOPYI0 HEBO3MOXKHO IIOJIYYUTH I[IPA BU3YAJIHHOM aHAJA3€ 3AIUCH, &
TakKe IPOOJIEMbl aBTOMATH3AINH TPAIUIMOHHBIX AJTOPUTMOB BPadeOHOrO aHAJIM3a SABJISIOTCS
aKTyaJbHBIMUA B CBSI3U C HEJIOCTATKOM WCCJIeJOBaHuil B jaHHOi obsactu. Ilesbro umcciiemoBanmst
SBJISIETCsl IOMCK HOBBIX 00JlacTeil NpUMEHEeHWs MeTO[a BEWBJIETHOrO NpeoOpa30BaHUs B
obpaborke curaasoB. llosyunBmee mmpokoe pacmpocrpanerre B 2000 romax B HCC/I€IOBAHAN
CBOIICTB CHTHAJIOB BeWBJIETHOE MPEOOPA30BAHME IIO3BOJISIET C ITOMOIIBIO AIIPOKCHMUPYIOIIIX
U JIeTAJN3UPYIONUX KOI(MDMUIMEHTOB «Pa3IIsieThy CKPBIThIE YaCTOTHO-BDEMEHHBIE JIAHHBIE
curnaJia. IlosrydeHHbIE PE3YJIBTATHI IIOKA3BIBAIOT, YTO IIPEJIAraeMblil ajJrOPUTM O00ECIIeYnBaeT
peasibHy0 3(M@PEKTUBHOCTE B 00pabOTKe IIEPBUYHBIX CHUTHAJIOB JUJIsT  33Ja9¥  BbIJEJICHUS
nperanusupyomux kKodddurmeratoB IKI' curnana. Harmre nccireioBanme mokasplBaeT, 9TO BEUBJIET-
anamu3 Mopsera mHTEpBaJioB P, KOTODBIl TPUMEHSTH JIETKO U HEIOPOrO, MOXKET JIOCTOBEPHO
IIPEICKA3aTh YACTOTY CHUMIITOMATHYECKUX SIMU30/I0B MAPOKCU3MAJIbHON MEPIATENbHON apUTMUAN
y TAIUeHTOB 0e3 KIMHUYEeCKN U dXOKapAuorpaduIecKn BbIpazkeHHOI Oose3uu cepgra. BeitBiier
aHaJU3 MOXKeT CIIOCOOCTBOBATH HAIEMY IMOHMMAHUK 3JIEKTPOMUINOJIOITIECKUX MEXaHU3MOB,
JIEZKAIAX B OCHOBE TEHEpAIlui U PEIUIUBOB MapPOKCU3MAJBHOW MepIaTe/bHON apuTMUM, ¥
MOXKET MO3BOJINTh WACHTU(MDUIINPOBATH HAIMEHTOB C BBICOKMM PHUCKOM YBEJIUUIEHUS PEIUINBOB
[IAPOKCU3MAJIbHON MEpPIATEJHHON apPUTMUU, TEeM CAMBIM CO3/1aBas MEPCIEKTUBY PAHHErO
[IPUMEHEHNs] HEMHBA3WBHBIX M MHBAa3WBHBIX TEPAIIEBTUYECKUX CTPATErnil JJisd IPEIOTBPAIEHU

OyIyIIuX COOBITUI MAPOKCU3MAJILHON MepIaTeIbHON apUTMUN.
KirogeBble cJioBa: 3J1€eKTPOKapIHOrpaMMa, BeWBJIETHOE IIpeoOpa30BaHue, NapOKCH3MAaJIbHA

MepIlaTeJibHasd apuTMUd.

1 Introduction

The quality of the ECG signal can be affected and worsened by other sources, such as the pa-
tient’s condition, the underlying walk and the patient’s weakness. contact of ECG electrodes.
In addition, if the ECG is visually monitored, the probability of human error is high, each
10-result is interpreted with an error(Brikena Xhaja, 2015: 305-312). A typical ECG trace of
a normal heart rhythm consists of a P-wave, a QRS complex, a T wave, which is shown in
Figure 1:

R R
1 QRS 2
1,0-0,60c
PQ ST ™
p « » -« T > P
<0,12¢
P
+ - Q Q
S S
PQ QRS
0,12-0,2¢|0,06-0,1¢c
QT
0,38-042c

Figure 1 - ECG trace(www.okardio.com)
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We can see that the peaks of the QRS complexes are smoothed out, and the P- and
T-waves containing the lower frequencies become more noticeable. The determination of the
position of the wave P and wave T is complicated because of its small amplitude. At the
same time, we can also find that parts on a lower scale make up higher signal frequencies.
In this paper, attention is focused on the wave P. The advantage of the wavelet transform
lies in its ability to extract the details of the ECG signal with optimal temporal resolutions.
Information on the complex P obtained is very useful for ECG classification, analysis, diag-
nosis, authentication and identification. The main advantage of this kind of detection is a
shorter time for a long-term ECG signal (Gautam A., 2012: 632-635). The method based on
the wavelet transform can be used to determine the characteristic characteristics of the ECG
signal with fairly good accuracy even in the presence of high-frequency and low-frequency
noise (P.Sasikala, 2011: 489-493). The presentation of the work done consists of the following
sections. The "Literature overview'"section contains an overview of related works devoted to
the application of wavelet transform methods to extract the detail data contained in the
signals. In the section "Materials and methods"the essence of the problem is stated and the
general steps of its solution are indicated. And as the specified steps are specified and spec-
ified in the form of a new way of data extraction. The "Main results"section describes the
results obtained using the proposed method. Conclusions formulate conclusions and provide
a plan for future research.

2 Literature review

Information hidden in the P interval, which has a low amplitude and a high frequency of
distribution, is often equally important for research than high-amplitude bursts and harmon-
ics. The interval P has a duration of 0.11 seconds, a positive value of the amplitude (Chazov
M., 2014:1). A specialist in the interpretation of ECG, mainly draws attention to these two
parameters, and a deep study of this interval and its morphology often remains without
due attention. Ignoring the high frequencies and its content in the P interval may lead to
an omission of early preclinical prediction of some kind of heart disease. For this reason,
the task of extracting hidden parts is of high relevance, but in the literature it is not given
enough attention. In ( Grigoriev D.S., 2012:57-61), the morphology of the PQRST complex
for deep study of arrhythmia and normal sinusoidal rhythm was also studied using wavelet
methods, namely, the Daubechies wavelets. In article (K.Venkata, 2011:60-69), pathologies
associated with QRS changes were investigated using a discrete wavelet transform. Further,
the works of these authors were concentrated on the interval T and new data were revealed
in ECG signals, these data were used for early preclinical detection of some pathologies. For
early preclinical detection of cardiac pathology, no study is given for the P interval. Recent-
ly, several research algorithms have been developed to detect arrhythmia in ECG signals,
some of which use wavelet transformation, fuzzy logic methods, reference vector machines
with an approach that demonstrates their advantages and disadvantages. In (Ivanko E.O.,
2009: 160-164), a continuous wavelet transform was used to extract traits from the ECG
signal to determine late atrial potentials, this algorithm achieves a positive predictability
of 98Thus, in this review, we examined the 7 most interesting articles of processing ECG
data by wavelet transformation methods. All these methods are heuristic, i.e. based on the
assumptions regarding the nature of signal distribution in the time domain of the distribu-
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tion. A comparative analysis of these statements shows that there are both coincidences of
the positions of different authors and serious discrepancies, which indicates that there are
unresolved problems in this area.

3 Materials and methods

At present, in connection with the increase in the number of patients with paroxysmal atrial
fibrillation, there is an urgent need to search for new methods of early preclinical diagnosis.
These methods should meet a number of requirements: to have a sufficiently high sensitivity
and specificity, the possibility of using in outpatient settings and low time and financial costs
in conducting screening studies. The method of the standard ECG and the carrying out of ex-
ercise tests have by now reached certain limits of their diagnostic capabilities for the detection
of hidden PMA of the heart. In its initial stages, the use of conventional electrocardiography;,
as a rule, does not reveal abnormalities. At the same time, there is reason to assume that
already in this period there are changes in the frequency and temporal characteristics of
the electrical potentials of the heart that are not recorded with the help of a conventional
electrocardiograph. Fundamentally new possibilities are opened when modern mathematical
methods of analysis are applied to the ECG signal, based on signal representations in the
form of expansions in some generalized vector spaces. The most famous example of such an
expansion is the Fourier transform, realized most often as a Fast Fourier Transform (FFT).
Let f(z) — continuous function of a real variable = . The Fourier Transform of a function
f(z) is defined by equation:

FU)= /_OO f(z)e 2™ dy (1)

where i = y/—1 and u often called a frequency variable. Summation of sines and cosines
may not be so obvious at first glance, but applying Euler’s equation, we get:

FU)= / f(z)(cos 2muzr — isin 2rux)dx (2)
For this F'(u), we can go back and get f(x) using the inverse Fourier Transform:

fo) = [ Pw)e i ®)

The application of a temporary "window"allows estimating the change in the signal spec-
trum in different phases of a cardiocycle. This method is called Spectral-temporal mapping.
This technique has now become quite widespread. At the same time, all the potential capabil-
ities of the CRM method remain unfulfilled in it, primarily due to the natural shortcomings
of the standard Fourier analysis. The fact is that the method uses a fixed "window'"that
can not be adapted to local signal properties. As a result, in the low-frequency part of the
spectrum, the frequency resolution is lost, and the frequency resolution is lost in time. To
resolve this contradiction in modern mathematics, a number of methods for analyzing non-
stationary signals have been developed (this class includes ECG signals). The most famous
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was the so-called wavelet transform (Wavelet-transform). It represents the decomposition of
a signal over a set of basis functions, which are determined on an interval shorter than the
duration of the cardiac signal (www.okardio.com).

e Wavelet Decomposition Wavelet Reconstruction
(6 levels) (6 levels)
A6 D6 | D5 | Dp4a D3 | D2 | DL |
[0-4Hz] [4—8Hz] | [8-16Hz] | [16-32Hz] | [32-64Hz] I [64 -128Hz] | [128 - 256Hz] :

L 62 level J | SEI{veI | 49£vel | 39£vel | 29I-£.rel IEI{veI
D A

> + e

T

Original Signal

Figure 2- 6-leveled wavelet decomposition

In this case, all functions of the set are generated by means of a two-parameter trans-
formation (a shift along the time axis and a scale change) of one initial function, called the
"parent"function. They are called wavelets (in translation - short waves or bursts). Large val-
ues of the scale parameter correspond to the application of the low-pass filter to the original
signal, small values of the high-pass filter. From the Fourier transform, the wavelet transform
differs in that the multiplication by the "window"is contained in the very basic function,
and the "window"adapts to the signal when the scale is changed (Dobesi 1.,2001:464). This
module computes a wavelet analysis using different types of wavelets. In STx a scaled wavelet
transformation with a bounded integration interval is used:

1

H(a,b):m

/ h(t)W(%, £0)dt (4)
with:

a frequency scaling parameter b time shift parameter S(a) amplitude scaling factor a
time window width (input ACUT) {0 basic frequency of wavelet function (input FO) For the
study, we used the results of ECG images of 2000 patients who were presented by the Almaty
Cardiology Center and were taken from the site (Open MIT ECG Database, 2012) with
episodes of symptomatic paroxysmal arrhythmia (PMA) from January 2017 to December
2017 and were taken with Edan SE-3 devices, EXT 01-R-D. Of these, 500 patients had the
first episode, and 500 had a relapse of the PMA episode. Patients were observed 12 months
and classified into three groups depending on the number of PMA relapses per year: group A
- healthy patients without recurrence of PMA, with less than five relapses per year - group
B and with more than five relapses per year - group C.

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne1(97)2018



Data processing in electrocardiographs . .. 117

A[1-5 month.]: 500, <5
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Figure 3 - Study groups
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Although Group B and Group C patients did not differ in time in AF, Group C patients
had more PMA episodes in their medical chart, these episodes were longer and the time in the
sinus rhythm before the last episode of PMA was larger compared to patients in Group B. All
subjects were subjected to ECG analysis, as described below, at the initial and subsequent
levels.

b ]

Figure 4 - Leads [12]

The wavelet transform was proposed as an alternative way to analyze non-stationary
biomedical signals, which decompose the signal into basic functions. The wavelet method
acts as a mathematical microscope, in which we can observe different parts of the signal
simply by adjusting the focus (Boytsov S.A., 2001:32-34). The usual application of wavelet
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methods for processing medical waves uses a wavelet transformation based on the use of a
single wavelet, rather than on the basis of a set constructed from a family of mathematically
related wavelets. Again, choosing a wavelet with appropriate morphological characteristics
with respect to the physiological signal under consideration is critical to the success of the
application. Next, various DWT applications will be presented in cardiac studies with inter-
esting applications such as noise cleaning and compression of medical signals, segmentation
of the electrocardiogram (ECG) and the derivation of latent characteristics, heart rate vari-
ability analysis and analysis of various cardiac arrhythmias.

4 Main results

The use of the method for the three groups showed the following results: Mean and Max
values correspond to the area and maximum peak value of P., respectively. Observations
showed that there was no special difference between groups of patients and healthy in the
lead X. In lead Y as well, there was no difference between the maximum values of healthy
and sick, and the areas were not. In lead Z there were differences between the data of groups
A, B and C. As the results of the wavelet transformation showed, the patients of group C
had a larger value of P both in area and in the maximum value of peak P. The duration of
wave P increased in patients with any number of repetitions disease.

5 Conclusion

The algorithm of processing data based on the wavelet transformation of the signal was
presented in the paper. The main idea was to process the data - signals, for its subsequent
processing. The obtained results show that the proposed algorithm provides real efficiency in
the processing of primary signals for the task of isolating the detailing coefficients of the ECG
signal. The development perspective of this approach is the development of software modules
that allow you to configure the transformation parameters in the user interface, as well as the
improvement of the algorithm itself. The present approach and results can be implemented
in the ecg machines to provide an analytical report along with the patient’s ECG. Accurate
and reliable ECG analysis in the ECG machine is very much in demand today. The efficiency
of the developed diagnostic method was proved on the basis of numerical experiments. The
next stage in the development of the system will be optimization and testing on longer signals
to diagnose a wider range of diseases.
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Modeling the processing of a large amount of data
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The definition of large amounts of data, Big Data, is used to refer to technologies such as storing
and analyzing a significant amount of data that requires high speed and real-time decision-making
when processing. Typically, when serious analysis is said, especially if the term DataMining is
used, hat there is a huge amount of data. There are no universal methods of analysis or algorithms
suitable for any cases and any volumes of information. Data analysis methods differ significantly in
performance, quality of results, usability and data requirements. Optimization can be carried out
at various levels: equipment, databases, analytical platform, preparation of source data, specialized
algorithms. Big data is a set of technologies that are designed to perform three operations. First,
to process large amounts of data compared to "standard" scenarios. Secondly, be able to work with
fast incoming data in very large volumes. That is, the data is not just a lot, but they are constantly
becoming more and more. Thirdly, they must be able to work with structured and poorly structured
data in parallel in different aspects. Large data suggest that the input algorithms receive a stream
of not always structured information and that more can be extracted from it than any one idea.
The results of the study are used by the authors in modeling large data and developing a web

application.
Key words: Large amounts of data, data processing, analysis, modeling, methods.

YnkeH eJimieMai JepeKTepal eHaeyai MoaesIbaey
Banakaesa [.T., on-®Papabu areingarsr Kazak yiarTeik yausepcureri, Ammarer, Kazakcram,
477013201802, email: gulnardtsa@gmail.com,
Hapkenbaes I.K., on-Papabu arbiHgarsl Kaszak yirTeik yHEBepcuTeTi, Anmarsl, Kazakcras,
477012591891, email: dauren.kadyrovich@gmail.com

BigData mepekrepinin yiIkeH KoeMiH aHBIKTAY KOFAPbI KbLIIAM/IBIKTHL KOHE HAKTHI YAKBITTHIK
mrerntiMaep KaObLIIayabl Taaal eTeTiH JepeKTeP/IiH YIKEH KOJIEeMIiH CAKTay >KOHE TaJIay CUSIKTHI
TEXHOJIOTUSIJIAPIAbl  KOJIJIAHY VINIH [aiijlajJaHblIajibl. OJETTe, erep aHaJUTUKAJIBIK OHJIEYJIiH
MaHBI3IBLIBIFEL Ty PaJIbl alTKAHIA, ocipece, DataMining repmuni nmaiinasiansuran 60Jica, OJ1 YIKEH
JepekTepaiH, bap ekenmirin Oimmipemi. Ke3 kenarenm »karmaitmapma >kKoHe Ke3 KeJIreH akiaparT
KeJieMiHe coiikec KesieTiH ombebanm aHaj M3 HeMece ajaropuTMiep Kok. Jlepekrepmi Ttasimay
9IicTepl OHIMJITIK, HOTUXKE Calachl, KOJI YKETIMJIJIIK XKOHe JIepeKTep TajalTapblHa alTap/IbIKTa
epexkinesieneni. OHTailIaHabIPy TYPJIL JeHTeiiepie XKy priziayl MyMKiH: »KabIbIKTap, J1ePEKKOPJIap,
AHAJIUTUKAJIBIK IIaTdopMasiap, 6acTankbl JIepeKTepl MailblHIay, apHailbl aJropuTMiaep. Y JIKeH
JepeKTep — VI OIepaIusHbl OPBIHJAyFa apHAJFaH TEeXHOJOTHUSIAD YKUBIHTBHIFBI. BipintrineH,
"crapmapTThl" cleHapuilepMeH CaJabICTBLIPFaHIa OZAH Y/IKEH KOJIeMIl JepeKTepl oHIel aIaibl.
Exinmrizen, xejaes TYCKEH YJIKEH JI€PEKTEPMEH *KYMBIC *Kacail ajiafpl, SFHU JKail FaHa Kell eMec
VaKBIT OTKEH CalibiH JIepeK KojieMi kebeite 6epesi. YIiHImieH, ogap KYpbhLIGIMIAIFAH XKOHe HAIIap
KYPBUIBIMJIAJIFAH JIEPEKTEPMEH Op TYPJIi ACIeKTiJiep/ie TapaJlIesibIi TYp/e KYMBIC Kacail asybl
KazkeT. YJIKEeH OJIIeM/Il IEPEKTEP aJrOPUTMIEP] 9pJaiibiM KYPBhLIBIMIAIFAH AaKIIAPAT aFbIHBIH FaHa,
ajia GepMmeiisi, OChIIAH KON O TyifiHzeyre 0osanpl. 3epTTey HOTUKEJEDIH MaKaJjia aBTOPJIAPHI
VJIKEH OJIIMIEMI JepeKTep/Ii MOJAeabaeyae KoHe Beb-KochiMIna 93ipiey/ie KoIdany YCTiHIe.
Tyiiin ce3aep: Y/KeH o/IIeM Il JepeKTep, aKIIapaTThl OHIEY, TAJIAY, MOJIEIHIEY, diCTep.
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MoaenupoBauue o6paboTku GOJIBIIOro 00 beMa JJAHHBIX
Banakaesa I'.T., Kazaxckuit Hanpona bHbIli yHBepcuTeT nMmenu aiab-Dapabu, Anvarer, Kaszaxcram,
+77013201802, E-mail: gulnardtsa@gmail.com,
Haprenbaes JI.K., Kazaxckuii HallmoHaJIbHBIN yHUBEpCUTET nMeHU ajib-Papadbu, Asimarsr, Kasaxcras,
477012591891, E-mail: dauren.kadyrovich@gmail.com

Ornpenenenne 6osbmux 00beMoB JaHHBIX, BigData, wucmosibsyercss jisi 0603HAYEHHMsST TaKUX
TEXHOJIOTUIl KaK XpaHeHNe W aHaJu3 3HAYUTEeTHLHOTO 00beMa MAaHHBIX, IPU 00pPabOTKE KOTOPBIX
TpedyeTcs BhICOKas CKOPOCTh, M IPUHSTHE PEIIEHUH B pesKuMe peabHOro BpeMmenn. OOBITHO, KOTIa
TOBOPSAT O CEPhE3HOM aHAIUTHIECKO 00paboTKe, 0COOEHHO eC/I UCTIOIB3YIOT TepMuH DataMining,
II0/IPa3yMeBAIOT, YTO JMAHHBIX OIPOMHOe KosimdecTBO. He cyIecTByeT yHHUBEPCAJIBHBIX CIIOCOOOB
aHaJU3a WU aJrOPUTMOB, MPUTOJHBIX JJIsi JIFOOBIX CIy4YaeB U JIFOOBIX 00bEMOB UH(OPMAIWH.
Meroapl aHa/M3a JAHHBIX CYMIECTBEHHO OTJIUYAIOTCHA JAPYT OT Jpyra IO MPOU3BOIUTEILHOCTH,
Ka4IeCTBY PE3y/IbTATOB, yAOOCTBY IpUMEHEHUsi W TpeboBaHWsM K JaHHBbIM. OnTuMu3amnus
MO2KET TPOU3BOJUTHCS HA PA3IUYHBIX YPOBHSX: 000pyIoBaHue, 0a3bl JAHHBIX, AHAJIATHIECKAT
waTdopMa, IMOAr0TOBKA NCXOIHBIX TAHHBIX, CIIEIINAIN3NPOBAHHBIE aJITOPUTMbI. BouibIie 1aHHbIe
— 3TO COBOKYITHOCTH TEXHOJIOI'Hil, KOTOpbIe INPU3BaHbI COBEPINATH TPH oOlepaluu. Bo-IepBbIX,
obpabarbIBaThL OOJIBINNE IO CPABHEHUIO cO "cTaHmapTHBIMHU" CIeHAPHUSMU OObeMBI JAHHBLIX. Bo-
BTOPBIX, YMeTh pabOTaTh € OBICTPO MOCTYHAIONUMA JTAHHBIMA B OYeHb OOJbImuX oObemax. To
€CThb JAHHBIX HE IIPOCTO MHOI'O, HO MX IIOCTOSHHO CTAHOBUTCs Bce Oosbie u Oosbine. B-tperpux,
OHHU JIOJIZKHBI YMETh PadoTaTh CO CTPYKTYPUPOBAHHBIME U IIJIOXO CTPYKTYPUPOBAHHBIME JAHHBIMA
IapaJsijieJIbHO B PA3HBIX acleKkTaxX. Dosibline maHHbIE IIPEIIOoJaraloT, YTO Ha BXOJ, aJIIOPUTMbI
[TOJIyYaiOT IMOTOK He BCErja CTPYKTYPUPOBAHHON MHQOPMAIMA M YTO W3 HEro MOXKHO HU3BJIEYb
6oJibIlle, YeM KAaKyI-TO OIHY HIeK. Pe3yibTarbl WCCAeIOBaHUs MCIOJIL3YIOTCS aBTOPAME IIpU
MOJIEJIMPOBAHUY OOJIBINAX JAHHBIX U PAa3pabOTKe BEO-IIPUIOKEHUS.

KuroueBbie cioBa: Bosbiime 06beMbl JaHHBIX, 00pabOTKa JAHHBIX, aHAIN3, MOJIEJIMPOBAHMUE,
METO/IBI.

1 Introduction

The analysis of a large volume of data requires a special technique, because when technical
difficulties arise, it is only necessary to use them with the force of force, i.e., to use powerful
equipment.

Of course, we can increase the speed of data processing, especially on modern servers
and workstations, with multi-core processors, mass memory and powerful disk arrays. How-
ever, there are many other ways to scale-up large-scale data that does not require enormous
hardware upgrades and endless hardware updates.

2 Review of literature

Consider the possibility of using a database management system. Modern databases cover
different mechanisms, which utilizes significantly the speed of analytical processing:

— During the analysis, the most frequently used data can be pre-processed and can be
stored in a special table in the form of multidimensional cubes in the database server ready
in the upcoming processing.

— Cache tables to basic memory. During the analysis, you can cache the most commonly
used data, such as definitions, by using the database resources. Reduces the access of the
drive to a smaller number of times (Sosnov, 2002).

— Split tables into sections and table spaces. You can place data on separate discs, indices,
and helper tables. This allows the parallel disk to read and write information to the database
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management system. In addition, the table can be divided into sections. For example, we can
use a logical table with historical data, when we need to divide it into small physical sections,
this small part is read and not read all the history data.

Increasing the speed of searching information from the database in other ways: trigger-
ing rational indexing, query scheduling, parallel processing of SQL queries, using clusters,
preparing data analyzed using stored procedures, database server triggers, and many of these
mechanisms can be used with free databases (Vishnevskii, 2009).

3 Methods and models

Integration of data includes the integration of data from different sources and the provision
of data to users in a unified form. This process becomes significant both in commercial tasks
(when two similar companies need to combine their databases), and in scientific (combining
research results from various bioinformation repositories, for example). The role of data
integration increases when the volume and need for data sharing increases. Data integration
systems can integrate data at the physical, logical and semantic level. Integration of data
at the physical level from the theoretical point of view is the simplest task and is reduced
to the conversion of data from various sources into the required uniform format for their
physical representation. Data integration at the logical level provides the ability to access
data contained in various sources in terms of a single global scheme that describes their joint
presentation, taking into account the structural and possibly behavioral (using object models)
data properties. Semantic data properties are not taken into account in this case. Support for
a single presentation of data, taking into account their semantic properties in the context of a
single ontology of the subject area, is ensured by the integration of data at the semantic level.
The integration process is hindered by heterogeneity of data sources, in accordance with the
level of integration. So, at integration on a physical level in data sources various file formats
can be used. At the logical level of integration, there may be heterogeneity of the data models
used for different sources or different data schemes, although the same data model is used.
Some sources can be websites, and others — object databases, etc. When integrating on a
semantic level, different ontologies can correspond to different data sources. For example, it
is possible that each of the sources represents information resources modeling a fragment of
the domain, to which its own conceptual system corresponds, and these fragments intersect.

The ability to increase speeds is not limited to optimize databases, and many things
can be done by combining different models. The editing speed depends on the complexity
of the mathematical device used. Analysis mechanisms are much simpler, the faster data is
analyzed.

The data processing scenario can make the data run by using the sio data model
(Glushakov, 2000). Here’s a simple idea: no need to waste time on the data that does not
require analysis. First of all simple algorithms are used. A part of the data that can be
processed by these algorithms and cannot be processed even more complicated, are further
analyzed. The rest of the data is replaced by the following processing steps, which are used
in the following complex algorithms and chains. The final node of the development scenario
uses the most complex algorithms, but the analysis data is several times smaller than the
original model. As a result, all data will be diminished according to the total time needed to
process.
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Figure 1 — Data processing using multiple templates

Here’s an example of how to use this approach. In solving the demand forecasting problem,
it is recommended to conduct an XYZ analysis, which will primarily determine how stable the
demand for various goods is. Products of group X are sold regularly, and the use of predictive
algorithms allows to obtain high-quality results. Products of Y are sold less often, so use of
predictive algorithms gives them a good quality forecast. Z The range of products is very
good, so it is not necessary to create these predictive models for them, and the need for them
is calculated on the basis of simple formulas, for example, the average monthly sales volume.
According to statistics, 70% of the product range is the product group Z. Products of Y are
25% and X-group products are 5%. Using a sophisticated model here is a 30% product only
for the goods. Therefore, the use of the above method reduces analysis and prediction time
by 5 to 10 times.

3.1 Parallel processing

Another effective strategy to process large volumes of data is to divide data into segments
and separate segments of each segment and further consolidate the results. In most cases, we
can say a few different subgroups of data. Maybe this is a group of consumers that can be a
group of goods that can lead to a particular model.

In this case, instead of creating all sophisticated models, there are few simple things to
do in each segment (Batini, 1992). This approach allows you to increase the speed of the
analysis and reduce the amount of memory. Also, in this case analytical processing can be
parallel, which also positively affects the time spent. In addition, models for each segment
can create different analyzes.

In addition to speeding, this approach has one more important advantage: several simple
models are easy to create and maintain apart from anyone else. The models can be launched
in periods and the first results can be obtained shortly.
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Figure 2 — Data segmentation and modeling

3.2 Representative selection

A representative selection is not all information, but some internal subset modeling can be
used with large amounts of data. Properly representativeized representation contains the
information needed to build a qualitative model (Blaha, 1997).

The analytical process is divided into 2 parts: modeling and applying it to new data.
Creating a complex model is a resource process. Depending on the algorithms used, data is
cached, scanned thousands of times, and auxiliary set of parameters is calculated. Applying
the model to new data requires dozens and even hundreds of times less resources.

Thus, the model is designed for a small number of sets and will be applied to all data in
the future. The result will be reduced to all data with full processing sequence.

Model
generation

Representative
Representation

Model Usage

Figure 3 — Sampling (Blaha, 1997)

There are specific ways to get a representative selection, using analytical techniques we
can analyze processing speed without losing quality. For example, sampling (The sampling
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approach, which is English translation, means sampling.). There are special ways to increase
sampling (see Figure 3).

3.3 New types of databases

Database — a set of interrelated data that can be used for a large number of applications,
quickly receive and modify the necessary information. Database models are based on a modern
approach to information processing. The structure of the database information allows to form
logical records of their elements and their interrelations. Interconnections can be: one to one,
one to many and many to many. The application of this or that type of interconnection is
determined by three models of the database: hierarchical, network, relational. The hierarchical
model is represented in the form of a tree-like graph. The advantage of this model is that it
allows you to describe the data structure both at a logical and a physical level. Its drawback
is a rigid fixed relationship between the elements. In this regard, any changes in relationships
require a change in its structure. In addition, the speed of access was achieved due to the
loss of information flexibility, i.e. it is impossible to obtain information located on another
branch of the communication in one pass through the tree. This model implements the one-
to-many type of communication. The network model of the database is represented as a link
diagram. In a network model, any kind of relationship between records is allowed; there are no
restrictions on the number of feedbacks. The principle of many to many is used. The advantage
of this model is the greater information flexibility in comparison with the hierarchical model,
but there is a drawback — the rigidity of the structure. If you need a frequent reorganization
of the information base, you use the most advanced model of the database — the relational
database, in which there are no differences between objects and relationships. The type of
connection of such a model is one to one. In this model, the relationships between objects are
represented as two-dimensional tables-relations. Since any data structure can be converted
into a simple two-dimensional table, and this representation is most convenient for both
the user and the machine, the overwhelming majority of modern information systems work
precisely with such tables, i.e. with relational databases.

Due to the growing volume of information, hard disk space is difficult to deal with (it is
relatively easy to solve some of the difficulties) and it is important to get timely access to the
data. Sophisticated caches can be used, but it does not help in the end. You can divide the
database into each part and insert each part into our databases. When the database volume
increases, the speed of the system decreases dramatically. One way to save time access is
to place the database in RAM (Obukhov, 2014). This technique is 100 times faster than a
rational method. The in-memory database, the IMDB database, uses the computer’s express
drive to store data, which means the Quick Storage Device is a place to store data in such
systems. Due to the fact that the cost of memory is rising day by day as a place of storage, it
is efficient and at speeds of data processing (Frenk, 2014). There are new types of databases
that can be self-analyzed to work with large volumes of data. Currently, this statement is used
by the general database. Terrada’s developers created the first self-analysis database (Bonez,
2005). Also one of the database types is the column data store. In recent years, a number of
database systems have been created, including MonetDB (Boncz, 1999), (Stonebraker, 2005)
and C-Store (Abadi, 2008), which store data on the column.
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4 Results and discussion

Analysis of large databases — this is a major scalable report, and in many cases it is not
actually solved. Modern databases and analytical platforms offer several ways to handle these
issues. If we use them efficiently, you can edit data terabytes that are accurate at speeds. The
results of the analytical study are used by the authors in modeling large volumes of data and
developing the Web application, and for improving the results of large-scale data processing
in the model coordination.

5 Conclusion

These methods are only a small part of the methods that allow you to analyze large amounts
of data. There are other methods, such as special scalable algorithms, hierarchical models,
reading windows, and more application. According to the design of these systems, these sys-
tems give a good result in performing some workloads, especially in database applications
with many requests, providing the desired results when reading data in a workload (Bal-
akayeva, 2013).
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Every year, the atmosphere in Kazakhstan is polluted approximately 5-7 million tons of pollutants,
about a third of which belong to the vehicle. Also excess pollution of the air basin of the cities of
the Republic is caused by pollution of pollutants by metallurgy, oil refining and chemical industry
factories, automobile and railway transport. The harmful substances emitted by motor transport
adversely affect the air, water reservoirs, soil and the planet’s biosphere. At Nowadays car engine
consumes about 3 kilogram of atmospheric oxygen when liters of gasoline per 1 kg are burned.
Every car delivers 60 m? of gas per hour, and the truck produces 120 m? of gas. These substances
are very dangerous for living organisms and finding solution for the problem of cleaning exhausted
gases is very actual.

The purpose of this article is mathematical and numerical modeling on transfer processes in motor-
car neutralizer with usage modern programming language and modern computing technologies.
The solution of such a problem brings a certain contribution to the protection of the environment
from automobile exhaust gases. The task of cleaning at exhaust gases is investigated, that is to
say catalytic oxidation of exhausted gases automobile neutralizer . The mathematical model there
is a system of differential equations warm and mass transfer including heat generation from the
chemical reaction. The equation system is solved through numerical methods and to create and
develop an algorithm of computing the task of cleaning exhaust gases in automobile neutralizer.
Key words: neutralizer, catalytic neutralizer, iterative numerical method.

ABTOoMODUIBLAI HeliTpaIM3aTopa NMAlJAJIAHBLIIFAH ra3aapAbl Ta3ajiay Ke3iH/e TacbiMajigay
IPOIECTEPIH MATEMATUKAJIBIK, XKOHE CAHJBbIK MOIEJIbIEY
Bamakaesa [.T., on-@Papabu arsiagarsl Kazak yaTTHIK yHUBEPCUTET,
Amvarer k., Kazakcran Pecriybamkacer, +77013201802, E-mail: balakayeva@mail.ru,
Okimbait I11., on-Papabu arbingarsl Kasak yJITTHIK YHUBEPCUTETI,
Asmvarsr K., Kazakcran Pecriybisimkacer, +77013656467, E-mail: akimbay.sh@gmail.com

Kazakcramga »Kbl1 caifblH aTMocdepanbl 5-7 MJIH. TOHHA TOHIpEriHIe 3USHIBI 3aTTap JACTalIbl,
OHBIH, yIIITeH 6ip Oesiri kesmikke Tueciti. Pecrnybimka kasmamapsl oye OacceiiHiHIH THIM JIACTAHYbBI
- JIACTAYIIBLIADIBIH METAJUIyPIrus, MYHAll ©HJEy KOHE XUMHsS OHEPKOCiOl KOCITOPBIHIAPBIHBIH,
aBTOMOOWJIb JKOHE TEMIPXKOJ KOJIriHIH 3WIHIbI 3aTTapibl MIBIFAPYBIHAH TYBIHAAN OTBIP.
ABTOMOOWMIIB KOJIIri OOJIIIT MIBIFApAThIH 3UTHIIBI 3aTTap ayara, Cy KoiMaJjapblHa, TOIBIPAKKA TYCIII
ILTaHEeTaMBI3IBIH OmocdepachbiHa Kepi acep eremi. Kaszipri Kesme aBTOMOOWIbL KO3FAJTKBIIIBIHIA
1 kwmmorpam O€H3WH JKaHFAH[A 3 KWJIOrpaM arTMocdepasblK, OTTEerl MbIFBIHIAIAAB.  OpOip
aBTOMOOWIIB ayara caraT cafibia 60 M° Ta3, ax xKyK Mammunacsk 120 M3 raz Gesin mbrrapaasl. By
3aTTap Tipi OpraHm3Mep VIIMiH oTe KAyilTi »KoHe TayChLIFaH ra3Jap/bl Ta3apTy IPOo0IeMAaChIH
IIIENTY OT€e O3€KTi.

Ocbl MakaJjIaHBIH MaKCAThI - 3aMaHayWd [IPOrpaMMaJiay Tii MEH 3aMaHayW eCelTey TeXHUKACHIH
KOJIZIAHA OTBIPBII, ABTOKOJIK KYPaJJIapblH OelTapanTaHIbpyIarbl KeOIIipy [IpoIecTepireri
MaTeMATHKAJIBIK KoHe CAHJIBIK, Mofeiey. OchlHmali MoceseHi erny KOpIaral OPTAHbl ABTOKOJIIK
ra3apblHaH Koprayra 6erisi 6ip yiec kocy 60sbim TabbLtaanl. [laiiamanbuiran ra3gap/ia Ta3anay
JKYMBICHI 3€PTTEJI/Ii, AFHU AaBTOKOJIK OefiTapalTaH/IbIPFbINBIHBIH, MaiilaIaHbLIFaH Ta3 apbIHBIH,
KaTaJu3/iK TOTBIFYbl. MareMaTuKaJbIK MOJe/ble nudepeHITuaIbIK TeHJIeyIep Kyheci KbLLy
MEH Macca ajiMacy Oap, OHBIH IIMiHJEe XUMUSJIBIK PEAKIUsIaH KbLIy Tapajaibl. LeHjeyiep
Kyleci CAaHIBIK, 9/1iCTeD apKBLIbI IIEIIiIe ] XKOHE aBTOKOIIK OeiiTapaTaHIbIPFBIIBIHIA TaYChLIFAH
ra3jap/bl Ta3apTy MIiHJIETIH eCenTeyaiH aJropuTMi KYPBLIBII JaMbITHLIA/IbI.

Tyitin ce3nep: HeUTpaIN3aTOP, KATAJTU3IIK HEHTpaIN3aTOp, UTEPAIs 9/IiCi, Kyasaay dici.
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MaremaTndeckoe U YHCJI€HHOE MOAe/IMPOBaHME MPOIECCOB IMEPEHOCA PN OYUCTKE
BBIXJIOMMHBIX Ta30B B aBTOMOOMJILHOM HeliTpajn3aTope
Banakaesa I'.'T., Kazaxckuit HanmoHaIbHBIN yHUBEpCUTET UMenn aab-Papadu,
r. Anmarer, Pectiybsinka Kazaxcran, +77013201802, E-mail: balakayeva@mail.ru,
Axumbaii I11., Kazaxckuii HallmoHAJIbHBIN yHUBEPCUTET UMeHHU aJib-Dapabdu,
r. Asmarer, Peciybsnka Kazaxcran, +77013656467, E-mail: akimbay.sh@gmail.com

Exeromno B Kazaxcrane Boiuessiercss B arMocdepy OKOJIO 5-7 MUJUIMOHOB TOHH 3arPS3HSIIONINX
BEIIECTB, OKOJIO TPETU U3 KOTOPBIX OTHOCHATCS K TPAHCIOPTHOMY CpeicTBy. Kpome Ttoro,
U30BITOYHOE 3arpsi3HEHUE BO3YIITHOIO OacceiiHa ropojOB PeCIyOJIMKY BbI3BAHO 3arDsI3HSAIOIIAMU
BEIECTBAMU METAJLIyPIrUYecKuMu, HedTernepepabaThIBAIOIMMI U XUMAYECKUMU 3aBOJAMH,
ABTOMOOMJIBHBIM U JKEJIE3HOIOPOXKHBIM TPAHCIIOPTOM. Bpemmbie BemecTBa, BbIIEIsIEMBIE
ABTOTPAHCIIOPTOM, OTPUIATEJIBHO BJUSIOT HA BO3/yX, BOJOXPAHWJIHINA, I0YBy u OGuocdepy
IJIaHeThl. B HacTosiee BpeMsi aBTOMOOWJIBHBIN JBUTATEh HOTPEDJISIeT OKOJIO 3 KUJIOIPAMMOB
aTMOC(EPHOr0 KHCJIOPOJa IPU CXKUTAHUU JIUTPOB OeH3mHa Ha 1 Kr.  KaxKjwlii aBTOMOOHIIBL
nocrapasger 60 M3 raza B 4ac, a rpy3oBuk mpoussomutr 120 M3 raza. DTu BemecTBa OUEHb ONACHEI
JIJIsT YKUBBIX OPTaHU3MOB M PEIIeHHs TTPODJIeM.

Henpio maHHOM CTATHU SABJISETCS MATEMATHYECKOE M YHCJIEHHOE MOJICJIMPOBAHUE ITPOIECCOB
[epeHoca B HEHTpaJIM3aTope aBTOMOOMJIEHl C COBPEMEHHBIM SI3BIKOM ITPOIPAMMUPOBAHHS U
COBPEMEHHBIMY BBIYUC/IUTEIbHBIMA TEXHOJIOIUsIMU. PellieHne Takoii 1mpobjieMbl BHOCUT OCOOBIN
BKJIaJI B aBTOMOOUJIbHBIE BBIXJIOIHBIE Ta3bl. 3a/1a9a OYMCTKU BBIXJIOIHBIX I'a30B COCTOUT B TOM,
9TOOBI MCCJIEIOBATH, TO €CTh KATAJUTHIECKOE OKWCJIEHNE BBIXJIOIHBIX Ta30B B aBTOMOOHJIBHOM
Helirpasmu3arope. MaremaTudyeckass MOIe/Ib IPeACTaBIsgeT coboit cucremy auddepeHnnaabHbIX
YPaBHEHHUII. Cucrema ypaBHEHHIl peIraercss ¢ MOMOINBIO BBIYUCIUTEIHLHON MAINMUHBI B
aBTOMOOMJILHOM HEWTPaJIU3aTOpE.

KiroueBbie ciioBa: HefTpam3aTop, KATAJIUTUIECKUIl HEHTpAJIM3aTOp, UTEPAIMOHHBIN METOI,
MEeTOJ[ IIPOTOHKU.

1 Introduction

Automobiles are the main sources which pollutes the atmosphere. Automobile car is in the
first location by transportation volume among the all developed countries. However, due to
the increased speed and volume of automation, there are number of important issues related
to the environment and society’s vulnerability to this process. Every year, the atmosphere
in Kazakhstan is polluted about 5-7 million tons of pollutants, about a third of which belong
to the vehicle. Also excess pollution of the air basin of the cities of the Republic is caused by
pollution of pollutants by metallurgy, oil refining and chemical industry factories, automobile
and railway transport. The harmful substances emitted by motor transport adversely affect
the air, water reservoirs, soil and the planet’s biosphere. At the present car engine consumes
about 3 kilogram of atmospheric oxygen when liters of gasoline per 1 kg is burned. These
substances are very dangerous for living organisms. Most of them are gases, oil products and
dust that emit toxic and non-toxic components containing organic and inorganic substances,
chlorides, wastes in the use and production of cars. In this way, due to the increase in
traffic, in the environment harmful components are constantly accumulating and increasing
its impact. Combustion products of automobile oil are collected on the Earth’s surface and
spread to the whole territory of the community and enter the body of people’s respiratory
tract. It is a very difficult task to ensure that the toxicity of spent gases is low. To address it,
it is necessary to mobilize joint efforts of industrial operation and traffic regulation services.

The initial state of pollution reduction is the technical condition of the engine. The heavily
engineered engine consumes less fuel and also reduces the air pollution level. However, focus
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should be on proper functioning of the fuel equipment and the connecting system.

2 Review of literature

Currently, research and experimental works on the improvement of engines are carried out in
the following areas: improvement of the combustion system, change of the fuel cycle in the
engine cylinder, installation of additional equipment, reduction of harmful particles in the
extracted gases. In this regard, the use of electronic ignition, which is characterized by high
stability and high degree of ignition burner, makes significant changes (Yershin, 1997: 5-9).

The most effective way to reduce atmospheric emissions is the creation of closed, non-
waste technological cycles, including the circulation of gases. Iodine wasteless, technology;
is understood; ideal model, which in most cases can not be fully realized, but with the
development of technical progress, it is possible to approach it more and more. Now, a waste-
free technological cycle represents a combination of organizational and technical measures,
technological processes, equipment, materials that ensure maximum and comprehensive use
of raw materials and allow minimizing the negative impact of: waste on the environment.
Currently, such events are often associated with enormous technological complexity and high
costs, therefore, one of the main directions is the development and implementation of gas
purification systems. At the same time, the main task of gas purification is to bring the
content of toxic impurities to the maximum permissible concentrations established by sanitary
standards, by separating it from gas or turning into a harmless condition of the pollutant.

Methods for reducing the intoxication can be divided into 4 major groups: special regu-
lation and modification of their systems of design, work process, production technology and
internal combustion engines; use of another type of fuels or change of physical and chemi-
cal properties of fuels and lubricants; purification of exhaust gases from toxic components;
replacement of engines with less toxicity.

Bearing in mind the good qualities of all of the above structural changes, it is important
to recognize that they do not effective solve the problem. Therefore, it is very important to
use different types of neutralizers to clean the toxicity of the exhaust gases.

Neutralizer is a small reactor for combustion of flammable products to reduce the emis-
sions of extracted gases and to separate nitrogen oxides, nitrogen and oxygen. It is possible
to note the thermal, catalytic, liquid, mechanical and compound types of neutralizer. The
process of turning into carbon dioxide in the thermoelectric is accompanied by the combus-
tion of unsaturated hydrocarbons and aldehydes in the cylinder. Oxidation reaches 500-6000
° C and double hydrocarbon, while carbon dioxide decreases 2-3 times (Yershin, 1997: 10-11).

3 Materials and methods

3.1 Mathematical model

There will be considered the system of non-stationary temperature and concentration equa-
tions in partial derivatives, that describes the processes of warm and mass transfer in of
motor-car neutralizer:
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oT | U T
8t+58x—a8a:2+Q (1)
8+ U9 — a%% — pBaC

T - temperature, C' - concentration, a - thermal conductivity coefficient, p - density, ¢ -
characteristic of a porous enviroment.

Q) = qpBaC

Initial conditions:

Tl =0, Cli=o =1
Boundary conditions:

Tlog=1, Cloco =1

oT oC
%Th:L — 07 %Th:L =0

3.2 The numerical method of task solution

To solve numerically the equation system by iterative method there is used the explicit scheme
(Samarskiy, 1989: 38-47):

C;;n-'_l B C’Ln U Z+1 inf]. — D ’ZL+1 B 207’,'1 + Cinfl _ pﬁaon
At € 2Ax Az? ‘
n =200+ CF u - CP
Cn+1 C«n At +1 ) i—1 . Cm . H—l i—1
* ( Az? ppac; 2Ax
1=1,L—1
C?" =1 - initial condition for concentration.
Ci*t =1 - the first boundary condition for concentration
cr —On
L L1 _
Az
C} = C}_, - the second boundary condition for concentration
T UTh, - T T4, =210 + 1
i i ~ T i—1 7 7 i— ok
At * e 2Ax ¢ Az? apfaC;
T, =21+ 1", urr,—1Tr
T-n+1 —Tn At i+1 ] i—1 Cm _ z+1 i—1
! P At < Ax? apfa e 2Ax
1=1,L—-1
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T =1 - initial condition for temperature.
Tyt =1 - the first boundary condition for temperature.

n n
Ip =17, 0
Az
7 =T]" | - the second boundary condition for temperature.
4 Results and discussion
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Figure 2 — Temperature profile (explicit scheme, the iterative method)
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Figure 3 — Concentration profile (implicit scheme, the raising method)
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Figure 4 — Temperature profile (implicit scheme, the raising method)

Based on the difference schemes and methods described above, numerical calculation
algorithms have been developed:

- according to the explicit scheme
- according to the implicit scheme

Numerical calculation programs are developed in the modern C ++ programming lan-
guage.

The results of the numerical calculations shown in the figures indicate a good qualita-
tive and quantitative correspondence. Thus, the constructed mathematical and numerical
simulation showed the correct results.
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5 Conclusion

To make the usual human living environment, not to let the negative anthropogenic influence,
it is necessary to ensure of normal ecological status in the country And then there is possible
to make decision based on regulation of environment’s quality.

In this article is to study the mathematical and numerical modeling of car exhausting gas
cleaning processes, to create and develop an algorithm of computations, to make program
code in the C ++ programming language (Lee, 1999: 168-199).

The result of the work is the program code written in the programming language C ++,
most explicitly describing the process of gas purification. All modules are debugged, compiled
and implemented in a single environment.

The given numerical solution of equation system was implemented on C++ programming
language and the result was taken in TECPLOT graphical editor.
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This paper is part of the research on creating semantic analysis models in web resources for defining
an extremist orientation in the text. To solve this task a model was created, which consists of five
stages: identifying websites of an extremist groups, preparing for data extraction, data extraction,
data analysis and classification. This work presents the results of data analysis stage of above
mentioned model. The purpose of this study is to identify keywords, often used by extremists,
which will later be used to classify texts to "extremist" and "neutral" categories using machine
learning methods. There is no such database for the Kazakh language. As the result of this study
an experimental corpus and list of keywords in Kazakh language was created. The keywords were
added to the database with various morphological variants. The program was built that checks
for the presence of extremist keywords in the given input text and displays the words found.
Key words: extremist texts, term frequency, text classification, emotional scores.

Cozpanune 6a3bl JaHHBIX KJIIOYEBBIX CJIOB, [IJIsI ONpPEeAeIEeHUS
9KCTPEMUCTCKON HAINIPaBJIEHHOCT! B BEO-KOHTEHTE HA Ka3aXCKOM SI3bIKE
Bomarbex M.A., Kazaxckuii HarmoHa ibHBII yHUBEpcuTeT nMeHu ajib-Papadu,

r. Asmarer, Pecniyonuka Kazaxcran, +77056664007, e-mail: bolatbek.milana@gmail.com
Mycupamuesa I11.2K., Kazaxcknit HarimoHaIbHBIN yHUBEpCUTET uMeHn aab-Papabdm,

r. Ammvarer, Peciybsimka Kazaxcran, 77059011283, e-mail: mussiraliyevash@gmail.com
Tyxees ¥V.A., Kazaxckuii HallnoHAJIbHBIN yHUBEPCUTET UMeHHU ajib-Papabu,

r. Aymvarsr, Pecriybsimka Kazaxcran +77017106351, e-mail: ualsher.tukeyev@gmail.com

Hannast pabora sIBISETCS YaCTbIO MCCJIEIOBAHUS CO3JAHUSA MOJEJEHl CeMaHTHYIECKOro aHAJIN3a,
JIJIS. OIIPEJIEJIEHUs] SKCTPEMUCTCKONW HAIPABIEHHOCTH B TekcTe. JIs pereHust TaHHON 3amadu
ObLTa TOCTPOEHA MOJIEIb, KOTOPAasi COCTOUT W3 IIATH ITAIOB:  OIpEIejeHne BeD-caliToB
9KCTPEMUCTCKUX IPYIII, MOJIOTOBKA K U3BJICYEHUIO JAHHBIX, U3BJICUEHUE JTAHHBIX, AHAJN3 JTAHHBIX
u knaccudukanus. JlanHas paboTa mpecTaBiseT Pe3yaIbTaThl dTala aHAIN3a JAHHBIX YKA3aHHOM
Mojiesn. 1lesbio uccite/IoBaHus sIBJISIETCs OLPEIESIEHIE KIIIOUEBBIX CJIOB, YACTO HUCIOJIb3YIOIINXCS
9KCTPEMUCTAME, KOTODBIE B JaJIbHEHIeM Oy/yT HCIIOIb30BAThCH i KJIACCH(PUKAIINA TEKCTOB
Ha <«IKCTPEMHUCTCKUE» U <«HEUTPAJbHBIE» KATErOPUil C WMCIOIB30BAHUEM METO/IOB MAITHHHOTO
obydenms. JImst Ka3axXxCKOro s3bIKa HE CYIIECTBYET TaKON 0a3bl JaHHBIX. B pe3ymabrare 3TOro
WCCJIeTIOBAHUS OBLI CO3/IaH IKCIIEPUMEHTAIBHBI KOPIYC M CHUCOK KJIIOYEBBIX CJIOB HA KA3aXCKOM
si3bIke. KirroueBble cjioBa ObLIu j106aBJI€HBI B 623y JAHHBIX C PA3JIMYHBIMA MOPMOJIOITIECKUMHU
BapuaHTaMu. DBbljna paspaboTana mporpamMma, KOTOpasi ITPOBEPsieT BXOIHOI TEKCT Ha HAJIMIHe
9KCTPEMUCTCKUX KJIFOUEBBIX CJIOB U BO3BPAIAET HAMJEHHBIE CJIOBA.

KiroueBble cjoBa: 3IKCTPEMUCTCKHE TEKCTBI, YACTOTa TEPMUHOB, KJACCH(MDUKAINAS TEKCTA,
SMOIMOHAJILHBIE OIEHKU

Kazak Tinai BeO-KOHTEHTTEri 3KCTPEMUCTIK OAFBITTHI aHBIKTAYFa apHAJFAaH
Ty#iHce3aep MaJsiMeTTep KOPBIH KYPY
Bonarbex M.A., on-@apabu arbiagarbl Ka3ak yaTTHIK YHUBEPCUTETI,
Asnvarer k., Kazakcran Pecriybimkacst, 77056664007, e-mail: bolatbek.milana@gmail.com
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Mycupamuesa I11.2K., on-@apabu arbiagarsr Kazak yiaTThIK, yHUBEPCUTETI,
Anmarer ., Kazakcran Pecriybukacer, +77059011283, e-mail: mussiraliyevash@gmail.com
TyxkeeB Y. A., on-Qapabu arbiagarsl Kazak yaITTHIK yHIBEPCATETI,

Aumvarsr K., Kazakcran Pecriybsinkacor, +77017106351, e-mail: ualsher.tukeyev@gmail.com

Bys KyMbIc MOTiHJIETT 9KCTPEMUCTIK OAFBITTHI aHBIKTAY YVIIMIH BeO-pecypcTap/ibl CEMaHTHKAJBIK
Tajgay YJTUIEpIH Kypy 3eprreyiHiH Oesiimi 60kl TabbLIalbl. ATajfaH ecemnTi Imemry VIImiH
06ec Ke3eHHEH TYpaTbIH Y/l KYPBUIIBL 3KCTPEMUCTIK TOITAPIbIH BeO-CAWTTADBIH AHBIKTAY,
MOJIIMETTEPl aIyFra MAUbIHJBIK, YKYPridy, MOJIMETTEPl ady, MOJIMETTEP Al Taalay *KoHe XKIKTey.
Bepinren xymbic sKorapblma aTajraH YJ/TIHIH, MHIIMETTEPAl Tajaay Ke3eHiHIH HOTHXKeJIepiH
kopceTe . 2K yMBICTBIH MaKCaThl SKCTPEMUCTED K11 KOJIAHATHIH 2KOHE KeJleci Ke3eHIep e MOTiH i
“9KCTPeMUCTIK’ KoHe “OefiTapall’ caHATTapra MAIUHAJBIK OKBITY 9JiCTepi KOMeTriMeH KiKTey/ie
naiifaIaHbpLIATBIH TYHiHCO3Iepal aHbIKTay OOJIBIIT TaObLIaabl. Kasak Tial yioiH MyHIal ces3ik
KOK. 3epTTey HOTHXKECI peTiHje Ka3ak TUTHAEr IKCIePUMEHTAJIBIK KOPIIyC IeH MOJIMEeTTep
KOpPBI KypbuLabl. TyitiHCO3mep MosiiMerTep KOpBIHA OipHerne MOPQOIOrUsIbIK, HYCKAJAPBIMEH
6ipre enrizinmi. Kipic MoTirai sxcTpemMucTik Tyitircesmepain 60ybIHA TEKCEPETIH KOHE TaOBIIFAH
co3epi KaiitapaTbiH OariapiaMa KypbLIIbL.

Tyitin ce3aep: IKCTPEMUCTIK MOTIHIEP, TEPMUH YKULIIr, MOTIH/II YKIKTeY, IMOIUSIIBIK, yiaiijiap

1 Introduction

The rapid development of the Internet and information technologies poses new challenges
in the field of national security, as in the last decade terrorist organizations are oriented
on the Internet space, where today there are up to 10000 extremist electronic platforms
(Zhavoronkova, 2015: 30). Extremist organizations use social networks, blogs, forums, etc.
for propaganda, attraction of new members, conducting ideological works, collecting money
for the implementation of terrorist acts. Unfortunately, in recent years, Kazakhstanis have
also joined the ranks of extremist organizations. According to the Foreign Ministry’s reports,
to October 2017, about 500 Kazakhstanis left the country and joined the ISIS (Islamic State
of Iraq and Syria), this number includes both the militants themselves and their wives and
children (Information Portal of Kazakhstan, 2017).

In this regard, it becomes urgent to automatically monitor Internet resources in order to
identify text messages of an extremist orientation. This problem can be presented in the form
of a binary classification problem in which the texts of messages in social networks, blogs
and other resources will play the role of the analyzed objects and solved with the help of
machine learning methods (Ananyeva, 2016: 210). Such an approach requires the presence of
a labeled corpus of texts (Cohen, 2014: 246-253) (Finlayson, 2014: 896-902) and a predefined
set of analyzed characteristics, such as the results of a complete linguistic analysis, list of
keywords, etc.

There is no database of extremist keywords for the Kazakh language. This paper is part of
the research on creating semantic analysis models in web resources for defining an extremist
orientation in the text. To solve this task a model was created, which consists 5 stages:
identifying the websites of extremist groups, preparing to data extraction. data extraction,
data analysis and data classifying. This work presents the results of data analysis stage of
above mentioned model. The purpose of this study is to identify keywords, often used by
extremists, which will later be used to classify texts to “extremist” and “neutral” categories
using machine learning methods.
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2 Literature review

Researchers proposed many methods for solving the problem of determining extremist orien-
tation in the texts. Some of mentioned works are listed below.

The research (Scanlon, 2014: 10-25) presents methods for identifying and forecasting
the recruitment activities of violent groups within extremist social media websites. Authors
used naive Bayes models, logistic regression, classification trees, boosting, and support vector
machines (SVM) to classify the forum posts in a 10-fold cross-validation experimental setup.
They used data from the western jihadist website Ansar AlJihad Network, where authors
employed a bag-of-words feature space by parsing each forum post in the corpus into a
term-by-document matrix. This matrix of term frequency (tf) features was created using
the RTextTools and tm text mining packages. The number of features was further reduced
through stemming using the Porter Stemming Algorithm.

In the work (Enghin, 2015: 17-33) authors made an attempt to automatically detect
radical content on Twitter. They used a machine learning approach that classifies a tweet
as radical or non-radical. Features are based on the polarity of words, which is determined
by using several dictionaries like Dictionary of Affect in Language (DAL) or WordNet which
assigns each word a pleasantness score between 1 (negative) and 3 (positive). The experiments
were conducted using a tool called Weka which is a suite of machine learning software written
in Java. For experiments they used three different classifiers: Support Vector Machine (SVM),
Naive Bayes and AdaBoost.

In the work (Johansson, 2016: 374-390) authors discussed the possibility of detecting vio-
lent extremism by identifying signs of warning behaviours in written text, such as "leakage",
"fixation" and "identification". To detect linguistic markers signalling a leakage, it is pro-
posed that predefined word lists of violent actions are used, and to extend such a predefined
list of words using lexical databases such as WordNet. For linguistic markers of fixation, they
proposed to simply count the relative frequency of key terms relating to named entities such
as persons, organisations, etc. The proposed approach is based on simple lists of keywords,
where a keyword can consist not only of single words, but also of multi-word units (e.g., the
bigram "Al-Shabab"). The monitoring tool performs a keyword search in the incoming data
for occurrences of the keywords included in the markers that already have been described.
For each marker, the monitoring tool outputs a list of Uniform Resource Identifiers (URIs)
and the frequency of occurrence of the marker in the document. These lists of URIs are then
input to an analysis script where it is possible to define how many or which markers that
have to be triggered in order for an URI to be shown as potentially interesting to the user of
the system.

The work (Azizan, 2017: 691-698) presents the approach to sense user’s act leading to
terrorism based on the tweets they shared at the Tweeter platform. In this research the
data will be collected through Twitter streaming API. The data extracted based on the user
criteria, for instance by matching a keyword "terrorist". In the next stage data gathered is
cleaned by filtering and removing all tags, hashtags, spelling errors, non-english words. Next,
data is tagged with the input and output labels. Then the data is classified into sentiment
polarity which are positive, negative and neutral class by using machine learning methods.
In mapping sentiwordnet is used. It consists of english words which have been attributed to a
positive or negative score. Tweet sentence is compared and calculated the score by referring
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to sentiwordnet dictionary. In sentiment classification sentence is categorized into the classes
of positive, negative and neutral using Naive bayes algorithm.

In the study (Devyatkin, 2017:188-190) authors analyzed two basic groups of features
that distinguish extremist texts, which are lexical features, and psycholinguistic and semantic
features. Authors created a text corpus for the research. The corpus includes 493 manually
collected texts (650 000 words), 368 of them are extremist texts. In experiments they used
three approaches for lexical feature representation: bag of words and collocations, frequency
dictionary and word embedding. For creation of word embeddings the fastText was used.
Psycholinguistic and semantic features were extracted from Russian text corpus. The values
of psycholinguistic features are estimated on the basis of morphology of lexical units of the
analyzed texts. Values of semantic features are calculated as frequencies of semantic roles in
the corpus. Authors divided dataset into two parts: texts represented using by "bag of words
and collocations" model, and texts represented using word embedding, both of them included
extremist and neutral texts. Authors trained and tested classifiers using these parts of the
dataset. Classification quality was estimated by calculating F1-score during 5-fold cross-
validation. For classification authors applied multinomial naive Bayes, logistic regression,
linear SVM, random forest, gradient boosting. For this experiment authors used open source
library of machine learning methods - Scikit-learn - where all above methods are realized.

The purpose of the study (Targeir, 2013: 1-27) is to explore which words and expres-
sions are typical for extremist forums. Authors analysed vocabularies of forums in English,
Norwegian, and German. In this thesis, authors found frequent and characteristic words by
means of Global Term Frequency (GTF) and pairs of co-occurring words by means of odds
ratio in different extremist forums. They compared normalized GTF (NGTF) of words in
two forums to find out where they are used most. Words used in only one of two forums are
found as well. They found the GTFs for words written by five of the ten most active authors
in each forum, and they found words that one author writes, while the other of ten most
active authors does not write.

Authors of the paper (Chen, 2012: 3-105) have developed various multilingual data min-
ing, text mining, and web mining techniques to perform link analysis, content analysis, web
metrics analysis, sentiment analysis, authorship analysis, and video analysis in our research.
Dark Web Forum Portal system contains three components: data acquisition, data prepara-
tion, and system functionality. At the first stage spidering programs are developed to collect
the web pages from online forums that contain jihadist-related content identified by domain
experts. At the Data Preparation stage forum parsing programs are developed to extract the
detailed forum data from the raw HTML web pages and store it in a local database. The
Dark Web Forum Portal is implemented using Apache Tomcat, and the database is imple-
mented using Microsoft SQL Server 2008. For forum statistics analysis, Java applet—based
charts are created to show the trends based on the numbers of messages produced over time.

3 Materials and methods

To solve the problem of detecting extremist orientation in texts a model was constructed,
which consists five stages: identifying websites of an extremist groups, preparing for data
extraction, data extraction, data analysis and classification. According to this model, the first
stage determines the web resources which people often use to exchange extremist messages
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using search engines by terrorist vocabulary (group names, leader names, special keywords,
etc.). In our case they are social networks like Youtube, vk, blogs, forums and news sites. The
second stage is preparing for the extraction of data (registration on forums, select suitable
proxy servers). As noted above, there is no database of extremist keywords in the Kazakh
language. For this reason, this research firstly needs the corpus of texts written in Kazakh.
In order to create the corpus, comments and messages from above mentioned web-resources
were downloaded. The words, which in foreign languages, have been translated using the
Google Translator (Google Online Translator, 2018). Data downloaded from web resources
were collected to a text file. At the moment, there are 150 texts in this file, 80 of them are
texts with extremist orientation, the remaining texts refer to the "neutral" category, which
contain a comment condemning extremism and news texts.

To determine most frequent words researchers use different methods. For example, the
method of Part of Speech Tagging is used in (Scrivens, 2016: 104-107), this method highlights
frequently occurring words and divides the text into groups by parts of speech, for example,
nouns, verbs, adverbs, etc. This method is convenient to use when researchers focus on
certain parts of speech, for example, in the above work, researchers only consider nouns,
because according to the results of the study, extremist keywords in English are in most
cases are nouns. In our case, this method is not suitable, since visual inspection showed that
most keywords in the Kazakh language are divided by parts of speech. For this reason, in
this research the TF-IDF method was used. This method is used to evaluate the importance
of the word. For finding words that are typical to a document, which in this case corresponds
to a forum message, one finds the term frequency (TF) of a term (in the entire document
inverse document frequency (IDF). The product of TF and IDF we call TF-IDF (Targeir,
2013: 23).

The term frequency tf(t,d), the simplest choice is to use the raw count of a term in a
document, i.e. the number of times that term t occurs in document d.

The inverse document frequency is a measure of how much information the word provides,
that is, whether the term is common or rare across all documents. It is the logarithmically
scaled inverse fraction of the documents that contain the word, obtained by dividing the total
number of documents by the number of documents containing the term, and then taking the
logarithm of that quotient. IDF defines using (1) (Wikipedia, 2017).

D]

df(t, D) =1
idf(t, D) = log re= B e g

(1)

where |D| — total number of documents in the corpus;
|{d; € D|t € d;}| — the number of documents where the term t appears.
Then TF-IDF is calculated as:

tf-idf(t,d, D) = tf(t,d) * idf (t, D) (2)

Using (2) the values of TF-IDF of keywords were calculated. Results are given in the
decreasing order in Table 2. In the stage of analyzing most frequent words, the following
interesting facts were revealed:

1. Kazakh letters are often replaced by Cyrillic, for example, "sogys" (corsic) instead of
"sog’ys" (corbic ), "tozak"(To3ax) instead of "tozaq"(ro3zak);
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2. Using the terms in Arabic written by Cyrillic, for example, kafir (non-believer),
muzhahid (participant in jihad), martyr (Muslim who died for religion), hijra (migration
from one locality to another);

3. Frequent use of bigrams, for example, hijra qylu (xmxpa kputy), fard kefair (dbapsn
kedaiip), daulatul Islam (maysmaryns uciam), jihad jasau (;kuxaj xkacay), etc .;

4. One word can be written in several variants, for example, jihad (:xuhajy), jihad
(>kuxan), jihat (>kuxar), djihat (mKuxar).

Once the keywords have been defined, their basics have been written into the SQLite
Expert Personal 3.5.46.2466 database (SQlite Expert Database, 2018), we are interested
only in the basics not in the endings, because basics reduce the efficiency of the program
(reduces the time for searching for possible word variants), and we will consider different
versions of the word with different endings as one word, for example, the words "jihad"
(>kwmhay), "jihadtyn™" (;kuhaxrein), "jihadqa" (;kwhaska), "jihadtan" (:xuhaaran), "jihadta"
(>kuhasra) will be considered as the same word. As mentioned above, one word may have
several variants of writing, so words were entered into the database with all possible variants.
Possible morphological variants of words were determined by studying the content of web
forums, blogs.

Next, a program was built that checks for the presence of extremist keywords in the
entered text and displays the words found. The program was developed in the integrated
development environment Visual C# (Integrated development environment Visual C, 2017).
At the first stage, morphological analysis is performed to incoming text, where for each
word morphological labels such as base and ending are determined. Since we are no longer
interested in endings, we will only consider the basics. Next, a query to the database is made,
where each word of the incoming text is searched in the database. If the base is found in the
database, it displays as an output text, otherwise it is skipped and the next word is searched.

4 Results
Examples of the revealed keywords are presented in Table 1.

Table 1 — Examples of most frequent used words

Variant 1 Frequency Variant 2 Frequency Variant 3 Frequency
allah (asmah) 21 alla (asura) 24 allah (ammax) 8
jihad (;xmhap) 29 djihad (mxuxan) 19 jihad (>xuxan)) 9
sog’ys (corbic) 13 sogys (corsic) 6
ka’pir (komip) 4 kafir (kacup) 2
tozaq (To3aK) 4 tozak (rozax) 2

F-IDF values of frequent words are given in Table 2. The table of keywords in the database
is presented in Figure 1 These words can be used to improve the reliability of determining
the extremist orientation in the text. In the future it is planned to assign emotional tones to
the revealed words, which will later be used to create algorithms and software for analyzing
the tonality of the text (sentiment analysis).
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Table 2— TF-IDF values of used words

Keyword TF-IDF value
allah (amah) 25.62
jihad (:xuhap) 22.62

alla (asa) 19.92
djihad (/Kuxan) 17.1
allah (asmax) 16.72
sog’ys (corbic) 14.3
jihad (xxwuxan) 11.43
sogys (corsic) 8.4
ka'pir (kormip) 7.98
tozaq (TO32K) 6.28
tozak (To3aK) 5.88
kafir (kacdwup) 3.4

For the English language there are such dictionaries as, AFINN, General Inquirer, Senti-
WordNet, SentiStrength, WordNet, which are used for sentiment analysis. For example, in
this paper, the authors present the development of a bilingual Sentiment Analysis Lexicon
(BiSAL) for the cyber security domain, which consists of a Sentiment Lexicon for Sensei
(SentiLEN, 279 words) and a Sentiment Lexicon for ARabic (SentiLAR, 1019 words ) that
can be used to develop mining and sentiment analysis systems for bilingual textual data from
Dark Web forums (Al-Rowaily, 2015: 53-62).

& Dotsbase| 5 saL| () Data | A Design| ] 0L

||| A

RecMo
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baze warl vard war3
to define & filver

S I PP -

2 corpc COrmc [IPETE% 14

3 xagup Kanip Kymip

4 napws dapa dapoIs daps
5 MHLIAANAAX MHLWAAMNAK MHWannah

6 Knip Kbip

7 saTip SATHR LY, 11X CANM
£ annax annah anna

g I“:ﬁpﬂ IWFHT EAMDAET

10 Ta:¢up TP

11 haymcaoong, BAOMCANMA BYAMCANES MY AcAxng
12 wahug LUANMT LEAT LA,
13 cupua cepua cupa

Figure 1 - List of keywords in the database

The program constructed is working effectively, it finds all extremist keywords from
database in the given input text. The program is being further development to classify
given texts into "extremist" and "neutral" categories.
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5 Conclusion

During the study, a corpus and key vocabulary were constructed for training and testing ma-
chine learning methods to determine the extremist orientation in the Kazakh texts. However,
the size of the corpus is now small and work on expanding it is continuing. In the future it
is planning to add a sentiment polarities between |[-1;1], which will be used during sentiment
analysis. The next stage of the study is to classify the incoming texts using machine learning
methods, such as the Bayesian method, support vector machine (SVM), random forest and
logistic regression.
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HpI/IMeHeHI/Ie ImapaJijieJIbHbIX BbI1YUCJ/INTE/IBbHDbBIX TEeXHOJIOT U1 JAJIA
MOZe/IMpoOoBaHMUAd ITpoIecca OTpbIBa TEYCHHUA 3a O6paTHI:>IM YCTYIIOM B KaHaJie C
ydeToM CHUJI IIJIaBy4deCTHu

Ncaxor A.A., Kazaxckuii HarmoHa/IbHbII yHUBepcUTeT M. ajib-Dapabu,
r. Anmarel, Peciybuka Kaszaxcran, +77056108050, E-mail: alibek.issakhov@gmail.com
AbbikaceivoBa A. B., Kazaxckuii HalmoHaIbHBI yHUBEPCUTET UM. aib-Papadu,
r. Amvater, Pectiybnka Kasaxcran
Caknpirbekopa M., Kazaxckuii HarmoHa/IbHBIN YHEBEpCUTET UM. ajib-Papadu,
r. Aivatel, Pecriybiinka Kazaxcran

B pabore mpuBomsiTcs 4YHCIIEHHBIE PEIIEHUS IBYMEPHOI'O JAMUHAPHOIO TEYEHUsl 338 OOPATHBIM
YCTYIOM B KaHaJIle C y9eTOM CHJI IjiaBydectd. Jlis onumcaHusi JAHHOI'O IIPOIECCA UCIOJIB3YETCS
JByMepHOe Hecxkumaemoe ypapHenume Hapbe-Crokca. JlaHHasi cucremMa YHCIEHHO PpeIIaeTCst
METOJ[OM PACIIEIJIeHNsT 110 (PU3UIECKUM apaMeTrpaM, KOTOPBIA AIIIPOKCUMUPYETCsl C MTOMOIIBIO
MeTofa KOHTPOJbHOrO obbema. llosyuennoe ypaBuenme Ilyaccoma, ymoBiieTBOpsitoree
JUCKPETHOMY yPABHEHWIO HEPA3PBIBHOCTH, PEIIAeTCs HWTEPAIMOHHBIM MeToaoM Skobm Ha
KaXKJIoM Iare 10 BpeMenu. llosiydeHHbIe YHCJIEHHBIE peIIEHUS JAMHUHAPHOIO TEYEHUs 3a
OOpaTHBIM YCTYIIOM CPABHHBAIOTCA C YNCJIEHHBIMH DPe3yJIbTaTaMU JIPYyTHX aBTOPOB. JlaHHBIM
YUCJIEHHBI aJIrOPUTM ITOJTHOCTHIO PACIapPaJIIe/IMBAETCsI C MTOMOIBIO PA3JIMNYHBIX N€OMETPUIECKIX
nexomnosunuit (1D, 2D u 3D). B pabore ObLim clesaHbl [IpeIBAPUTE/IbHBIA TEOpeTUIeCcKuii
araan3 3GO@EKTUBHOCTH PA3INIHBIX METOJOB JEKOMIIO3UIINY DPACIETHONW ODJACTH U PEeAJIbHBIE
BBIMHCJIATE/IbHbIE SKCIIEPUMEHTHI [JIsi JTAHHOW 3a/a49d, W OB OIPeJesieH JIyIIIAi MeTOI
JleKoMIIo3uIu obsiactu. B nasbHeiilieM npoBepeHHas MATeMAaTHYECKas MOJENb U YNCJICHHBIH
AJITOPUTM C JIYUIITUM METOJOM JIEKOMIIO3UINE MOYKHO OYJIET IPUMEHUTB JIJIsl PA3JIMYHBIX CJIOXKHBIX
TEYEHUU C YIETOM CHJI IIJIABYIECTH.

KurouyeBbie ciioBa: Merof JeKOMIO3UINUN 00JaCTH, OOPATHBIN YCTYII, METOJ, PACIICILUIEHUs 10
dusndeckuM mapamMerpaM, pa3eieHre U BOCCOEINHEHNE IIOTOKOB, OTPBIBHOE TEYEHUE, CHJIBI
IJIABY Y€CTH.

IMapannensai ecenreyjiep TEXHOJIOTUSICHIH KOJIJIAHY apKbLJIbl apHAAAFhl apTKbI GeJtikTeri
arpIHIAPAbI 6eJIy MPOIeCiH aybIPJbIK, KYIITEPIH €CKepe OTBIPHII IIPOIECCTi MOEab/Iey
Ucaxos A.A., oi-@apabu arbiagarbl Kazak yiaTThIK yHUBEPCUTET],

Aumvarsr K., Kazakcran Pecriybiiukacer, +77056108050, DuekTponabiK, moira: alibek.issakhov@gmail.com
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ZKympicTa apHAgarbl apTKbl KAFBIHIATBl apTU/IEPUSIBIK, JAMUHAPJIbI AFBIHHBIH Ay bIPJIBIK,
KYIIITEpiH ecKepe OTBIPBII CAHIBLIK IIEITiMIepi YChIHBLIFAH. DBy mporecti cumarray yIniH
eki esmeMi coirbLMaiiTeiH  HaBbe-CTOKC TeHIeyl KOJIaHbLIaAbl. Bysl Kyile (QU3MKAJBIK,
mapaMerpjep OONBIHINA BIABIPATY oOJiCi OOWBIHINA CAHIBIK TYpie IIeImiIemi, OJ aKbIPJIbI
KOJIEMJIIK 9/1iCiMEH allpOKCUMAITUSIAHAIBI. Y 3/IIKCI3/IK JTUCKPETTI TEHJIEYiH KaHAFaTTAHIbIPATHIH
Ilyaccon teHmeyi op KeseHge fkKobu wnreparwBTi omiciMeH memnijemi. AJIIBIHFBI KaJaMIArbl
JIAMUHAPJIBI AFBIHHBIH, CAHJBIK, IIerTiMaepi 6acka aBTOPJIApIbIH CAHILIK HOTHXKETIEepIMEeH
CAJILICTBIPBLIAJIBI. BYJI CAHJBIK AJITOPUTM OPTYPJl MeOMeTpUsiIbIK JekoMnosunusiaap (1D, 2D
xkone 3D) KeMeriMeH TOJIBIFBIMEH napaJsuiesibieHei. EcenTik 1oMeHIl JeKOMIIOZUIMSIHBIH, 9PTYPJIl
9JTICTEPIiHIH THIMILTITH aJIIBIH aJia TEOPUSLIBIK, TAJIIAY YKOHE OChI MoceJie ODOMBIHINA HAKTHI €CEIITEY
IKCIIEPUMEHTTEP KACAIbI YKOHEe JIOMEHHIH JIEKOMITO3UINSHBIH, €H KAKChl 9J1iCi aHBIKTAJIbI.
Kenermmekre y3/1iKci3 JeKOMITO3UINS 9TICIMEH TOJIEIIEHTeH MATEMATUKAIBIK MOJIETD YKOHE CAHIBIK,
AJITOPUTM OPTYPJI KYP/Iesi arbIHIaP YIIiH aybIPJIbIK KYIITEPIH eCKepe OTHIPHIIT KOJIIaHyFa 0013 1bl.
Tvyiiia cesnep: JomeH i geKOMIIO3UIUsT 9IiCi, apTKa KajaM, (GU3HKAJIBIK, TapaMeTpjep OOWBIHIIA
GeJtiny 91ici, arbIHIAP/IBI OOJIIIT ATy YKoHe KailTa KOCY, JeTajIb/Ibl aFbIHBI, aybIPJIbIK, KYIII.

Application of parallel computing technologies for modeling the flow separation process
behind the backward facing step in the channel with the buoyancy forces
Issakhov A.A., al-Farabi Kazakh National University,

Almaty, Kazakhstan, +77056108050, E-mail: alibek.issakhov@gmail.com
Abylkassymova A., al-Farabi Kazakh National University, Almaty, Kazakhstan
Sakypbekova M., al-Farabi Kazakh National University, Almaty, Kazakhstan

The paper presents numerical solutions of the two-dimensional laminar flow behind the backward
facing step in the channel with the buoyancy forces. A two-dimensional incompressible Navier-
Stokes equation is used to describe this process. This system is solved numerically by the projec-
tion method, which is approximated by the control volume method. The resulting Poisson equation
satisfying the discrete equation of continuity is solved by the Jacobi iterative method at each time
step. The numerical solutions of the laminar flow behind the backward facing step are compared
with the numerical results of other authors. This numerical algorithm is completely parallelized
using various geometric decompositions (1D, 2D and 3D). Preliminary theoretical analysis of the
various decomposition methods effectiveness of the computational domain and real computation-
al experiments for this problem were made and the best method of domain decomposition was
determined. In the future, a proven mathematical model and numerical algorithm with the best

decomposition method can be applied for various complex flows with the buoyancy forces.
Key words: domain decomposition method, backward facing step, projection method, separation

and reunion of flows, separated flow, buoyancy forces.

1 BBenenue

Bo wMHorux TedeHusix, NPEJACTAB/AIONIAN NPAKTHYCCKUNl WHTEpeC, KaK pa3jesieHus
TedeHWsI, W3-3a BHE3AIIHOTO PACHIUPEHUS TEeOMeTpUs C IOCJEJYIONIUM TTOBTOPHBIM
[IPUCOEJINHEHNEM, sIBJISIeTCsI OOBIYHBIM siBjieHHeM. CyIIeCTBOBAHHE PAa3J/Ie/IeHus IIOTOKA
1 00/1aCTh PENUPKYJIAINNA OKa3blBaeT 3HAUYUTEJHLHOE BJINIHHE Ha IIPOU3BOIUTEILHOCTH
TEILJIONEePE/IAIONINX YCTPONCTB, HAIIPUMED, OXJIaxKJIatoIiee 000pyI0BaHue B 3JICKTPOTEXHUKE,
OXJIAXKJIAIOIINE KaHaJ bl JIOMIATOK TYPOWH, KaMepbl CTOPAHUS U MHOT'HE JIPyTue MOBEPXHOCTHU
TeIJI00OMEHHUKA, KOTOPhIE MOSB/IAIOTCA B 000Dy I0BaHUE.

2 O0630p JuTEpPaATyPHI

Muoro paboT IOCBSINEHBI 110 JABUXKEHHWIO >KHJIKOCTH C pasje/leHHeM M BOCCOEIMHEHHEM
IIOTOKOB 0€3 ydeTra CHJI IIaBydecTd. BaKHOCTH JAHHOIO IIPOIECCa TOBOPUT O KOJUIECTBE

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne1(97)2018



HpI/IMeHeHI/IH IMapaJijieJIbHBIX BbBIYUCIUTE/IbHBIX TEXHOJIOTUI JJId MOJCJIMPOBaHULA . . . 145

nybsmKanuii, e ocoboe BHUMAaHUE Y/IeJIIIOCh TTOCTpoeHnio obopytoBanus (Abbott and etc.,
1962; Sebanr, 1964; Goldsteinr, 1970) u pa3spaboTKe KCIEPUMEHTAJIBHBIX U TEOPETHIECKUX
MeTOJIOB JIJIs JIeTaIbHOrO M3y YeHus Tedennii ¢ obiactsamu passenenns (Durst and etc., 1971;
Gosmana and etc., 1974; Kumara, 1980). O6mupHbiii 0630p M0 U30TEPMUUIECKUM MOTOKAM
B TEUEHMsIX YKHUJKOCTU jatorcd B paborax (Armaly and etc., 1980; Eaton and etc., 1981;
Simpson, 1981). Temoo6MeH B moTOKaxX ObLINM MCC/IEIOBAHBI MHOTUME aBTOPAMH, Kak Aung
(Aung, 1983; Aung, 1983), Aung u ap. (Aung and etc., 1985), Aung u Worku (Aung and etc.,
1986), Sparrow u ap. (Sparrow and etc., 1984; Sparrow and etc., 1987) u Sparrow u Chuck
(Sparrow and Chuck, 1987). Oaxako omy6anKoBaHHbIe pAGOTHI 110 ITON TEME He YUUTHIBAET,
CUJIBI IJIABYYECTh HA MMOTOK TEUYCHHUS WM XapaKTEPUCTUKH Iepeaadn Teria. DT 3PPeKTh
CTAHOBSITCS 3HAUUTEIbHBIMU B PEXKUME JIAMIHAPHOI'O TeYeHUs, Ie CKOPOCTh OTHOCUTEIHLHO
HU3KHE, M KOIJIa PA3HOCTh TeMIIepaTyp OTHOCHTe bHO Bbicokasi. Ngo u Byon (Ngo and etc.,
2015) uydasu BIMsiHAE MECTOIIOJIOXKEHHs HarpeBaTeis i pa3Mepa HarpeBaTesis B JIBYMepHOi
KBaJIPATHOMN ITOJIOCTH C HMCIOJb30BAHUEM MeToj1a KOHedHBIX 3jeMenToB. Oztop m Abu-Nada
(Oztop and etc., 2008) uncIeHHO MCCIIEIOBAM €CTECTBEHHYI0 KOHBEKITHIO B IIPSIMOYTOJIBHBIX
000JI0YKaX, YaCTUIHO HAIPETHIX OT OOKOBO#l CTEHKH METOJOM KOHEYHBIX 00beMoB. B
JIaHHON paboTe paccMAaTPUBAECTCS BIUSHUS CHUJI IIJIABYYECTH HA MOTOK U TEIIONEPEIAIONNX
XapaKTePUCTUK B OTIEJIbHBIX ITOTOKAX. MCAEHHBIE PEIIeHNs /Il TAMIHAPHOTO CMEITaHHOTO
KOHBEKTHUBHOrO 1moToka Bozjayxa (Pr=0,7) B BepTHKAILHOM JIByMEPHOM KaHaJe ¢ 0OpATHBIM
yCTYIIOM, obecrieduBaloiue mnoiep:xKanue 3hdekra miaBydectu n300parKeHo Ha pUCyHKe 1.
YucieHHbIe Pe3y/IbTAThI IPEICTABIAIONINN HHTEPEC, TaKue KaK CKOPOCTh U PACIIPEIeIeHIs
TeMIIEPATypPhl, JJIMHBI IIOBTOPHOI HPUBS3KUA U KOI(MPUIIMEHTH TPEHUSA IIPEICTABICHBI C
MEJIBI0 WITIOCTPUPYIONINE BIUSHUAE CUJIBI TJIABYIEeCTH HA 9T AapaMeTPHI.

J“ I
* Mtabatic wall

Misbatic wall

Pucynok 1 — Cxemarudeckoe IpeJICTABICHUE TEUEHUS 38 YCTYIIOM
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3 MaremaTru4yecKasi IOCTAHOBKA 3aJau1 TedeHUd 2KNJIKOCTH 3a YCTYIIOM C y4YeTOM
CIJI IIJIaBy4deCcTunu

PaccmorpuM AByMepHBIH JTaMUHAPHBIN KOHBEKTUBHBII IIOTOK B BEPTHKAJLHOM KaHaje ¢
BHE3AITHBIM PACIIUPEHUEM 3a OOpaTHBIM IIaroM BBICOTHI S, KaK II0Ka3aHO Ha PHUCYHKE
1. Ilpsmass creHka KaHaJja IIO/JIEPXKUBAETCS IIPU PaBHOMEPHO# TemIiieparype, paBHOI
TeMmIepaType BXOTHOrO Bozayxa 1y. CTyneHdarass CTEHKa HHUXKE MO STAIy HATPEBAETCS JI0
OJIHOPOJIHON TeMIIepaTypPbl, KOTOPas MOYKET OBbITh OTPEryJupoBaHa JO JIIOOOTO KeIaeMOro
snadenus 1,,. BepxHss dacTh cTylneH4YaToil CTEHKNM W OOpaTHas CTOPOHA YCTAHABIUBAETCS
Kak ajuabaTndecKasl IOBEPXHOCTb. BIlyckHas JyinHa KaHajia T; W BBIXOJHAS HUMKHALA JIJIMHA
KaHajla T, UMEIOT COOTBETCTBYIOIIUE Pa3Mepbl. ITU JIUHBI CINTAIOTCS OECKOHEYHBIMU, HO
o0JiacTh BBIYHC/IEHUsS OrpaHudeHa jAjauHoit L, = x. + x;. MeHblnag ceKins KaHaJja Iepe/l
BBICTYIIOM MMEET BBICOTY h, a OOJIbIllasd CeKIUusl HUXKe CTyleHu uMmeeT Bbicory H = h + s.
Bozyx Teder BBepx IO KaHAJIy CO CpeaHEl CKOPOCTBIO Uy M PABHOMEPHON TeMIlepaTypoil
Ty. T'paBurammonHoe ycKopeHune ¢ B JaHHOW 3ajiade paccMaTpPUBAETCsl, UTO JIefCTByeT
BEPTHKAJIHLHO BHU3.

Jlnst  onmcanust JJaHHOW (PUBMYUECKONW 3aJadd  UCIHOJB3YIOTCA  HPEIIOJI0KEHU O
IIOCTOSIHHBIX CBOWCTBAaX, W UCIHOJIb3yeTcd upubamkenue DByccunecka. Jlannas cucrema
ypaBHeHU# B Oe3MepHOit (pbopMe 3aluIneTcs B BUJIE:

oU U

2 2
ou ou ou oP 1 (8 u o U) Gr P (@)

ot 0X v~ ox re\axzTave) T Re

oV oV oV _6_P+L a2v+a2_v
ot 0X oY  9Y  Re \9X2?2 09Y?

00 09
RN ) S v (4)

% 1 0%6 0%6
ot 0X Y  PrRe

axz T aye

Bespazmepubie mapaMeTpbl B TPUBEICHHBIX BBIIIE YPABHEHUSX OIPEJIEIAIOTC (POPMYJIONi:

U=u/uy, V=v/u, X=uxafs, Y =y/s,
0= (I'—-T1y)/(Ty—To), P =p/pous,

Pr=v/a, Re=uys/v, Gr:gﬁ(Tw—To)s3/y2.
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u= {— e 0
c cx
»__o, <t — &
& Re’ —=0
= - cx
& &
v=0=0 | y=y=0 T=02=0 :
5] & g
i

Pucynok 2 — I'panuynbie ycjaoBus

Temueparypuas muddysus «, KuHeMaTHIECKasT BI3KOCTb V 1 KOIMD@MUIIMEHT TEILJIOBOIO
pacimpenus 3 oneHnBaioTcsa npu Temieparype mwienku 1y = (1o + 1,,) /2.
['pannunbie ycopust (Pucynok 2):

(a) Bxogmbie yeioBusi: B touke X = —X; u 1 <Y < H/s : U = u;/ug, V=0, 6 = 0,
o _ _Gryg
dx = Re?”
IJIe U; - JIOKaJIbHOE PaCIIpe/IeJIeHIe CKOPOCTell Ha BX0/le, KOTOPOe IPUHIMAETCS KaK HMEIoIIee

napaboJimaecKuit Ipoduiih U Uy CPeJIHssi CKOPOCTDb BIYCKA; TO €CTh U; /Uy JaeTcs hopMyJIoil

ui/ug = 6[—y* + (H + s)y — Hs] /(H — 5)2

(b) Boixomubie yeosust: B touke X = X, u 0 <Y < H/s: 0U/0X = 0, 9*0/0X* = 0,
— o _ _ G

oV/0X =0, 3£ = —350.

(c) na Bepxwueii crenke: Brouke Y = H/su —X; < X < X.:U =0,V =0,0=0, g—z =0.

(d) ma crenke Bepxueil crymenm: B Ttouke Y = 1nu —X; < X < 0: U =0, V = 0,
90/0Y =0, g—g = 0.

(e) Ha crenke HmzkHell crynern: B touke X =0u 0 <Y <1:U =0,V =0,00/0X =0,
9 _
oz :

(f) na crenke Huxke crynenn: Brouke Y =0u0< X < XU =0,V =0,0=1, g—z =0.

[ToceHee craraeMoe B IPaBoOil 9acTH ypaBHeHHUs (2) mpejcraBiseT coboil BKIIAJ CHIIBI
mwiaBydectu. J[inHa HUCXOIAIIErO MIOTOKA, U3 00JIACTU BBIYKC/ICHUS Oblia BhiOpaHa paBHoii 70
maram (X,=70). Bepxusis myimna pacaerHoii obaactu 6blia BbIOpana x; paBHO b maram (T.e.
X;=5), a mpodusib CKOPOCTHU Ha BXOJIHON 00Js1acTh ObLIa 3a/aHa KaK mapabomIecKuii u; /uy =

6]—y*+ (H +s)y — Hs|/(H — s)?, u ero Temmeparypa GbLIa BbIOpaHa Kak paBHOMepHast .

4 Marepuaj u MeTOabI

Jl1st auCIeHHOrO pereHunst JaHHON CUCTEeMbl yPAaBHEHUIT UCIIOJIb3YETCs CXeMa PaCIIeIICHUs
no dusnyeckum mapamerpam (Chung, 2002; Issakhov, 2015; Issakhov, 2016). Ypasaenus
AIMIPOKCUMUPYETC MeToJIoM KoHedHbIX o0bemoB (Chung, 2002; Issakhov, 2011). Ha
[IEPBOM dTalle MPeIojaraeTcs, 9To IEPeHOC KOJMYEeCTBa JIBUKEHHUS OCYIIECTB/ISIETCS
TOJIBKO 3a cdeT KoHpBekiuu u auddys3un, n merogom Pynre-Kyrra derBeproro mopsika
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BBIUHCIIACTCS TPOMeKyTouHoe 1oJie ckopocteit (Issakhov, 2015; Issakhov, 2016). Ha Bropom
Tare, MO HaWIeHHOMY IIPOMEXKYTOYHOMY IIOJII0 CKOPOCTH, HAXOJAWUTCA TOJIE TaBJIECHUI.
VYpasuenue Ilyaccona g nossg jaBjenus perraercs Merojom fkobu. Ha tperbem srarme
[peIIIoIaraeTcsd, YTO IEPEHOC OCYIIEeCTBIISIETCS TOJbKO 3a CYeT TPaJueHTa JIaBJICHU.
Ha derBeprom 3Talie BBIYHMC/IAETCS YpaBHEHHUs I TeMIepaTypbl MeTojoMm Pynre-Kyrra
gerBeproro nopsijika (Issakhov, 2015; Issakhov, 2016).

wr—a" 1 Gr
I ——dQ) = — 0" Ut — — NV )ndl — ——0dS2,
/Q At ég (@@ Re Vir)n /Q Re?

o — o 1
1V. ——d) = — u" 0 — ——VO0")n;dl’
v /Q At fgg (@ Re Prv Jnidl’

5 Auaroputm pacrapaJiieJuBaHUs

st mpoBeieHUsT YUCIEHHOTO MOJE/JIMPOBAaHUS ObLIa IOCTPOCHA BBIYUCIUTEIbHAS CETKa
¢ TmoMoImIbio mporpammuoro komiuiekca PointWise. Ilocrasiennas 3ajiada 3amryckajiach
Ha mporpammHoM Komintekce [TFS-MKM ¢ umcnonb3oBanmeM BBICOKOIPOU3BOINTETHHOTO
Kjaacrepa. JlaHHBIN YHCIEHHBI AJTOPUTM TIOJHOCTBIO DPacClapaslieTUBaeTCs C ITOMOIIBIO
pasnaHbIX reomerpudeckux jexkommosunuii (1D, 2D u 3D). T'eomerpuueckoe pasbuenue
BBIUUC/IUTE/ILHON CETKU BBIOMPAETCs B KadeCTBE OCHOBHOT'O IIOJXOJIa mapaJsuienn3anuu. B
9TOM CJIydae €eCTh TPHU Pa3JIMIHbIX cllocoba obMeHa 3HavYeHUil ceTOIHOH (YHKIUN Ha
BBIUNCIUTE/IBHBIX y3/1aX OJHOMEDHOM, JByMepHON u TpexmepHoit cetku. [locie crammm
JIEKOMIIO3UINH, KOIJIa Ha OTJEJbHBIX OJIOKaX BBIIOJHAETCH IOCTPOEHHE MapaslieTbHOTO
AJITCOPUTMa, OCYIIECTBJIAETCS TIePexXoJl K OTHOIIEHUSIM MeyKJy OJIOKAMM, pacdeThl Ha
KOTOPBIX OYJIyT BBINOJHATLCS IMapaJLIe/IbHO Ha KaxKJoM mporeccope. st stoit 1esm
YUCJICHHOE PEIeHNe CUCTEMbl yPABHEHUs WMCIIOJIb30BAJNCH SIBHAs CXeMa, TaK KaK JaHHas
cxeMa, oveHb 3pdekTuBHA pacrapaJjiesuBaeTcd. g Toro 4Todbl MCIOIB30BaTH METOJ
JIEKOMIIO3UINI B KadeCcTBE MeETO/a paclapasjieIMBaHus JaHHBIH aJrOPUTM WCIOJIb3yeT
MOTPAHUYHBIE y3JIbI KAXKJIOr0 Cy00MeHa, B KOTOPOM HEOOXOIMMO 3HATH 3HaUeHUe (DYHKITIHI
CeTKHU, TPaHUYAIell C COCeHUMU 3JeMeHTaMu Iporeccopa. s mocTuzkeHus 3Toil 1esu
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B KayXJIOM BBIYHC/IUTE/ILHOM y3Jie B (DUKTUBHBIX TOYKAX XPAHATCHA 3HAYEHUS M3 COCETHUX
BBIYUCUTE/ILHBIX Y3JI0B, W OPraHU30BbIBAETCS TIepejlada ITUX TIPAHUYHBIX 3HAYECHMUIT,
HEOOXOIMMBIX JIJIsT 0DecIiedeHns OJHOPOIHOCTH PACYeTOB JJIs SBHBIX (DOPMYIIL.

[lepeaua JMaHHBIX — OCYIIECTBJISETCA € HUCIOJbL30BAHUEM TPOILEIYD OMOIMOTEeKN
MPI (Karniadakis and etc., 2000). IlpomesbiBasi mpeaBapuTebHbIE TEOPETUICCKUE
aHau3bl 3(PMEKTUBHOCTH PA3JIUIHBIX METOJIOB JIEKOMIIO3UIIUNA pPACYeTHONH 00JIacTh JIjIs
JIAHHOH 3aJila9u, Mbl OyJIeM OIICHUBATH BpeMs NapaLIeJIbHON TPOrpaMMbl KaK BpeMs
MIOCJIE/TOBATETHLHOM MTPOTPAMMBI 1 41, PA3JAETEHHON HA YUCIO NCHOJB3YEMBIX ITPOIECCOPOB,
woc Bpems nepepadn 1, = Tiye/p + Teom- B TO BpeMmsi Kak mepefadn i Pas3/IHTIHBIX
CIOCOOOB  JIEKOMITO3UITMKM MOYKHO HPHUOJIMZKEHHO BBIPA3UTH Uepe3 O0beM IIPOIYyCKHOI
CIIOCOOHOCTH:

TP — ¢ 9ON?x2

com

TZD = 2fsend2]\[2x4pl/2 (5)

com

T30 = tena2N*x6p*®

com

rje N3- 9uc/io y3/I0B BLIMUCIUTEILHON CeTKH, P - KOJMYECTBO MPONeccopoB (a1ep), tsend-
BpeMs OTIIPABKH OJIHOTO dJ1eMeHTa (Irciia).

Cremyer OTMETHTD, 9TO JIJIsI PA3JIMYHBIX CIIOCOOOB JEKOMIIO3UIIMK 3aTpaTa Ha Iepeaady
JIAHHBIX MOZKET OBbITH HpejicraBiena Kak TP = t..,.,2N?zk(p) B coorsercTun ¢ popmyIoit
(5), te k(p)- kosdduImenT npoIOpPINOHAILHOCTH, 3aBUCAIINI OT METO/a Pa3/IOKeHHs 1
KOJIMYECTBA UCIIOIb3YEMBbIX 3JIEMEHTOB 00pabOTKH.

Ha mepBom sTame ObLia HCIIOJIB30BaHA OJHA OOIMad IporpamMma, PasMep MaCcCHBa, OT
3allyCKa K 3allyCKy He M3MEHsIICHA, KaXKIblii 3JIEMEHT IIPOIeccopa HyMepOBaJjICsad MacCHBOM
9JIEMEHTOB, HadWHasi ¢ Hy/ad. HecMoTps Ha TO, 9TO B COOTBETCTBUU C TEOPETUIECKUM
anam3oM 3D JexkoMIosuiust SBJISETCA HAWIYUIINM BapUAHTOM JIJIsi PaCHapasiie TMBAHIS
(Pucynok 3), BbIUMC/IUTETbHBIE SKCIEPUMEHTHI TOKA3AJIM, UTO JIydIlne Pe3yIbTaThl ObLIN
JIOCTUTHYTHI TIPA UCIOJIb30BaHUU 2D JTeKOMIO3UINN, KOT/la 9UC/I0 MPOIECCOB BApbUPYETCS
or 25 jo 144 (Pucynok 3).

Ha ocHOBe mnpenBapuTeIbHOIO TEOPETUYECKOro aHa/m3a I'PpaUKOB MOXKHO OTMETHUTD
chaepyomuit  xapakrep. Bpewmsi Bbramciienusi 6e3 3arpar Ha MEXKIIPOIECCOPHBIE CBSI3U
IPU PA3JIMIHBIX CIIOCO0AX JIEKOMIIO3UIINN JIOJ2KHBI OBITH MPUMEPHO OJUHAKOBBIMU JIJIsI
OJIMHAKOBBIX KOJIMYECTB IPOIECCOPOB M COKpamarbes Ha T.,./p. B aeficrBurensrocTH,
pacdeTHbIe JaHHbIE MOKA3BIBAIOT, YTO IIPU UCIOIb30BAHNK 2D-1eKOMITO3UITNT Ha PA3JIUIHBIX
BBIUMC/IUTEIBHBIX CeTKax Jal0T MUHUMAJbHYIO 3aTpary Jjid pacdera U IpadUKH 3aTpar B
3aBUCHUMOCTH OT BPEMEHH BBIUUCJICHUS HA HECKOJbKUX B3dTBIX MPOIECCOPaX 3HATUTETHHO
BoIIIe, 9eM T g/ p.

st oObsACHEHWST 9TUX PE3yJILTATOB HEOOXOJMMO OOpPATUTH BHUMAHHUE HAa JOMYIIECHU,
KOTOpPBIE OBLIN CJIEJaHbI B X0J1e ITPeIBAPUTETHHOIO TEOPETUIECKOTO aHa 38 3(PPEKTHBHOCTH
JUIsT JAHHOH 3aja4n. Bo-mepBbIX, IpejmoJarajgochb, 9TO HE3aBHCHMO OT paclpeje/IeHust

Becrauk KasHY. Cepusi maremarnka, Mexanuka, uadopmaruka Nel1(97)2018



150 Ucaxos A.A. u jap.

Grd number 2068256208
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Pucynok 3 — YckopeHus /st Pa3JIMIHbIX CIOCOOOB JIEKOMIIO3UIINN PACYeTHONH 00IacTu

JAHHBIX Ha OJMH IIPOIECCOPHBIN 3JIEMEHT, BBIIIOJHEH TOT K€ 00beM BBIYUCIUTEILHOMI
paboThl, YTO JIOJIKHO IPUBECTH K OJIMHAKOBBIM 3aTpaTaM BpeMeHU. Bo-BTOPBIX, ObLIN
IIPE/IITOJIOZKEHBI, UYTO BpeMs, 3aTpadeHHOe Ha MEXKIIPOIECCOPHBIE OTIPAaBKH JII0OO# cTerneHn
TOro ke obbeMa JIaHHBIX, He 3aBUCAT OT UX BbIOOpa mamsTu. [ljas Toro, 4ToOBI MOHSITH,
YTO IPOUCXOJUT B JIEHCTBUTEILHOCTU, OBLIN IPOBEJEHbI CJIEAYIONINEe HaOOPHhl TECTOBBIX
BBIUNC/IMTEILHBIX pacdeToB. s olleHKH paccMaTpuBajach IMOC/IEI0BATEILHOCTh IIEPBOTO
T10/IX0/1a, KOT/Ia IIPOTPaAMMa BBITIOJIHAETCS B BEPCUU C OJHUM IIPOIECCOPOM, U, TAKUM 00pa30M,
UMHUTHUPYET Pa3JIudHble CIOCOOBI T€OMETPUYIECKON JIEKOMIIO3UINN JAHHBIX JIsd TOI'O Ke
0o0beMa BBIYUCICHUN, BBIIOJIHAEMBIX KaXKIBIM IIPOIECCOPOM.

6 PezyabraThl 1 00CcyKIeHUE

[eomerpudeckune napaMerpbl ykasanbl Ha Pucynke 1: jymna xkanaiga L=T75, BeicoTra KaHasa
H=2, BoicoTta ycryna S=1. Iloy4ensl unciieHHblEe Pe3Yy/IbTATHI ObLIN MOJIyYEHBI JIJIs YUCes
Re=50, Pr=0.7 u Gr=19.1 (Lin and etc., 1990).

Ha Pucynke 4 nokasanbl cpaBHEHUS IIPOJIOJIBHOIO IPOMUIISA CKOPOCTH C YHUCIEHHBIMA
npanneivu Jluna u ap. (Lin and ete., 1990) B Touke x/x; = 0.5, rae x5 = 2.91. Ha Pucynke 5
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Pucynok 4 — IIpoduns ckopocreit ¢ yaeroM cui miaasydecru gt Re=50,AT = 1°C.xz/x; = 0.5, rze
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Pucynok 5 — IIpoduns temueparypsl ¢ yaerom cuit mnasydecta niast Re=50,AT = 1°Cz/xy = 0.5, rae
zr =291
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B [ [ 7T ] [ 7.

U: 0050.14 023 032 041 D5 0.59 0.68 0.77 0.86 095

t=0.1 cek.

B [ 7T ] [ 7

U: 0.050.14 023 032 041 0.5 0.59 0.68 0.77 0.86 0.95

L&)
>-

4

L&)
)

4

t=1 cek.
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[OKA3aHbl CPaBHEHUs TPOMDUIIA TEMIIEPATYPBI ¢ YnuceHHbIME JaHabivMu Jluna u ap. (Lin and

etc., 1990) B Touke z/xy = 0.5, e xy
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JIAaHHON paboTe MaTeMaTudecKasi MOJe/Ib U YUCICHHBINH aJTOPUTM COBHAJIAIOT C IUCICHHBIMUI
pesyisbratamu, moydenabivu Jlusom u sp. (Lin and ete., 1990). Ha pucynke 6 n306pazkeHo
JIMHAW TOKAa W TOPU30HTAJIBHBI KOHTYD CKOPOCTH JIJIS PA3JIUIHBIX BPEMEHHBIX CJIOEB IIPHU
6e3pazmepnbix unciax Re=>50, Pr=0.7 u Gr=19.1. Ha pucynke 7 n300pazkeHo BepTHKAJIbHBII
KOHTYD CKOPOCTH JIJIsi Pa3/IMYHBbIX BPEMEHHDLIX CJI0eB Ipu Oe3paszmMepnbix unciax Re=50,
Pr=0.7 u Gr=19.1. Ha pucynke 8 m300parkeHO KOHTYp TEMIIEPATYPhI JJisi Pa3TUIHBIX
BPEMEHHBIX CJjIoeB Ipu Oe3pasmepubix unciaax Re=50, Pr=0.7 u Gr=19.1. [lnxa OGosee
IJIyOOKOTO TIOHMMAaHUs JIAHHOTO TeUYeHWs U3 PUCYHKOB (-8 HabJII0/laeTcs pa3BUTHE TeUEHUS
3a YCTYIIOM IT0 BPEMEHH: 3apPOKJIeHNe U MPOIECC PA3BUTH 00JIACTH BOCCOEIMHEHNS TIOTOKOB
JUUTSL PA3JINIHBIX BPEMEHHBIX CJIOEB C YIETOM CUJI ILJIABYYECTH.

7 3akJirodyeHue

Boin BBIIOTHEHBI YUC/IEHHBIE MCCJICIOBAHUA JIAMUHAPHOTO TE€UEHHUs 30HOM ITPUCOESINHEHUS
IIOTOKOB 3a YCTYIIOM C yYETOM CHJI ILIaBYy9eCTH. DTO Jajio OoJsiee TIyOOKOe IIpecTaBIeHne
O BHYTPEHHEM TedeHHe 3a YCTYIIOM U O IPOoIeccax BOCCOEIMHEHHS TOTOKOB IPH BJIMAHUHI
TeMIepaTypHbIX 3(P(EKTOB, YTO B CBOIO OdYepeb JIAJ0 IPEeJCTaBJIeHHEe O JajbHeiiem
MOSABJIEHUN BTOPUYHBIX 30H. Paccrosinme oT ycTyla 0 T'pPaHHUIbI KaHajga B34TO B 4
pa3a OoJibIlle BBICOTBHI KaHaJja, s 0oJiee JeTaJbHOrO H3yUYeHUs TeUEHUU 3a yCTYIIOM
¢ yuerom cmi tnaBydectu (Lin and etc., 1990). YwucieHnHble jgaHHBIE pacpeje/I€HNsT
CKOPOCTH TIOKa3a/u 0Opa30BaHUE IEPBUYHON 30HBI BOCCOCIMHEHUS IMMOTOKOB 3a YCTYIIOM.
s permenns cucremy ypasHenuii Happe-CTokca mCIob30Baiach cxema paciileryieHne 1o
dusnueckuM rmapamerpaM. V3 rpaduKoB BUIHO, YTO PEAJTM30BAHHbBIN IUCICHHBI METO/I JaeT
MaJIEHbKYIO ITOIPEITHOCTD 110 CPABHEHUIO ¢ UYUCAEHHBIMEU PE3YJIbTaTaMU JIPYTUX aBTOPOB st
6ezpasmepubix duces Re=50, Pr=0.7 u Gr=19,1.

Tak>ke B jaHHOIl paboTe JijIsd MOJYyYeHUs] OBICTPBHIX YUCJEHHBIX PE3yJIbTaTOB IPUMEHEH
napaJiIe/IbHbIN aaropuT™. JlaHHBIH HapaJsiebHbIH aJrOPUTM OCHOBBIBAETCS Ha OJHOMEPHOIT,
JIBYXMEPHON © TpPEXMepHOU JIeKOMIIO3UIUU. Pe3yibTraThl IapaJsiieJIbHONH  ITPOrpaMMbl
TECTUPOBaHUs ITOKa3aJm, ITo 3D JIeKOMIIO3uInus He dABJIAETCS BBIMI'PBHINIHON BO BpEeMeEHU
o cpaBuenuio ¢ 2D jgekoMIo3uimeid, Jjisi 9HUcIa IPOIECCOPOB, He IpeBbimaiomux 250, a
3D nexkommosuiusa umMeer 0oJiee TPYJLOEMKYIO ITPOTPAMMHYIO peau3aliuio U UCIOIH30BAHUE
2D-1eKOMITOBUINN SIBJISETCS JIOCTATOTHBIM JJIsT MACIITaOOB ITOCTaBaIeHHON 3amaqn. Hy»kmHo
TaK»Ke OTMETUTh, YTO IIOCTAHOBKA I'PAHUYHBLIX YCJIOBUI HEMaJIOBaXKHBII I1porecc. B
JaJIbHEHIIeM JaHHYI0 MaTeMaTHYecKylo MOJe/b M IapaJslieIbHbII YUCIeHHBIN aJI'OPpUTM
MOKHO NPUMEHUTD JIJIsI PA3JIMIHBIX CJIO?KHBIX TEYECHUU C YIETOM CHJI ILIABYYECTH.
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K CBEAEHVNIO ABTOPOB

B xkypuan "Becramk KasHY. Cepusi maremarnka, MexaHuka, uH@OpPMATHKA'" MTPUHUMAIOTCS
HaOpaHHBIE TOJIHLKO B TeKCTOBOM opmare INTEX2e Ha Ka3axCKOM, PyCCKOM WJIA AHTJIUICKOM SI3BIKAX,
panee He OyOJMKOBaHHBIE TPOOJIEMHBIE, 0O30PHBIE, TUCKYCCUOHHBIE CTATHU B 0DJIACTH €CTECTBEHHBIX
HAYK, TJIe OCBEIAIOTCs Pe3yIbTaThl (bYHIAMEHTAIBHBIX U PUKJIATHBIX UCCIIETOBAHUI.

MarepuaJibl cjiejiyer HalpasiaTh 1o ajapecy: 050040 Anmvarst, yi. ans-Papabu, 71, kopoyc 13, Hayano-
HCCIIEIOBATEBCKII HHCTUTYT Mexaunku n Maremarukun KasHY M. anp-Qapabu, xkad. 125, ten. 377-
32-23. Duiekrponnas noura: Lazat.dairbayeva@gmail.com (0OTBeTCTBEHHOMY CEKPeTapio PeIKOJLIErUuH,
Hanpbaesa JI.M.)

Crarbsi JIOJ2KHA COIIPOBOXKIATHCS MUCHMOM OT yUIPEXKIEHNs, B KOTOPOM BBIIIOJTHEHA JaHHAsS PaboTa,
rjie yKasbiBaioTcs cefienust 06 apropax: O.1.0. nosHocThIo, MecTo nX paboThl (Ha3BaHue By3a, IEHTPa
6e3 cokpaenwuii), pabounii niau Mo6. TesedoH, e-mail, FomMamHUIl aapec ¥ KOHTAKTHBINA TeiedoH.

B pemakmuro HEOOXOIUMO MPEICTABUTD IJIEKTPOHHYIO BEPCHUIO CTAThU: tex-dailyibl paboThl u (ailab
PUCYHKOB Ha oHOM fucke. s GaiijioB pUCyHKOB PEKOMEH/IyeTCs NCIIOIb30BAThH CPEICTBA OCHOBHOTO
naxera WTEX2e mwn dopmar eps [em. 1.7]. YkaspiBaercst Kom 110 . B peIaKIuio TAKKE MPECTABIISIETCST
OTTHUCK PabOTHI B JIBYX IK3EMILISIPAX.

Ob6beM cTaThbu, BKIIIOYAsT CIUCOK JINTEPATYPDI, TaOJUILI U PUCYHKU ¢ TOAPUCYHOYHBIMUA HAJIITACIMU,
AHHOTAINY, HE JIOJIZKEH MPEBBINATh 17 CTPAHUI] IeYaTHOro TeKcTa. MUuHUMaIbHBIH 00beM cTaThbu - 7
CTDAHUIL.

CTpyKTypa CTaTbu.

IIepBaga crpanuna:

1) Iepsas crpoka - Homep MPHTU, BoipaBHuBanue - 10 JIEBOMY KpPaio, HIPUMT - HOJLYy KUPHBIIA.

2) Haspanme crarbu (3arojioBoK) IOJZKHO OTpayKaThb CyThb M COIEPXKAHHE CTATbU M IIPUBJIEKATH
BHUMaHMe duTaTens. Ha3BaHume MOKHO OBITH KpaTKuM, WH(MOPMATHBHBIM U HE COJEpKATh
JKaproHu3MoB mwiu  abbpesuaryp. OurmMmasibHas JJIMHa 3arojoBKa - H-7 CJIOB (B HEKOTOPBIX
ciydasx 10-12 cnos). Hassanue crarbu JOMKHO OBbITH IIPEJICTABICHO HA PYCCKOM, KA3aXCKOM
U AHIJIMICKOM sI3bIKaxX. Ha3BaHume CTaTbu TPEJCTABIAETCA IMOJIYKUPHBIM MIPUEMTOM CTPOYHBIMEI
OyKBaMu, BLIDABHUBAHMWE - TI0 IIEHTDY.

3) ABrop(bl) cTaThy - C yKazaHueM UMeHU U (DAMUJINY, YIEHON CTelleHH, YIEHOIO 3BaHus, 3aHIMAaeMOii
JIOJIZKHOCTH, MeCTa paboThl, TOPOJ, CTPaHa, KOHTAKTHBIN TejedoH, email - Ha PyCcCKOM, Ka3aXCKOM
U aHrIUiCKOM s3blkax. CeleHust 00 aBTOpaxX IPEJCTABJISIIOTCS OOBIYHBIM IIPUMTOM CTPOIHBIMEI
OyKBaMU, BLIDABHUBAHUE - TI0 [IEHTDY.

4) Annoranus oobemom 150-500 ciioB Ha PYCCKOM, Ka3aXCKOM U aHIVIMACKOM s3blkax. CTpyKTypa
annoTaruu BriodaerT B cebs cienytomue OBA3ZATEJIBHBIE nynkrer: "Berynurenbnoe ciioBo o
TeMme wuccienoBanus. "llesib, OCHOBHBIE HallpaB/E€HUsI W WJEU HAydHOro uccjenobanusi. "Kparkoe
onMcaHWe HAYYHON U MPAKTUYIECKOH 3HaumMmocTu paboThl. "KpaTkoe omnmcaHwe MeTOI0JIOITH
uccaenoBanus. "OCHOBHBIE Pe3yJIbTATHI M AHAJN3, BBIBOIBI UCCJIEI0BATEIHLCKON paborsel. "lleHHOCTD
[IPOBEJIEHHOIO KCCJI0BaHNs (BHECEHHBIl BKJIAJ, JAHHOW paboThl B COOTBETCTBYIOILYIO OOJIACTD
suanuii). "IIpakrudeckoe 3HaueHre UTOrOB PabOTHL.

5) KuodeBble ciioBa/coBOCOYETAHUST - KOJIMYIECTBOM 3-5 Ha PYCCKOM, KAa3aXCKOM ¥ AHIVIUICKOM
SI3bIKAX.

IMocaenyromast crpannna (HOBasi):

6) Bseuenue cocTOMT M3 CJEAYIONIMX OCHOBHBIX 3jeMenToB: "OGocHOBaHHE BLIOOpA TEMBI;
AKTyaJbHOCTh TEeMBI wWan TpobeMbl. B obocHoBaHWm BBIOOpa TEMBI Ha OCHOBE OIMCAHUS
OLIBITA IIPEJIIIECTBEHHUKOB COODOIIAeTCs O HAJMYUM [IPOOJeMHOIl curyaiun (OTCyTCTBUE KaKUX-
Jbo WCCIeOBAHUM, TOSIBJIEHHE HOBOTO O0BbEeKTa U T.J.). AKTYaJbHOCTH TEMBI OIPEIEISIETCs]
OOIIM WHTEPECOM K M3YYE€HHOCTH JaHHOIO O0bEKTa, HO OTCYTCTBHEM HCUEPIIBIBAIOIINX OTBETOB Ha
MMEIOIIUECs] BOIPOCHI, OHA, JOKA3bIBAETCH TEOPETUIECKON WM IPAKTUIECKOW 3HAYUMOCTBIO TEMBI.
"Onpenenenne 00bEKTa, MpeMeTa, TeJei, 3a/1ad, MEeTOIOB, TOIXO00B, TUIIOTE3bl U 3HAYEHUs Bareit
paborsl. Ilesb uccieoBanus CBsizaHa C JOKA3ATEIBCTBOM TE3UCA, TO €CTh IIPEJICTABIEHUEM TPEIMETA
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WCCJIe/IOBAHUsT B M30PAHHOM aBTOPOM acCIIeKTe.

7) Marepuan u Meroapl - JOJKHBI COCTOATH U3 OIMCAHUS MATEPUAJTIOB U XOJa paboThl, a
TaKXKe TOJTHOTO OIMCAHWST HWCIOJH30BAHHBIX METOMOB. XapaKTEePUCTUKA WU ONUCAHWE MATEPUAJIA
WCCJIEJIOBAHUST BKJIIOYAET €ro IpeJCTaBJIeHNe B KAYECTBEHHOM U KOJIMYECTBEHHOM OTHOIIEHUH.
XapaKkTepuCTHKa MATEPHUAJIA - OJUH U3 (PAKTOPOB, OIPEIEISIFOIIII JJOCTOBEPHOCTD BBIBOJIOB M METOJIOB
uccseoBanus. B aToM pasesie onuchiBaeTcs, KaK mpodjiemMa Oblia u3ydeHa: MoIpobHast mHMOpMAIUs
6e3 MOBTOpEHUS paHee OIyOJMKOBAHHBIX YCTAHOBJIEHHBIX IPOIEILYDP; UCIOIb3YeTCH MICHTU(MDUKAIUS
obopyzoBanus (IPOrPAMMHOIO ODECIIEUEHHsI) U OIUCAHUE MATEPUAJIOB, C ODA3aTEJIbHBIM BHECEHHEM
HOBH3HBI [IPU HCIOJB30BAHUU MaTEpHUajoB M MeTo0B. HaydHas MeTo10/I0THsl TOJIZKHA BKJOYATH B
ceBst: - UCCIIeIOBATENLCKHIN BOIPOC(-bl); - BBIIBATAEMYIO THIIOTE3Y (TE3WC); - STANBI UCCJIEIOBAHNUST; -
METOJIbI UCCJIEOBAHUS; - PE3YJIbTAThI UCCJIeJOBAHUS.

8) B cekuuu 0630p JUTEPATYPBI - JOJXKHBI OBITH OXBAYEHBI (DYHIAMEHTAJILHBIE U HOBbIE TPYIBI IO
UCCIIeyeMOil TeMaTHKe 3apybeskKHbIX aBTOPOB Ha aHIVIMICKOM s3bike (He MeHee 15 TpyJoB), aHaus3
JIAHHBIX TPYJOB C TOYKHU 3PEHUs] UX HAYIHOIO BKJIAJA, & TAK¥Ke MpOOeJbl B MCCJIEOBAHNUN, KOTOPHIE
Bor pomonnsiere B csoeit crarbe. HEJJOITYCTUMO manmume MHOXKECTBA CCHLIOK, HE WMEIOIINX
OTHOIIIEHUsI K paboTe, WM HEYMECTHbIE CYKJI€HUsI O BalllMX COOCTBEHHBIX JIOCTUXKEHUSIX, CCBLJIKU Ha
Bammu npenpiyime paboTsI.

9) B pasmene Pesyibrarel u O6cyK/eHue - IPUBOJUTCI AHAIU3 M OOCYKJEHUE NOJIyIeHHBIX BaMU
pe3yIbTaToB UccaeoBanust. [IpUBOMSITCS BBIBOMY IO TIOJIY Y€HHBIM B XOJIE UCCJICIOBAHUS PE3YJIbTATAM,
PACKPBIBAETCS OCHOBHASI CYTh. U 9TO OIMH M3 caMbIX BaXKHBIX PA3JeJ0B craThu. B HEM HEOOXOAUMO
[POBECTU aHAJIU3 Pe3yJIbTaTOB CBoeil paboThl M OOCYKIEHHE COOTBETCTBYIONIUX PE3YJIbTATOB B
CPaBHEHUU C IPeIbAYIUMU PabOTaMU, aHAJU3AMI U BBIBOIAMU.

10) 3Baxiiouenme, BBIBOABI - 0000IIEHHE U [OABEIEHUE WTOrOB pabOThl HA JIAHHOM ITAIIE;
MIOJITBEPKJIEHNE UCTUHHOCTH BBIIBUTAEMOIO YTBEDKJIEHUsI, BBHICKA3AHHOTO ABTOPOM, M 3aKJ/IIOUEHUE
aBTOopa 00 M3MEHEHWU HAYYHOTO 3HAHUS C y9IeTOM IMOJIYYEeHHBIX Pe3yJbTATOB. BBIBOJIBI HE JOJIKHBI
OBITh AOCTPAKTHBIMU, OHU JIOJI?KHBI OBITH UCIIOJIB30BAHbI JIJIsT 0O00IEHNsT Pe3yIbTaTOB MCCJIEI0BAHUS
B TON WM WHOM HAy4IHON O00JIACTH, C ONMUCAHUEM IIPEJIOKEHUN WM BO3MOXKHOCTEH JlajIbHenei
paborel. CTpyKTypa 3akK/IOUYeHUs JOJKHA COIEPXKATh CJIEIYIOIIe BONPOChl: KaKOBBI Iieau u
MeToabl uccienoBanus! Kakume pesynbrarsl mosydensr! KakoBbl BeIBOIbI? KaKOBBI IEpCIeKTUBLI U
BO3MOXKHOCTY BHEJIPEHUsI, IPUMEHEHUs pa3paboTKu?

11) Comcox uCIOMB3yeMoil JIMTepaTyphl, Wi Bubanorpaduveckuii CIMCOK COCTOUT U3 HE MeHee
30 HamMeHOBaHWiT JUTEPATYPhl, U U3 HUX H0HEOOXOIMMO IPEJCTABUTH CIIMCOK JIMTEPATYPHI B IBYX
BapUAHTAX: [EPBBIi - B OPUIMHAJE, BTOPOH - POMAHU3UPOBAHHBIM aJihaBUTOM (TPAHCIUTEPALHS).
PoMaHM3UpOBAHHBI COUCOK JIMTEPATYPBI JOJZKEH BBINISJIETh B CJEAyIomeM Buze: aBTop(-bl)
(rpancaurepanus) — (roJ B KPYIVIbIX CKOOKaX)— Ha3BaHUE CTATHY B TPAHCJIUTEPUPOBAHHOM BAPUAHTE
[mepeBos HasBaHUS CTATHM HA AHIVIMHCKUI S3BIK B KBJIPATHBIX CKOOKAX|, HA3BAHWE PYCCKOSI3BITHOTO
HCTOYHUKA (TpaHcJauTepalsi, Jubo aHIINCKoe HA3BaHUE - €CJIU €CTh), BBIXOJIHBIE JAHHBIE C
obo3HaveHnaMHu Ha aHIInicKoM si3bike. Harpumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye
kontury rossiiskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy|. Foresight-
Russia, vol. 5, no 4.(2011): pp. 8-30.

Crmcok JurepaTypbl mpejcraBisiercss B ajdasuraom mopsiake, 1 TOJIBKO rte paborsi, KoTOpBIE
mutupyorcs B Tekcre. CTuib ogOpMIIEHUST CIHCKA JIATEPATYPbl Ha PYCCKOM U Ka3aXCKOM sI3BIKE
corstacio I'OCT 7.1-2003 "Bubauorpadudeckasi s3amuch. bubamorpadudeckoe ommcanne. Obime
TpeboBaHMs U TpaBuia cocrasienusa"(rpeboBanue K u3manuaM, Bxoggmmx B nepedenb KKCOH).
Cruis opopmiteHnss POMaHN3UPOBAHHOTO CIIMCKA JINTEPATYPBI, & TAKXKE UCTOYHUKOB HA aHTJIMICKOM
(ZpyromM MHOCTPAHHOM) $I3bIKE J|JIsl €CTeCTBEHHOHAYYHBIX U TeXHUYecKux Hanpasienuii - Chicago Style
(www.chicagomanualofstyle.org).

B sanHOM pasmesie HeoOXOIUMO YIeCTh:

a) IuTupyrorcs OCHOBHBIE HaydHbIE ITyOJMKAIMU, II€PEJOBBIE METOIbl HCC/IEIOBAHUSI, KOTODPbIE
MPUMEHSIOTCS B JJAHHOW 00JIACTH HAYKU W HA KOTOPBIX OCHOBaHa paboTa aBTOpA.

6) M36eraiite upe3aMepHBIX CAMOIMTUPOBAHMIA.

B) Usberaiire uypesmepubix ccbuiok Ha mybiukanuu asropos CHI'/CCCP, ucniosnb3yiite MUpPOBOIi OIIBIT.
r) BuGmmorpaduveckuit cnmcox J0JKeH copepKarh (DyHIAMEHTAIbHbIE W Hambojee aKTyasbHbIe
TPY/bI, OILyOJIUKOBaHHbIE U3BECTHBIMU 3apyDE’KHBIMU aBTOPAMU U MCCJIEJOBATESIMA 10 TEME CTAThU.
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12) Ccbuiku Ha uTUpyeMble paboThl B TEKCTE JAI0TCA B CKOOKAX, C YKA3aHUEM IIEPBOIO aBTOPA PabOTHI,
ron uzganus: Homep crpanut(-si). Hanpumep, (3anecckuii, 1991: 25-27). B cayuae, Hanu4us B Clucke
JINTEPATYPBI HECKOJIBLKUX PabOT OJTHOTO M TOTO 7K€ aBTOPa, U3JAHHBIX B OJIMH I'OJl, TO JIOTIOJHUTEIHHO K
rofy uszanus gobasasercsa 6yksa "a "6"u r.n. Hanpumep, (Camyosa, 2001a: 15-20), (Camxyosa, 20016:
22-29).

6. 2Kypnan npuaepKkuBaercss €IUHOIO CTHUJIS WM IIOITOMY IIPENbsBJIAET Psili OOmmX TpeboBaHuii K
odopmiernio pabot. VIcXomHbIi (HEOTTPAHCINPOBAHHBIN) tex-hailil JOIKEH eJNKOM TOMEIATHCST B
FOPU30HTAJIBHBIX PAMKaX 9KPAHA 38 BO3MOYKHBIM UCKJIIOUYEHUEM MATPUIL U TabJIUIl U TPAHCIUPOBATHCSI
6e3 nporecroB I TEX2¢ u cooOITIeHMiT 0 KPATHBIX U HEOIIPEIEJIEHHBIX METKAX, OOJIBIITNX ITEPETIOJTHEHHBIX
¥ He3aIlloJHeHHbIX Ookcax. He cieayer ompemesisith MHOTO HOBBIX KOMaHJ, m300peTas COOCTBEHHBIN
cJIeHT. ABTOPBI MOTYT MTOJINPY2KATh JAPYTHe CTAHIAPTHBIE CTUJIEBbIE TAKETHI, HO TOJBKO T€, KOTOPHIE He
BXOJISAT B IPOTHUBOpedne ¢ makeramn amsmath u amssymb. EcrectBenno daiisr, KpoMe BCEro mMpodvero,
JIOJI?KeH OBITh IIPOBEPEH Ha OTCYTCTBHE IPAMMATHYECKMX U CTH/IMCTHYECKHX omubok. Crarbu, He
V/IOBJIETBOPSIIOIIIE ITUM TPeOOBAHUSIM, BO3BPAIIAIOTCS HA JIOPADOTKY.

DTajoHHBI 0O6pa3er, paboThl ¢ jJieMOHCTpanueil rpadukn, ¢ TpeaMOy/Ioil yCTpanBaloIeil peIakIuio,
CIUCKU TUIWYHBIX OMMUOOK 0(POPMIIEHUST U METOJIbl UX YCTPAHEHUs] MOYKHO MOJIYIUTh B PEJIAKITUHI UJIH
Ha caiite KasHY um. anb-®apabu http://journal kaznu.kz.

7. I'padudaeckune daitiabl ¢ pucyHKaAMU TOJKHBI OBITH TOJHKO KAYECTBEHHBIMU YepHO-0estbiMu B (hopmare
.eps , OO0 BBITTOJTHEHHBIME B JTIATEXOBCKOM (popmaTe. Pucyrku B 3TUX popMaTax Je/1aioTcs, HallpuMep,
C IIOMOIIBI0 MOIIHBIX MaremaTrudeckux mnakeros Maple, Mathematica wiu ¢ momompbio nakera Latex-
cad. KagecrBennbie rpacduueckue dpailiibl clie/laHHbIE IPYTUMEU IPADUIECKIMEI ITPOIPAMMAMHY JTOJIXKHBI
OBITH CKOHBEPTUPOBaHBLI B (popmar .eps ¢ momombio Adobe Photoshop miau komeeprepa Conver-
sion Artist. Bce pucyHKEM JOJKHBI OBITH y?Ke€ UMIOPTUPOBAHHBIMU B tex-hailyl U mpeIcTaBIIsIIOTCs
B PEIAKIIMI0O BMECTE€ C OCHOBHBIM aitiom crtarbu. ['padudeckne GOPMATHI,OTIUIHLIE OT BBIIIIE
YKa3aHHbIX, OTBEpPraroTcdd.

Penaknust BopaBe oTKasaTbCcs OT BKJOYEHHsI B pabOTy PHUCYHKA, €CJIA aBTOP HE B COCTOSHUU
obecrednTh ero HajieyKarnee KadecTBo.

YBarkaeMble UUTATEH, BBl MOYKeTe moanucaTbes na nami )Kypuaiu "Becrauk KazsHY. Cepust maTemaruka,
MexaHuka, uwHdopMmaruka’, koTopbiii BKaouen B Karajor AO "Kazsmoura""TASETHI N1 2KYPHAJIBI".
KommaecTBo HOMepoB B rog, — 4. HAEKC 11 MHANBUALYAJbHBIX [IOIIACINKOB, IIPEANPUSTHN 1 OPraHU3aIIANl —
75872, monmucHas 1ieHa 3a rof, — 1200 Tenre; WHAEKC JbIOTHON MOJIUCKH JIJISI CTYJIEHTOB — 25872, moanucHast
IeHa 3a 1o Jiyid ctyaeHToB — 600 Tenre.
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